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Preface

The papers in this volume were presented at the Fourth Italian Conference on
Algorithms and Complexity (CIAC 2000). The conference took place on March
1-3, 2000, in Rome (Italy), at the conference center of the University of Rome
\La Sapienza".

This conference was born in 1990 as a national meeting to be held every
three years for Italian researchers in algorithms, data structures, complexity,
and parallel and distributed computing. Due to a signi�cant participation of
foreign reaserchers, starting from the second conference, CIAC evolved into an
international conference.

In response to the call for papers for CIAC 2000, there were 41 submis-
sions, from which the program committee selected 21 papers for presentation at
the conference. Each paper was evaluated by at least three program committee
members. In addition to the selected papers, the organizing committee invited
Giorgio Ausiello, Narsingh Deo, Walter Ruzzo, and Shmuel Zaks to give plenary
lectures at the conference.

We wish to express our appreciation to all the authors of the submitted
papers, to the program committee members and the referees, to the organizing
committee, and to the plenary lecturers who accepted our invitation.

March 2000 Rossella Petreschi
Giancarlo Bongiovanni

Giorgio Gambosi
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On Salesmen, Repairmen, Spiders, and Other

Traveling Agents

Giorgio Ausiello, Stefano Leonardi, and Alberto Marchetti-Spaccamela

Dipartimento di Informatica Sistemistica, Universit�a di Roma \La Sapienza",
via Salaria 113, 00198-Roma, Italia.

Abstract. The Traveling Salesman Problem (TSP) is a classical prob-
lem in discrete optimization. Its paradigmatic character makes it one of
the most studied in computer science and operations research and one
for which an impressive amount of algorithms (in particular heuristics
and approximation algorithms) have been proposed. While in the general
case the problem is known not to allow any constant ratio approximation
algorithm and in the metric case no better algorithm than Christo�des’
algorithm is known, which guarantees an approximation ratio of 3/2, re-
cently an important breakthrough by Arora has led to the de�nition of a
new polynomial approximation scheme for the Euclidean case. A grow-
ing attention has also recently been posed on the approximation of other
paradigmatic routing problems such as the Travelling Repairman Prob-
lem (TRP). The altruistic Travelling Repairman seeks to minimimize the
average time incurred by the customers to be served rather than to mini-
mize its working time like the egoistic Travelling Salesman does. The new
approximation scheme for the Travelling Salesman is also at the basis of
a new approximation scheme for the Travelling Repairman problem in
the euclidean space. New interesting constant approximation algorithms
have recently been presented also for the Travelling Repairman on gen-
eral metric spaces. Interesting applications of this line of research can be
found in the problem of routing agents over the web. In fact the prob-
lem of programming a \spider" for e�ciently searching and reporting
information is a clear example of potential applications of algorithms for
the above mentioned problems. These problems are very close in spirit
to the problem of searching an object in a known graph introduced by
Koutsoupias, Papadimitriou and Yannakakis [14]. In this paper, moti-
vated by web searching applications, we summarize the most important
recent results concerning the approximate solution of the TRP and the
TSP and their application and extension to web searching problems.

1 Introduction

In computer applications involving the use of mobile virtual agents (sometimes
called "spiders") that are supposed to perform some task in a computer network,
a fundamental problem is to design routing strategies that allow the agents to
complete their tasks in the most e�cient way ([3],[4]). In this context a typical
scenario is the following: an agent generated at node 0 of the network searches

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 1{16, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



2 Giorgio Ausiello, Stefano Leonardi, and Alberto Marchetti-Spaccamela

a portion of the web formed by n sites, denoted by 1; : : : ; n, looking for an
information. At each site i it is associated a probability pi that the required
information is at that site. The distance from site i to site j is given by a
metric function d(i; j). The aim is to �nd a path �(1); : : : ; �(n) that minimizes
the quantity

Pn
i=1 pi

Pi
k=1 d(k − 1; k). In [14] this problem is called the Graph

Searching problem (GSP in the following). The GSP is shown to be strictly
related to the Travelling Repairman Problem (TRP), also called the Minimum
Latency Problem (MLP), in which a repairman is supposed to visit the nodes of
a graph in a way to minimize the overall waiting time of the customers sitting
in the nodes of the graph. More precisely in the TRP we wish to minimize the
quantity

Pn
i=1

Pi
k=1 d(k − 1; k).

The Minimum Latency problem is known to be MAX-SNP-hard for general
metric spaces as a result of a reduction from the TSP where all the distances are
either 1 or 2, while it is solvable in polynomial time for the case of line networks
[1].

In this paper we present the state of the art of the approximability of the TRP
and present the extension of such results to the Graph Searching problem. The
relationship between GSP and TRP is helpful from two points of view. In some
cases, in fact, an approximation preserving reduction from GSP to TRP can be
established [14] under the assumption that the probabilities associated with the
vertices are polynomially related, by replacing every vertex with a polynomial
number of vertices of equal probability. This allows to apply the approximation
algorithms developed for TRP to GSP. Among them, particularly interesting are
the constant approximation algorithms for general metric spaces given by Blum
et al. [9] and Goemans and Kleinberg [13], later improved in combination with
a result of Garg [11] on the k-MST problem .

More recently a quasi-polynomial O(nO(log n)) approximation scheme for tree
networks and Euclidean spaces has been proposed by Arora and Karakostas [5].
This uses the same technique as in the quasi-polynomial approximation scheme
of Arora for the TSP [6]. The case of tree networks seems particularly interesting
since one is often willing to run the algorithm on a tree covering a portion of the
network that hopefully contains the required information. In the paper we also
show how to extend approximation schemes for the TRP to the Graph Searching
problem.

In conclusion, the Graph Searching problem, beside being an interesting prob-
lem \per se", motivated by the need to design e�cient strategies for moving
\spiders" in the web, has several interesting connections with two of the most
intriguing and paradigmatic combinatorial graph problems, the Traveling Re-
pairman problem and the Traveling Salesman problem. Therefore the study of
the former problem naturally leads to the study of the results obtained for the lat-
ter problems, which may be classi�ed among the most interesting breakthrough
achieved in the recent history of algorithmics.

This paper is organized as follows: in section 2 we formally de�ne the GSP
and in section 3 we review approximation algorithms for the TRP. In sections 4
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and 5 we present approximation algorithms and approximation schemes for the
GSP.

2 Preliminaries and Notation

The Graph Searching Problem (GSP), introduced by Koutsoupias, Papadim-
itriou and Yannakakis [14], is de�ned on a set of n vertices V = f1; : : : ; ng
of a metric space M , plus a distinguished vertex of M at which the travelling
agent is initially located and will return after the end of the tour. The starting
point is also denoted as the root and indicated as vertex 0. A metric distance
d(i; j) de�nes the distance between any pair of vertices i; j. With every vertex
i is also associated a probability or weight wi > 0 (the vertices with weight 0
are simply ignored). We assume that the object is in exactly one site for whichPn

i=1 wi = 1. A solution to the GSP is a permutation �(1); : : : ; �(n) indicating
the tour to be followed. The distance of vertex i to the root along the tour is
given by l(i) =

Pi
j=1 d(�(j − 1); �(j)). The objective of the GSP is to minimize

the expected time spent to locate the object in the network, namely
Pn

i=1 wil(i).
We will measure the performance of algorithms by their approximation ratio,

that is the maximum ratio over all input instances between the cost of the
algorithm’s solution and the optimal solution.

3 Approximation Algorithms for the TRP

In this section we will present the approximation algorithms developed in the
literature for the TRP that was �rst introduced in [1]. These results are relevant
to the solution of the GSP that reduces to the TRP when all the vertices have
equal probability or are polynomially related.

In the case of line networks the problem is polynomial.

Theorem 1. [1] There exists a O(n2) optimal algorithm for the TRP on line
networks.

The algorithm numbers the root with 0, the vertices at the right of the root
with positive integer numbers, the vertices at the left of the root with negative
integer numbers. By dynamic programming the algorithm stores for every pair
of vertices (−l; r) with l; r > 0, (i) the optimal path that visits the vertices
of [−l; r] and ends at −l and (ii) the optimal path that visits the vertices of
[−l; r] and ends at r. The information at point (i.) is computed in O(1) time
by selecting the best alternative among (a.) the path that follows the optimal
path for (−(l −1); r), ends at −(l −1) and then moves to l, and (b.) the optimal
path for (−l; r − 1) that ends at r − 1 and then moves �rst to r then to l. The
information at point (ii.) is analogously computed in O(1) time.

The TRP is known to be solvable in polynomial time beyond line networks
only for trees with bounded number of leaves [14]. Whether the TRP is polynomi-
ally time solvable or NP-hard for general tree networks is still a very interesting
open problem.
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The �rst constant factor approximation for the TRP on general metric spaces
and on tree networks has been presented by Blum et al [9]. The authors introduce
the idea to concatenate a sequence of tours to form the �nal solution. The
algorithm proposed by the authors computes for every j = 1; 2; 3:::: a tree Tj of
cost at most 2j+1 spanning the maximum number of vertices. This procedure
is repeated until all the vertices have been included in a tree. The �nal tour is
obtained by concatenating a set of tours obtained by depth �rst traversing trees
Tj , j = 1; 2; 3; ::::. Let mj be the number of vertices spanned by Tj . Let Sj be
the set of vertices of Tj. Consider a number i such that mj � i � mj+1. We
can state that the i-th vertex visited in the optimal tour has latency at least
2j . On the other end, the latency of the i-th vertex visited in the algorithm’s
tour is at most 8 � 2j. This is because the latency of the i-th vertex in the tour
of the algorithm is at most 2(

P
k<j 2k+1 + 2j+1) � 8 � 2j. Assume that it is

available a c approximation algorithm that is able to �nd a tree of minimum cost
that spans k vertices of the network, this can be easily turned through a binary
search procedure into a c-approximation algorithm for the problem of �nding a
tree of bounded cost that maximizes the number of vertices that are spanned.
This immediately results in an 8c approximation algorithm for the TRP.

In a tree network the problem of �nding a tree of k vertices of minimum cost
is polynomial time solvable using a dynamic programming algorithm described
in the paper of Blum et al [9]. The algorithm �rst transforms the tree into a
binary tree by replacing every vertex v of degree higher than 2 into a binary tree
with edges of cost 0 and every leaf connected to at most 2 children of v with
edges weighted by the cost of the edges from v to the corresponding children.
The procedure computes for any vertex of the graph, for every integer j between
1 and k, for every i = 0; : : : ; j, the minimum cost tree that collects i vertices
on the left subtree and j − i vertices on the right subtree. This procedure can
be clearly implemented in polynomial time. This implies an 8-approximation
algorithm for the TRP on tree networks.

When the paper [9] appeared, no constant approximation algorithm for the
k-MST problem on general metric spaces was known. A constant approximation
algorithm for the TRP problem on general metric spaces was then obtained by
applying the so called (�; �) TSP approximator. An (�; �) TSP approximator
is an algorithm that given bounds � and L, an n-point metric space M and a
starting point p, �nds a tour starting at p of length at most �L which visits at
least (1−��)n vertices when there exists a tour of length L which visits (1− �)n
vertices. The existence of an (�; �) TSP approximator ensures the existence
of an 8�� approximation algorithm for the TRP. A (3; 6) and a (4; 4) TSP
approximator were proposed in [9], a (2; 4) and a (2; 3) TSP approximator were
later proposed by Goemans and Kleinberg in the paper [13].

The paper of Goemans and Kleinberg also presents a new technique to select
a sequence of tours of growing length to concatenate to form a solution. The
procedure proposed by Goemans and Kleinberg computes for every number j
from 1 to n the tour Tj of minimum length that visits j vertices. Let dj be the
length of tour Tj . The goal is to select values j1; : : : ; jm = n in order to minimize
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the latency of the �nal tour. Let pi be the number of new vertices visited during
tour i. Since the number of vertices discovered up to the ith tour is certainly no
smaller than ji the following claim of [13] holds

mX

i=1

pidi �
mX

i=1

(ji − ji−1)di:

It follows that for a number of vertices equal to
Pi

k=1 pk − ji we sum a con-
tribution at most dk on the left side of the equation while a contribution larger
than dk on the right side of the equation. Moreover, each tour Ti is traversed
in the direction that minimizes the total latency of the vertices discovered dur-
ing tour Ti. This allows to rewrite the total latency of the tour obtained from
concatenating Tj1 ; : : : ; T jm as:

X

i

(n −
jX

k=1

pk)dji +
1
2

X

i

pidji

�
X

i

(n − ji)dji +
1
2

X

i

(ji − ji−1)dji

=
X

i

(n − ji−1 + ji

2
)dji :

The formula above allows to rewrite the total latency of the algorithm only
in terms of the indices ji and of the length dji , independently from the number
of new vertices discovered during each tour. A complete graph of n vertices is
then constructed in the following way. Arc (i; j) is turned into a directed edge
from min(i; j) to max(i; j). Arc (i; j) has length (n − i+j

2 )dj . The algorithm
computes a shortest path from node 0 to node n. Assume that the path goes
through vertices 0 = j0 < j1 <; : : : ; < jm = n. The tour is then obtained by
concatenating Tj1 ; : : : ; Tjm .

The obtained solution is compared against the following lower bound OPT �Pn
k=1

dk

2 . This lower bound follows from the observation that the kth vertex
cannot be visited in any optimal tour before dk=2. The approximation ratio of
the algorithm is determined by bounding the maximum over all the possible set
of distances d1; : : : ; dn of the ratio between the shortest path in Gn and the lower
bound on the optimal solution. This value results to be smaller than 3:5912 thus
improving over the ratio of 8 in [9].

Theorem 2. [13] Given a c approximation algorithm for the problem of �nding
a tour of minimum length spanning k vertices on a speci�c metric space, then
there exists an 3:5912c approximation ratio for the TRP on the same metric
space.

The method described above allows to obtain a 3:5912 approximation for
tree networks. For general metric spaces, a 3 approximation algorithm for the k-
MST problem and for the problem of devising a tour of minimum cost spanning
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k vertices has been later proposed by Garg [11]. This allows to obtain a 10:7796
approximation algorithm for the TRP on general metric spaces. This bound can
be furtherly improved by applying the more recent 2:5 approximated k-MST
algorithm of Arya and Kumar[7]. We will describe the algorithm of [11] for the
k-MST in the following section where we study the extension of the algorithm
for the TRP to the GSP.

4 Approximation Algorithms for the GSP

In this section we will study the extension of the algorithms for the TRP to the
GSP.

The algorithm for the TRP on line networks can be extended to provide a
polynomial time algorithm for the GSP on line networks. The dynamic program-
ming algorithm presented in the previous section is simply modi�ed in order to
increase the cost of a solution by the latency of a vertex weighted by its proba-
bility rather than just by the latency of a vertex.

As we mentioned in the introduction, the GSP problem has been introduced
by Koutsoupias, Papadimitriou and Yannakakis [14]. In that paper the authors
show a simple reduction from the GSP to the TRP under some restrictive con-
ditions. They show that the metric GSP can be reduced to the metric TRP
under the assumption that all the weights/probabilities are rational numbers
with small coe�cients and common denominators. This assumption allows to
split every vertex into a polynomial number of vertices with weight equal to the
common denominator of all the weights of the vertices of the graph. If two ver-
tices in the instance of the TRP derive from the splitting of the same vertex in
the instance of the GSP, their internode distance is 0, if the two vertices derive
from two di�erent vertices in the instance of the GSP, say i and j, their distance
is d(i; j). A solution to the instance of the TRP obtained from an instance of
the GSP can be easily turned into a solution of equal cost to the original GSP
instance, since all the vertices at distance 0 in the TRP can be visited at the
same time.

Unfortunately, this reduction does not apply to the general case. In this
section we will consider algorithms for the general case of the metric GSP and of
the GSP on tree networks. When trying to extend the general approach for the
TRP to the GSP, we need to solve two kind of problems: (i.) Find a sequence of
tours to be concatenated to obtain the �nal tour; (ii.) Compute every tour to be
concatenated. We will see that the solution of Goemans and Kleinberg for point
(i.) seems not to be easily extendible to the GSP, and that the computation of
every tour to be concatenated can be strictly more di�cult than for the TRP.

Kleinberg and Goemans propose to compute for every k = 1; : : : ; n a tour
of minimum cost that spans k vertices. The application of this approach to the
GSP requires to �nd a tour of minimum cost that spans at least a given weight
for every possible amount of weight. This approach when extended to the GSP,
requires to compute the minimum cost tour that covers an amount of weight i for
every i = 1; : : : ; W =

P
j wj . This clearly results in a pseudo-polynomial time
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algorithm. Alternatively we can think of partitioning the interval [0; W ] into a
polynomial number of intervals of larger size x, [ix; (i+1)x], i = 0; : : : ; dW=x−1e.
The drawback of a similar solution is a weaker lower bound. Let w = minjwj

be the minimum weight of a vertex. We can state a lower bound of OPT �Pm
j=1 minjw

dj

2 over the optimal solution, but we cannot state that the optimal
solution will cover the (j + 1)-th amount of weight x before time dj=2. However
in this section we will follow the approach of Blum et al [9], that repeatedly
�nds a tree of exponentially increasing length spanning the biggest amount of
weight until the whole weight has been collected. Their result on the relationship
between TRP and k-MST can be easily extended to the GSP problem; we de�ne
the W -MST problem as the problem of �nding a tree of minimum cost that
covers a weigh of at least W .

Theorem 3. [9] Given a c-approximation algorithm for W -MST problem there
exists a 8c approximation algorithm for the GSP.

Let Wl be the total weight collected in the l-th tour of length at most 2l.
Let �l = Wl − Wl−1. It is possible to see that any algorithm will pay for the
weight that is collected between Wl−1 and Wl a latency of at least 2l. We then
obtain an algorithm with approximation ratio 8c if we have a c-approximation
algorithm for �nding a tree spanning a maximum amount of weight with cost
bounded by a given value L, or alternatively an algorithm for �nding a tree of
minimum cost that covers at least a given weight, say W .

Such algorithms are not known in literature for both tree networks and gen-
eral metric spaces. The problem of �nding a tree of minimum cost spanning a
weight of at least W is already NP-hard for tree networks. The reduction is from
Knapsack. Consider n items where the generic item i has cost ci and bene�t
wi. The corresponding instance of the GSP is obtained by constructing a star
network of n leaves where the root is the center of the star, and every leaf i has
weight wi and it is connected to the center with an edge of cost ci. The problem
of �nding a tree of maximum weight of bounded cost is clearly NP -hard as it
is NP -hard the problem of �nding a minimum cost tree that spans a weight of
at least W . In the next section we will show how to provide a fully polynomial
time approximation scheme for this problem on tree networks.

In the rest of this section we will show how to extend a constant approxima-
tion algorithm for the k-MST problem to the W -MST problem.

Theorem 4. There exists a constant approximation algorithm for the W -MST
problem.

For the sake of the exposition, we limit ourself to show the extension of the
5 approximation algorithm of Garg for the k-MST problem to the case in which
the goal is to collect a weight of at least W . In [11], a 3 approximation algorithm
is also presented, that improves over the previous constant approximation algo-
rithm by Blum, Ravi and Vempala [10], while an improved approximation based
on the same techniques has been later proposed by Arya and Kumar [7]. These
algorithms are based on the Primal-Dual method developed by Agrawal, Klein
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and Ravi [2] and by Goemans and Williamson [12] to design forests of minimum
cost satisfying various constraints.

In the following we will highlight the main variation to the algorithm and
to the analysis of [11] to extend the 5 approximation to the W -MST problem.
We consider the problem in the case the vertex furthest to the root is part of
the optimal solution. An algorithm for the general problem is then obtained by
trying every possible vertex and selecting the best solution. It is well known
that the primal-dual method uses the dual of a relaxation of the linear program
formulation of the problem as a guide for the algorithm and the analysis. We
need to introduce the standard notation for the primal-dual method. We denote
by S the generic subset of V and by �(S) the set of edges with exactly one
endpoint inside S. Let E be the edge set of the graph, e the generic edge (i; j)
of E, and ce = d(i; j) its cost. In the linear programming formulation of the
problem a variable xe 2 f0; 1g, 8e 2 E, indicates if edge e is part of the tree,
a variable xv 2 f0; 1g, v 2 V , indicates if vertex v is spanned by the tree. The
starting point of the tour is the root r of the tree.

The linear programming formulation of the W -MST problem after the relax-
ation of the integrality constraints on variables xe and xv is as follows:

minimize
X

e2E

cexe

X

e2�(S)

xe � xv (8v; S : v 2 S � fV − rg)

X

v2V

xvwv = W

xv � 1 (8v 2 V )
xv � 0 (8v 2 V )
xe � 0 (8e 2 E)

In the dual formulation a variable yv;S is associated to every constraint of
the �rst set, a variable p to the second constraint and a variable pv to every
constraint of the third set. The dual formulation is as follows:

maximize p W −
X

v2V

pv

X

S:v2S

yv;S + pv � pwv (8v 2 V )

X

S:e2�(S)

yv;S � ce (8e 2 E)

pv � 0 (8v 2 V )
yv;S � 0 (8v; S : v 2 S � fV − rg)
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De�ne in a way similar to [11] the potential �v of vertex v as �v =
P

S:v2S yv;S .
Observe that if �v � pwv then pv = 0, else pv = pwv − �v. From the previous
observation it is possible to prove that in an optimal solution p has value be-
tween the kW -th and (kW + 1)-th smallest ratio �v

wv
where kW is the smallest

integer such that
PkW

i=1 wi � W . The optimal solution of the dual problem can
be thought of as an assignment to the dual variables such that the sum of the
�rst kW potentials is maximized. By the duality theorem it also follows that the
sum of the �rst kW potentials is a lower bound to the optimal solution of the
primal problem.

The primal-dual algorithm will construct a solution with cost bounded by
twice the sum of the �rst kW potentials. This solution will be completed to cover
a weight at least W with an extra cost bounded by a constant factor times the
optimal value.

The problem is then reduced to �nding a feasible assignment of potentials
�(v) such that the sum of the �rst kW potentials is maximized. An assignment
of potentials is feasible if there exists an assignment of variables yv;S for whichP

S;v2S:e2�(S) yv;S � ce and for any vertex v, �(v) �
P

S:v2S yv;S.
The primal-dual algorithm is run with an initial potential pwv assigned to ev-

ery vertex v apart from the root to which it is assigned a potential 0. Every subset
of vertices not containing the root has associated a variable yS . The assignment
of variables yS satis�es at any time, for every vertex e,

P
S:e2�(S) yS � ce. If for

a vertex e the inequality holds with equality then the edge is said to be tight. At
any step of the algorithm the set of vertices V is partitioned into a set of active
and inactive components. A component is active if it has a positive potential
and it does not contain the root, otherwise it is inactive.

The algorithm simultaneously increases for every active component S the
variable yS and decreases its potential until either the potential is 0 or one of the
constraints on one of the edges is tight. If the constraint for edge e = (i; j) is tight,
the active components containing edges i and j are merged with potential equal
to the sum of the residual potentials of the two components. The two components
are made inactive, while the new component is active unless it contains the root.
The set of tight edges at any stage forms a forest whose trees de�ne the set
of components at that stage. The procedure halts when all the components are
inactive, that is the residual potential of all the components not containing the
root is 0.

The tree spanning the component of the root when the algorithm halts is
denoted by Tp. Tp is then pruned to remove every edge that connects to Tp a
subtree that spans an inactive component at some stage of the algorithm. Let T 0

p

be the tree obtained after the pruning phase. The set of initial potentials does
not necessarily form a feasible assignment of potentials. We can follow [11] in
showing that a su�cient condition for the set of potentials to be feasible is that
the componenent containing the root has zero potential when the algorithm
halts. An assignment of the potentials that satis�es this requirement can be
obtained by decreasing the potential of a vertex such that all the components
containing that vertex have non-zero potential. We can reduce the potential
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of every such vertex until a component containing the vertex has 0 residual
potential. Such procedure is repeated until the component containing the root
has 0 potential.

Denote by cost(T ) the cost of tree T , and by Wp the weight spanned by
the vertices of Tp. The primal-dual method ensures that the cost of T 0

p is at
most twice the sum of the potentials of the vertices of T 0

p, namely cost(T 0
p) =P

e2T ′
p
ce � 2

P
v2T ′

p
�(v). The sum of the smallest kW potentials is also a lower

bound on the optimal tree spanning a weight of at least W . The vertices in T 0
p

are the only vertices in the graph with ratio �(v)=wv < p, then the sum of the
potentials of the vertices of the tree T 0

p plus p(W − Wp) is also a lower bound
on the optimal solution.

We select the highest value of p such that
P

v2T ′
p
wv = Wp � W . We also

run the algorithm for a value p + �, thus obtaining a tree T 0
p+� for which it

holds W < Wp+�. A �rst solution is obtained as follows. Consider the tour
obtained by traversing twice T 0

p+�. We select the minimum cost path on this
tour that collects a weight of at least W − Wp. Such path has cost bounded by

W−Wp

Wp+�−Wp
2 cost(T 0

p+�). We consider a �rst solution obtained from tree T 0
p, the

path selected out of T 0
p+�, and an edge that joins this path to the root.

Denote by OPT the cost of the optimal tour. Remind that OPT is lower
bounded by the maximum distance from a vertex to the root. The cost of the
�rst solution is bounded by

cost(T 0
p) +

W − Wp

Wp+� − Wp
2cost(T 0

p+�) + OPT:

The second solution is obtained from T 0
p+�. Following the analysis of [11], we

write the two following lower bounds on the optimal solution:

OPT �
X

v2T ′
p

�p(v) + p (W − Wp);

OPT �
X

v2T ′
p+�

�p+� − (p + �)(Wp+� − Wp):

We can write:

cost(T 0
p) � 2 OPT − 2 p (W − Wp);

cost(T 0
p+�) � 2 OPT + 2(p + �)(Wp+� − Wp);

from which it follows that the smallest among the two solutions is at most
5 OPT .

By combining the above analysis with Theorem 3 we obtain the following
Corollary.

Corollary 1. There exists a 40 approximation algorithm for the GSP de�ned
in a general metric space.
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5 Approximation Schemes for the GSP

In this section we show under what conditions the GSP allows approximation
schemes. Also in this case we do so by extending to GSP similar results obtained
for TRP. In particular we �rst present the main ideas of [5] that shows how to
construct an approximation scheme for the TRP in the case of tree metric and
Euclidean metric whose running time is quasi polynomial; we will then show an
approximation preserving reduction that allows us to obtain similar results for
the GSP. As it is done in previous papers on the TRP, the algorithm of [5] �nds
a low latency tour by joining paths; in this case the algorithm decides at the
beginning how many nodes are in each path and then uses dynamic programming
for computing this set of paths.

In order to reduce the cost of dynamic programming the authors �rst show
that distances between nodes can be rounded without a�ecting the approxima-
tion; namely, given an instance of the TRP such that the minimum internode
distance is 1 and the maximum internode distance is dmax it is possible to round
internode distances in such a way that the minimum internode distance is 1
and the maximum distance is cn2=", where c is a constant. Given a tour T the
rounding a�ects the contribution of each node to the latency of T by a value
less than dmax"=n; since dmax is a lower bound on the optimum it follows that
the rounding a�ects the value of T by a factor of ". The second idea is to break
the optimal tour in k segments, k = O(log n="), Ti each one with a determined
number of nodes; the number of nodes in segment i is given by

ni = d(1 + ")k−1−ie; i = 1; 2; : : : ; k − 1

nk = d1="e:

Let Ti be the length of Ti; clearly
Pj−1

i=1 Ti is a lower bound on the latency
of any node in segment j. It follows that a lower bound on the optimum latency
L� is given by:

L� �
kX

j=1

(nj

j−1X

i=1

Ti) =
kX

i=1

(
kX

j>i

nj)Ti:

Now replace segment Ti, i < k, with a minimum traveling salesman tour
through the same set of nodes. In this way both the lenght of the segment and
the latency of nodes in subsequent segments cannot increase; the latency of nodes
in Ti can increase by at most niTi. Repeating this replacement for all segments
but the last one the increase of the latency is at most

k−1X

i=1

niTi:

Observing that
Pk

j>i nj � ni=" it follows that the new latency is at most (1 +
")L�. Note that if the above approach is applied using an � approximate solution
for the TSP then the latency of the obtained approximate solution has value at
most (1 + �" + �)L�.
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Let us now consider the case of tree metric. In such case a TSP tour that
visits a given set of nodes can be computed in polynomial time. However the
above approach requires to know the set of nodes belonging to each segment
in the optimal solution. These sets can be computed in quasi polynomial time
in the case of tree metric by dynamic programming. In fact the break up in k
segments implies that an edge is visited in the optimal solution at most k times.

Let us consider the case of a binary tree. First identify an edge that is a 1/3
: 2/3 separator and the algorithm \guesses" the number of times this edge is
visited, and for each such portion the length of the portion and the number of
nodes visited. \Guessing" means that using dynamic programming the algorithm
exhaustively searches for all possibilities; since there at most k = O(log n=")
portions and the length of each portion is bounded by O(n3=") it follows that
there is a polynomial number of solutions. By recurring on each side of the
separator edge it is possible to compute an " break up in segments in nO(log n=").
The above idea can be applied also to nonbinary trees.

Theorem 5. [5] For any ", " > 0, there exists a 1 + " approximation algorithm
for the TRP in tree metric that runs in time nO(log n).

In the Euclidean case a similar result can be obtained by making use of
Arora’s approximation scheme [6] for the computation of the TSP paths which
correspnd to the segments of the TRP.

Theorem 6. [5] For any ", " > 0, there exists a 1 + " approximation algorithm
for the TRP in Euclidean metric that runs in time nO(log n="2).

The proof of Theorem 6 will be provided the next subsection along with the
proof of existence of a polynomial time approximation scheme for TSP.

Let us now see how we can apply the preceding results in order to design
approximation schemes for GSP. Recall that, given an instance x of the GSP
with n nodes, if the integer weights associated to the nodes are polynomially
related, then it is easy to see that GSP is polynomially reducible to an instance
y of TRP. On the other side it can be proved [15] that if the weights are not poly-
nomially bounded still there exists a polynomial time reduction that preserves
the approximation schemes [8].

Given an instance of GSP, with n nodes, let wmax be the maximum weight
associated to a city and let " be any positive real number. The idea of the proof
is to round the weights associated to each city by a factor k, k = wmax�=c where
� = "2=n4 and c is a suitably chosen constant. Namely, given an instance x of
GSP, we de�ne a new instance x0, with the same set of nodes and the same metric
distance of x that is obtained by rounding the weight associated to each city;
namely, wi, the weight associated to city i, becomes bwi=kc. Note that by the
above rounding the weights associated to the nodes of x0 are now polynomially
related and, therefore, x0 is polynomially reducible to an instance of TRP.

Assume now that we are given a tour T that is an optimal solution of x0;
we now show that T is a (1 + ") approximate solution of x. In fact, following
[5] we can assume that the maximum distance between nodes is cn2=", where c
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is a constant; it follows that the rounding introduces an absolute error for the
contribution of city i to the objective function that is bounded by

kcn3=" = wmax�n3=" = wmax"=n:

By summing over all nodes we obtain that the total absolute error is bounded
by wmax"; since wmax is a lower bound on the optimum value of instance x it
follows that T is a (1 + ") approximate solution of x.

Assume now that we are given a � approximate solution of x0; analogously
we can show that this solution is a �(1+") approximate solution of x. The above
reduction together with the approximation results of Theorems 5 and 6 imply
the following theorem.

Theorem 7. There exists a quasi polynomial time (1 + ") approximation algo-
rithm for the GSP in the case of tree metric and Euclidean metric.

5.1 Polynomial Time Approximation Schemes for the Euclidean
TSP and TRP

Let us now insert the last missing stone which is needed to prove the existence
of an approximate scheme for the GSP in the Euclidean case: the polynomial
time approximation schemes for the Euclidean TSP [6] and TRP [5]. Let us �rst
see the result for the TSP.

The basic idea on which Arora’s result is organized is the following. In or-
der to overcome the computational complexity of the TSP in the Euclidean
case we may reduce the combinatorial explosion of the solution space by impos-
ing that the required approximate solutions should satisfy particular structural
properties. Under suitable conditions the number of solutions which satisfy such
properties may be reduced in such a way that we may search for the best ap-
proximate solution by means of a dynamic programming procedure which runs
in polynomial time. Let us consider an Euclidean TSP instance x consisting of
a set of n points in the plane and let L be the size of its bounding box B. Let us
�rst make the following simplifying assumptions: (i) all nodes have integral co-
ordinates; (2) the minimum internode distance is 8; (3) the maximum internode
distance is O(n); (4) the size of the bounding box, L is O(n) and it is a power
of 2. It is not di�cult to prove that if a PTAS exists for this particular type
of instances, that we call well rounded instances, then it exists for general TSP
instances. Now, suppose we are given a well rounded TSP instance. In order to
characterize the approximate solutions that satisfy speci�c structural properties
we may proceed in the following way. We decompose the bounding box through
a recursive binary partitioning until we have at most one point per square cell
(in practice, and more conveniently, we can organize the instance into a quad-
tree). Note that at stage i of the partitioning process we divide any square in the
quad-tree of size L=2i−1 which contains more than one point into 4 squares of
size L=2i. Then we identify m = O(c log L=") points evenly distributed on each
side of any square created during the partition (plus four points in the square’s
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corners). By slightly bending the edges of a TSP tour we will impose it to cross
square boundaries only at those prespeci�ed points (called \portals"). Finally
we allow the partition to be shifted both horizontally and vertically by integer
quantities a and b respectively. The structure theorem can then be stated in the
following terms.

Theorem 8. (Structure Theorem,[6]) Let a well rounded instance x be given,
let L be the size of its bounding box B and let " > 0 be a constant. Let us
pick a and b, with 0 � a; b � L, randomly and let us consider the recursive
partitioning of B shifted by quantities a and b. Then with probability at least 1=2
there is a salesman tour of cost at most (1 + ")OPT (where OPT is the cost of
an optimum solution) that crosses each edge of each square in the partition at
most r = O(1=") times always going through one among m = O(log L=") portals
(such tour is called (m, r) light).

Essentially the proof of the theorem is based on the fact that given a recursive
partitioning of B shifted by quantities a and b, given an optimum TSP tour of
length OPT it is possible to bend its edges slightly so that they cross square
boundaries only O(1=") times and only at portals and the resulting increase in
length of the path is at most " OPT=2. Over all possible shifts a, b, therefore,
with probability � 1=2, such increase is bounded by " OPT .

On the basis of the structure theorem we can then de�ne the following polyno-
mial time approximation scheme for the solution of a well rounded TSP instance.
In what follows we call a TSP path a tour, or a fragment of tour, which goes
through the points in the TSP instance and whose edges are possibly bended
through the portals. When we will have built a unique TSP path that goes ex-
actly once through all points in the instance it will be immediately possible to
transform it into a TSP tour by taking Euclidean shortcuts whenever possible.

Given the required approximation ratio (1 + ") and given a TSP instance x
the randomized algorithm performs the following steps:

1) Perturbation. Instance x is �rst transformed into a well rounded instance
x0. We will then look for a (1 + "0) approximate solution for instance x0 where
"0 can be easily computed from ".

2) Construction of the shifted quad-tree. Given a random choice of 1 � a; b �
L a quad-tree with such shifts is computed. The depth of the quad-tree will be
O(log n) and the number of squares it will contain is T = O(n log n)

3) Construction of the path by dynamic programming. The path that satis�es
the structure theorem can be constructed bottom-up by dynamic programming
as follows. In any square there may be p paths, each connecting a pair of portals
such that for any i a path goes from the �rst portal to the second portal in pair
pi. Since 2p � 4r and there are 4m + 4 portals on the borders of one square,
there are at most (4m + 4)4r ways to chose the crossing points of the p paths
and there are at most 4r! pairings among such crossing points. For each of the
choices we compute the optimum solution which corresponds to one entry in
the lookup table that the dynamic programming procedure has to construct.
Since we have T squares, the total number of entries is O(T (4m + 4)(4r)(4r)!).
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In order to determine the running time of the procedure let us see how the
entries are constructed; �rst note that for the leaves of the quad-tree we only
have the condition that one path should go through the node (if any) in the leaf.
Inductively, when we want to construct the entries for a square S at level i − 1
of the quad-tree, given the entries of squares S1, S2, S3, S4 at level i, we have to
determine the optimum way to connect the paths in the subsquares by choosing
among all possible choices on how to cross the inner borders among the four
squares. Such choices are (4m + 4)4r(4r)4r(4r)!. All taken into account we have
a running time O(T (4m + 4)8r(4r)4r(4r!)2), that is O(n(log n)O(1=").

Easily enough the algorithm can be derandomized by exhaustively trying all
possible shifts a, b, and picking the best path. This simply implies repeating
steps 2) and 3) of the algorithm O(n2) times. In conclusion we can state the
�nal result.

Theorem 9. [5] For any ", " > 0, there exists a 1 + " approximation algorithm
for the TSP in Euclidean metric that runs in time O(n3(log n)1=").

The result for the TRP goes along the same line. As we have seen, in or-
der to solve the TRP we compute O(log n=") segments consisting in as many
salesman paths. Now the same algorithm as before can be constructed but this
time we want to compute simultaneously the O(log n=") salesman paths. As a
consequence, while in the case of the TSP we were looking for paths going at
most r = O(1=") times through one among m = O(log n=") portals, in the case
of the TRP we construct paths that go O(log n=") times through the m portals.
The same dynamic programming technique as in the case of TSP can then be
applied, but now, since we may have O(log n=") crossings, the algorithm will
require quasi-polynomial time O(nO(log n="2)). Theorem 6 hence follows.
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Abstract. A minimum spanning tree (MST) with a small diameter is required in
numerous practical situations.  It is needed, for example, in distributed mutual
exclusion algorithms in order to minimize the number of messages
communicated among processors per critical section.  The Diameter-
Constrained MST (DCMST) problem can be stated as follows: given an
undirected, edge-weighted graph G with  n nodes and a positive integer k, find a
spanning tree with the smallest weight among all spanning trees of G which
contain no path with more than k edges.  This problem is known to be NP-
complete, for all values of k;  4 ≤ k ≤ (n − 2).  Therefore, one has to depend on
heuristics and live with approximate solutions.  In this paper, we explore two
heuristics for the DCMST problem: First, we present a one-time-tree-
construction algorithm that constructs a DCMST in a modified greedy fashion,
employing a heuristic for selecting edges to be added to the tree at each stage of
the tree construction.  This algorithm is fast and easily parallelizable.  It is
particularly suited when the specified values for k are small—independent of n.
The second algorithm starts with an unconstrained MST and iteratively refines
it by replacing edges, one by one, in long paths until there is no path left with
more than k edges.  This heuristic was found to be better suited for larger values
of k.  We discuss convergence, relative merits, and parallel implementation of
these heuristics on the MasPar MP-1 — a massively parallel SIMD machine
with 8192 processors. Our extensive empirical study shows that the two
heuristics produce good solutions for a wide variety of inputs.

1  Introduction

The Diameter-Constrained Minimum Spanning Tree (DCMST) problem can be stated
as follows: given an undirected, edge-weighted graph G and a positive integer k, find
a spanning tree with the smallest weight among all spanning trees of G which contain
no path with more than k edges.  The length of the longest path in the tree is called the
diameter of the tree.  Garey and Johnson [7] show that this problem is NP-complete
by transformation from Exact Cover by 3-Sets.  Let n denote the number of nodes in
G.  The problem can be solved in polynomial time for the following four special
cases: k = 2, k = 3, k = (n – 1), or when all edge weights are identical.  All other cases
are NP-complete.  In this paper, we consider graph G to be complete and with n
nodes.  An incomplete graph can be viewed as a complete graph in which the missing
edges have infinite weights.
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The DCMST problem arises in several applications in distributed mutual exclusion
where message passing is used.  For example, Raymond's algorithm [5,11] imposes a
logical spanning tree structure on a network of processors.  Messages are passed
among processors requesting entrance to a critical section and processors granting the
privilege to enter.  The maximum number of messages generated per critical-section
execution is 2d, where d is the diameter of the spanning tree.  Therefore, a small
diameter is essential for the efficiency of the algorithm.  Minimizing edge weights
reduces the cost of the network.

Satyanarayanan and Muthukrishnan [12] modified Raymond’s original algorithm
to incorporate the “least executed” fairness criterion and to prevent starvation, also
using no more than 2d messages per process.  In a subsequent paper [13], they
presented a distributed algorithm for the readers and writers problem, where multiple
nodes need to access a shared, serially reusable resource.  In this algorithm, the
number of messages generated by a read operation and a write operation has an upper
bound of 2d and 3d, respectively.

In another paper on distributed mutual exclusion, Wang and Lang [14] presented a
token-based algorithm for solving the p-entry critical-section problem, where a
maximum of p processes are allowed to be in their critical section at the same time.  If
a node owns one of the p tokens of the system, it may enter its critical section;
otherwise, it must broadcast a request to all the nodes that own tokens.  Each request
passes at most 2pd messages.

The DCMST problem also arises in Linear Lightwave Networks (LLNs), where
multi-cast calls are sent from each source to multiple destinations.  It is desirable to
use a short spanning tree for each transmission to minimize interference in the
network.  An algorithm by Bala et al [4] decomposed an LLN into edge disjoint trees
with at least one spanning tree.  The algorithm builds trees of small diameter by
computing trees whose maximum node-degree was less than a given parameter, rather
than optimizing the diameter directly.  Furthermore, the lines of the network were
assumed to be identical.  If the LLN has lines of different bandwidths, lines of higher
bandwidth should be included in the spanning trees to be used more often and with
more traffic.  Employing an algorithm that solves the DCMST problem can help find
a better tree decomposition for this type of network.  The network would be modeled
by an edge-weighted graph, where an edge of weight 1/x is used to represent a line of
bandwidth x.

Three exact-solution algorithms the DCMST problem developed by Achuthan et al
[3] used Branch-and-Bound methods to reduce the number of subproblems.  The
algorithms were implemented on a SUN SPARC II workstation operating at 28.5
MIPS.  The algorithms were tested on complete graphs of different orders (n ≤ 40),
using 50 cases for each order, where edge-weights were randomly generated numbers
between 1 and 1000.  The best algorithm for k = 4 produced an exact solution for
n = 20 in less than one second on average, but it took an average of 550 seconds for
n = 40.  Clearly, such exact-algorithms, with exponential time complexity, are not
suitable for graphs with thousands of nodes.

For large graphs, Abdalla et al [2] presented a fast approximate algorithm.  The
algorithm first computed an unconstrained MST, then iteratively refined it by
increasing the weights of (log n) edges near the center of the tree and recomputing the
MST until the diameter constraint was achieved.  The algorithm was not always able
to produce DCMST(k) for k ≤ 0.05n because sometimes it reproduced spanning trees
already considered in earlier iterations, thus entering an infinite cycle.
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In this paper, we first present a general method for evaluating the solutions to the
DCMST problem in Section 2.  Then, we present approximate algorithms for solving
this problem employing two distinct strategies: One-Time Tree Construction (OTTC)
and Iterative Refinement (IR).  The OTTC algorithm, based on Prim’s algorithm, is
presented in Section 4.  A special IR algorithm and a general one are presented in
Sections 3 and 5, respectively.

2  Evaluating the Quality of a DCMST

Since the exact DCMST weights cannot be determined in a reasonable amount of time
for large graphs, we use the ratio of the computed weight of the DCMST to that of the
unconstrained MST as a rough measure of the quality of the solution.

To obtain a crude upper bound on the DCMST(k) weight (where k is the diameter
constraint), observe that DCMST(2) and DCMST(3) are feasible (but often grossly
suboptimal) solutions of DCMST(k) for all k > 3.  Since there are polynomial-time
exact algorithms for DCMST(2) and DCMST(3), these solutions can be used as upper
bounds for the weight of an approximate DCMST(k).  In addition, we develop a
special approximate-heuristic for DCMST(4) and compare its weight to that of
DCMST(3) to verify that it provides a tighter bound and produces a better solution for
k = 4.  We use these upper bounds, along with the ratio to the unconstrained MST
weight, to evaluate the quality of DCMST(k) obtained.

3  Special IR Heuristic for DCMST(4)

The special algorithm to compute DCMST(k) starts with an optimal DCMST(3), then
replaces higher-weight edges with smaller-weight edges, allowing the diameter to
increase to 4.

3.1  An Exact DCMST(3) Computation

Clearly, in a DCMST(3) of graph G, every node must be of degree 1 except two
nodes, call them u and v.  Edge (u, v) is the central edge of such a spanning tree.  To
construct DCMST(3), we select an edge to be the central edge (u, v), then, for every
node x in G, x ∉ {u, v}, we include in the spanning tree the smaller of the two edges
(x, u) and (x, v).  To get an optimal DCMST(3), we compute all such spanning trees
— with every edge in G as its central edge — and take the one with the smallest
weight.  Since we have m edges to choose from, we have to compute m different
spanning trees.  Each of these trees requires (n − 2) comparisons to select (x, u) or
(x, v).  Therefore, the total number of comparisons required to obtain the optimal
DCMST(3) is (n − 2)m.
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3.2  An Approximate DCMST(4) Computation

To compute DCMST(4), we start with an optimal DCMST(3).  Then, we relax the
diameter constraint while reducing the spanning tree weight using edge replacement
to get a smaller-weight DCMST(4).  The refinement process starts by arbitrarily
selecting one end node of the central edge (u, v), say u, to be the center of DCMST(4).
Let W(a, b) denote the weight of an edge (a, b).  For every node x adjacent to v, we
attempt to obtain another tree of smaller-weight by replacing edge (v, x) with edge
(x, y), where W(x, y) < W(x, v).  Furthermore, the replacement (x, y) is an edge such
that y is adjacent to u and for all nodes z adjacent to u and z ≠ v, W(x, y) ≤ W(x, z).  If
no such edge exists, we keep edge (v, x) in the tree.  We use the same method to
compute a second DCMST(4), with v as its center.  Finally, we accept the DCMST(4)
with the smaller weight as the solution.

Suppose there are p nodes adjacent to u in DCMST(3).  Then, there are (n − p − 2)
nodes adjacent to v.  Therefore, we make 2p(n − p − 2) comparisons to get
DCMST(4).  It can be shown that employing this procedure for a complete graph, the
expected number of comparisons required to obtain an approximate DCMST(4) from
an exact DCMST(3) is (n2 – 8n – 12)/2.

4  One-Time Tree Construction

In the One-Time Tree Construction (OTTC) strategy, a modification of Prim's
algorithm is used to compute an approximate DCMST in one pass.  Prim’s algorithm
has been experimentally shown to be the fastest for computing an MST for large
dense graphs[8].

The OTTC algorithm grows a spanning tree by connecting the nearest neighbor
that does not violate the diameter constraint.  Since such an approach keeps the tree
connected in every iteration, it is easy to keep track of the increase in tree-diameter.
This Modified Prim algorithm is formally described in Figure 1, where we maintain
the following information for each node u:

• near(u) is the node in the tree nearest to the non-tree node u.
• wnear(u) is the weight of edge (u, near(u)).
• dist(u, 1..n) is the distance (unweighted path length) from u to every other

node in the tree if u is in the tree, and is set to -1 if u is not yet in the tree.
• ecc(u) is the eccentricity of node u, (the distance in the tree from u to the

farthest node) if u is in the tree, and is set to -1 if u is not yet in the tree.

To update near(u) and wnear(u), we determine the edges that connect u to
partially-formed tree T without increasing the diameter (as the first criterion) and
among all such edges we want the one with minimum weight.  We do this efficiently,
without having to recompute the tree diameter for each edge addition.

In Code Segment 1 of the OTTC algorithm, we set the dist(v) and ecc(v) values for
node v by copying from its parent node near(v).  In Code Segment 2, we update the
values of dist and ecc for the parent node in n steps.  In Code Segment 3, we update
the values of dist and ecc for other nodes.  We make use of the dist and ecc arrays, as
described above, to simplify the OTTC computation.
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procedure ModifiedPrim

INPUT:Graph G, Diameter bound k

OUTPUT: Spanning Tree T = (V
T
,E

T
)

initialize V
T
 := Φ and E

T
, := Φ

select a root node v
0
 to be included in V

T

initialize near(u) := v
0
 and wnear(u) := w

uv0
, for every u ∉  V

T

compute a next-nearest-node v such that:

     wnear(v) = MIN
u
∉
VT
{wnear(u)}

while (|ET| < (n−1))
   select the node v with the smallest value of wnear(v)

   set V
T
 := V

T
 ∪  {v} and E

T
 := E

T
 ∪  {(v,near(v))}

   {1. set dist(v,u) and ecc(v)}

   for u = 1 to n

     if dist(near(v),u) > −1 then
       dist(v,u) := 1 + dist(near(v),u)

   dist(v, v) := 0

   ecc(v) := 1 + ecc(near(v))

   {2. update dist(near(v),u) and ecc(near(v))}

   dist(near(v),v) = 1

   if ecc(near(v)) < 1 then

     ecc(near(v)) = 1

   {3. update other nodes' values of dist and ecc}

   for each tree node u other than v or near(v)

     dist(u,v) = 1 + dist(u,near(v))

     ecc(u) = MAX{ecc(u),dist(u,v)}

   {4. update the near and wnear values for other nodes in G}

   for each node u not in the tree

   if 1 + ecc(near(u)) > u then

     examine all nodes in T to determine near(u) and wnear(u)

   else

     compare wnear(u) to the weight of (u,v).

Fig. 1. OTTC Modified Prim algorithm

Code Segment 4 is the least intuitive.  Here, we update the near and wnear values
for every node not yet in the tree by selecting an edge which does not increase the tree
diameter beyond the specified constraint and has the minimum weight among all such
edges.  Now, adding v to the tree may or may not increase the diameter.  If the tree
diameter increases, and near(u) lies along a longest path in the tree, then adding u to
the tree by connecting it to near(u) may violate the constraint.  In this case, we must
reexamine all nodes of the tree to find a new value for near(u) that does not violate
the diameter constraint.  This can be achieved by examining ecc(t) for nodes t in the
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tree; i.e., we need not recompute the tree diameter.  This computation includes adding
a new node to the tree.

On the other hand, if (u, near(u)) is still a feasible edge, then near(u) is the best
choice for u among all nodes in the tree except possibly v, the newly added node.  In
this case, we need only determine whether edge (u, v) would increase the tree
diameter beyond the constraint, and if not, whether the weight of (u, v) is less than
wnear(u).

The complexity of Code Segment 4 is O(n2) when the diameter constraint k is
small, since it requires looking at each node in the tree once for every node not in the
tree.  This makes the time complexity of this algorithm higher than that of Prim's
algorithm.  The while loop requires (n − 1) iterations.  Each iteration requires at most
O(n2) steps, which makes the worst case time complexity of the algorithm O(n3).

This algorithm does not always find a DCMST.  Furthermore, the algorithm is
sensitive to the node chosen for starting the spanning tree.  In both the sequential and
parallel implementations, we compute n such trees, one for each starting node.  Then,
we output the spanning tree with the largest weight.

To reduce the time needed to compute the DCMST further, we develop a heuristic
that selects a small set of starting nodes as follows.  Select the q nodes (q is
independent of n) with the smallest sum of weights of the edges emanating from each
node.  Since this is the defining criterion for spanning trees with diameter k = 2 in
complete graphs, it is polynomially computable.  The algorithm now produces q
spanning trees instead of n, reducing the overall time complexity by a factor O(n)
when we choose a constant value for q.

5  The General Iterative Refinement Algorithm

This IR algorithm does not recompute the spanning tree in every iteration; rather, a
new spanning tree is computed by modifying the previously computed one.  The
modification performed never produces a previously generated spanning tree and,
thus it guarantees the algorithm will terminate.  Unlike the algorithm in [2], this
algorithm removes one edge at a time and prevents cycling by moving away from the
center of the tree whenever cycling becomes imminent.

This new algorithm starts by computing the unconstrained MST for the input graph
G = (V, E).  Then, in each iteration, it removes one edge that breaks a longest path in
the spanning tree and replaces it by a non-tree edge without increasing the diameter.
The algorithm requires computing eccentricity values for all nodes in the spanning
tree in every iteration.

The initial MST can be computed using Prim’s algorithm.  The initial eccentricity
values for all nodes in the MST can be computed using a preorder tree traversal where
each node visit consists of computing the distances from that node to all other nodes
in the spanning tree.  This requires a total of O(n2) computations.  As the spanning
tree changes, we only recompute the eccentricity values that change.  After computing
the MST and the initial eccentricity values, the algorithm identifies one edge to
remove from the tree and replaces it by another edge from G until the diameter
constraint is met or the algorithm fails.  When implemented and executed on a variety
of inputs, we found that this process required no more than (n + 20) iterations.  Each
iteration consists of two parts.  In the first part, described in Subsection 5.1, we find
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an edge whose removal can contribute to reducing the diameter, and in the second
part, described in Subsection 5.2, we find a good replacement edge.  The IR algorithm
is shown in Figure 2, and its two different edge-replacement subprocedures are shown
in Figures 3 and 4.  We use eccT(u) to denote the eccentricity of node u with respect to
spanning tree T, the maximum distance from u to any other node in T.  The diameter
of a spanning tree T is given by MAX{eccT(u)} over all nodes u in T.

5.1  Selecting Edges for Removal

To reduce the diameter, the edge removed must break a longest path in the tree and
should be near the center of the tree.  The center of spanning tree T can be found by
identifying the nodes u in T with eccT(u) =  diameter/2 , the node (or two nodes) with
minimum eccentricity.

Since we may have more than one edge candidate for removal, we keep a sorted
list of candidate edges.  This list, which we call MID, is implemented as a max-heap
sorted according to edge weights, so that the highest-weight candidate edge is at the
root.

Removing an edge from a tree does not guarantee breaking all longest paths in the
tree.  The end nodes of a longest path in T have maximum eccentricity, which is equal
to the diameter of T.  Therefore, we must verify that removing an edge splits the tree
T into two subtrees, subtree1 and subtree2, such that each of the two subtrees contains
a node v with eccT(v) equal to the diameter of the tree T.  If the highest-weight edge
from list MID does not satisfy this condition, we remove it from MID and consider
the next highest.  This process continues until we either find an edge that breaks a
longest path in T or the list MID becomes empty.

If we go through the entire list, MID, without finding an edge to remove, we must
consider edges farther from the center.  This is done by identifying the nodes u with
eccT(u) =  diameter/2  + bias, where bias is initialized to zero, and incremented by 1
every time we go through MID without finding an edge to remove.  Then, we
recompute MID as all the edges incident to set of nodes u.  Every time we succeed in
finding an edge to remove, we reset the bias to zero.

This method of examining edges helps prevent cycling since we consider a
different edge every time until an edge that can be removed is found.  But to
guarantee the prevention of cycling, we always select a replacement edge that reduces
the length of a path in T.  This will guarantee that the refinement process will
terminate, since we will either reduce the diameter below the bound k, or bias will
become so large that we try to remove the edges incident to the end-points of the
longest paths in the tree.

procedure IterativeRefinement

INPUT: Graph G = (V,E), diameter bound k

OUTPUT: Spanning tree T with diameter ≤ k
compute MST and ecc

T
(v) for all v in V

MID := Φ
move := false
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repeat

    diameter := MAX
v
∈
V
{ecc

T
(v)}

    if MID = Φ then

       if move = true then

          move := false

          MID := edges (u,v) that are one edge farther from

               the center of T than in the previous iteration

       else

          MID := edges (u,v) at the center of T

    repeat

       (x,y) := highest weight edge in MID

       {This splits T into two trees: subtree1 and subtree2}

    until MID = Φ
          OR MAX

u
∈
subtree1

{ecc
T
(u)} = MAX

v
∈
subtree2

{ecc
T
(v)}

    if MID = Φ then        {no good edge to remove was found}

       move := true

    else

       remove (x,y) from T

       get a replacement edge and add it to T

    recompute ecc
T
 values

until diameter ≤ k OR we are removing the edges farthest from
      the center of T

Fig. 2. The general IR algorithm

In the worst case, computing list MID requires examining many edges in T,
requiring O(n) comparisons.  In addition, sorting MID will take O(n log n) time.  A
replacement edge is found in O(n2) time since we must recompute eccentricity values
for all nodes to find the replacement that helps reduce the diameter.  Therefore, the
iterative process, which removes and replaces edges for n iterations, will take O(n3)
time in the worst case.  Since list MID has to be sorted every time it is computed, the
execution time can be reduced by a constant factor if we prevent MID from becoming
too large.  This is achieved by an edge-replacement method that keeps the tree T fairly
uniform so that it has a small number of edges near the center, as we will show in the
next subsection.  Since MID is constructed from edges near the center of T, this will
keep MID small.

5.2  Selecting a Replacement Edge

When we remove an edge from a tree T, we split T into two subtrees: subtree1 and
subtree2.  Then, we select a non-tree edge to connect the two subtrees in a way that
reduces the length of at least one longest path in T without increasing the diameter.
The diameter of T will be reduced when all longest paths have been so broken.  We
develop two methods, ERM1 and ERM2, to find such replacement edges.
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5.2.1  Edge-Replacement Method ERM1
This method, shown in Figure 3, selects a minimum-weight edge (a, b) in G
connecting a central node a in subtree1 to a central node b in subtree2.  Among all
edges that can connect subtree1 to subtree2, no other edge (c, d) will produce a tree
such that the diameter of subtree1 ∪  subtree2 ∪  {(c, d)} is smaller than the diameter
of subtree1 ∪  subtree2 ∪  {(a, b)}.  However, such an edge (a, b) is not guaranteed to
exist in incomplete graphs.

procedure ERM1

Recompute ecc
subtree1

 and ecc
subtree2

 for each subtree by itself

m
1
 := MIN

u∈ subtree1
{ecc

subtree1
(u)}

m
2
 := MIN

u∈ subtree2
{ecc

subtree2
(u)}

(a,b) := minimum-weight edge in G that has:

     a ∈  subtree1 AND b ∈  subtree2 AND
     ecc

subtree1
(a) = m

1
 AND ecc

subtree2
(b) = m

2

Add edge (a,b) to T

if MID = Φ OR bias = 0 then
   move := true

   MID := Φ

Fig. 3. Edge-replacement method ERM1

Since there can be at most two central nodes in each subtree, there are at most four
edges to select from.  The central nodes in the subtrees can be found by computing
eccsubtree1 and eccsubtree2 in each subtree, then taking the nodes v with eccsubtree(v) =
MIN{eccsubtree(u)} over all nodes u in the subtree that contains v.  This selection can be
done in O(n2) time.

Finally, we set the boolean variable move to true every time we remove an edge
incident to the center of the tree.  This causes the removal of edges farther from the
center of the tree in the next iteration of the algorithm, which prevents removing the
edge (a, b) which has just been added.

This edge-replacement method seems fast at the first look, because it selects one
out of four edges.  However, in the early iterations of the algorithm, this method
creates nodes of high degree near the center of the tree, which causes MID to be very
large.  This, as we have shown in the previous section, causes the time complexity of
the algorithm to increase by a constant factor.  Furthermore, having at most four
edges from which to select a replacement often causes the tree weight to increase
significantly.

5.2.2  Edge-Replacement Method ERM2
This method, shown in Figure 5, computes eccsubtree1 and eccsubtree2 values for each

subtree individually, as in ERM1.  Then, the two subtrees are joined as follows.  Let
the removed edge (x, y) have x∈  subtree1 and y∈  subtree2.  The replacement edge
will be the smallest-weight edge (a, b) which (1) guarantees that the new edge does
not increase the diameter, and (2) guarantees reducing the length of a longest path in
the tree at least by one.  We enforce condition (1) by:
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eccsubtree1(a) ≤ eccsubtree1(x) AND eccsubtree2(b) ≤ eccsubtree2(y) , (1)

and condition (2) by:

eccsubtree1(a) < eccsubtree1(x) OR eccsubtree2(b) < eccsubtree2(y) . (2)

If no such edge (a, b) is found, we must remove an edge farther from the center of the
tree, instead.

procedure ERM2

recompute ecc
subtree1

 and ecc
subtree2

 for each subtree by itself

m
1
 := ecc

subtree1
(x)

m
2 
:= ecc

subtree2
(y)

(a,b) := minimum-weight edge in G that has:

      a ∈  subtree1 AND b ∈  subtree2 AND ecc
subtree1

(a) ≤ m
1

      AND ecc
subtree2

(b) ≤ m
2
 AND

      (ecc
subtree1

(a) < m
1
 OR ecc

subtree2
(b) < m

2
)

if such an edge (a,b) is found then

   add edge (a,b) to T

else

   add the removed edge (x,y) back to T

   move := true

Fig. 4. Edge-replacement method ERM2

Since ERM2 is not restricted to the centers of the two subtrees, it works better than
ERM1 on incomplete graphs.  In addition, it can produce DCMSTs with smaller
weights because it selects a replacement from a large set of edges, instead of 4 or
fewer edges as in ERM1.  The larger number of edges increases the total time
complexity of the IR algorithm by a constant factor over ERM1.  Furthermore, this
method does not create nodes of high degree near the center of the tree as in ERM1.
This helps keep the size of list MID small in the early iterations, reducing the time
complexity of the IR algorithm by a constant factor.

6  Implementation

In this section, we present empirical results obtained by implementing the OTTC and
IR algorithms on the MasPar MP-1, a massively-parallel SIMD machine of 8192
processors.  The processors are arranged in a mesh where each processor is connected
to its eight neighbors.

Complete graphs Kn, represented by their (n × n) weight matrices, were used as
input.  Since the MST of a randomly generated graph has a small diameter, O(log n)
[2], they are not suited for studying the performance of DCMST(k) algorithms.
Therefore, we generated graphs in which the minimum spanning trees are forced to
have diameter of (n − 1).
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6.1  One-Time Tree Construction

We parallelized the OTTC algorithm and implemented it on the MasPar MP-1 for
graphs of up to 1000 nodes.  The DCMST generated from one start node for a graph
of 1000 nodes took roughly 71 seconds, which means it would take it about 20 hours
to run with n start nodes.  We address this issue by running the algorithm for a
carefully selected small set of start nodes.

We used two different methods to choose the set of start nodes.  SNM1 selects the
center nodes of the q smallest stars in G as start nodes.  SNM2 selects q nodes from G
at random.  As seen in Figure 5, the quality of DCMST obtained from these two
heuristics, where we chose q = 5, is similar.  The execution times of these two
heuristics were also almost identical.

The results from running the OTTC algorithm with n start nodes were obtained for
graphs of 50 nodes and compared with the results obtained with 5 start nodes for the
same graphs; for k = 4, 5, and 10.  The results compare the average value of the
smallest weight found from SNM1 and SNM2 to the average weight found from the
OTTC algorithm that runs for n iterations.  The quotient of these values is reported.
For k = 4, the DCMST obtained using SNM1 had weight of 1.077 times the weight
from the n-iteration OTTC algorithm.  The cost of SNM2-tree was 1.2 times that of
the n-iteration tree.  For k = 5, SNM1 weight-ratio was 1.081 while SNM2 weight-
ratio was 1.15.  For k = 10, SNM1 weight-ratio was 1.053 while SNM2 weight-ratio
was 1.085.  In these cases, SNM1 outperforms SNM2 in terms of the quality of
solutions, in some cases by as much as 12%.  The results obtained confirm the
theoretical analysis that predicted an improvement of O(n) in execution time, as
described in Section 4.  The execution time for both SNM1 and SNM2 is
approximately the same.  This time is significantly less than the time taken by the
n-iteration algorithm as expected.  Therefore, SNM1 is a viable alternative to the
n-iteration algorithm.

Fig. 5. Weight of DCMST(5), obtained using two different node-search heuristics, as a multiple
of MST weight.  Initial diameter = n − 1

6.2  The Iterative Refinement Algorithms

The heuristic for DCMST(4) was also parallelized and implemented on the MasPar
MP-1.  It produced DCMST(4) with weight approximately half that of DCMST(3), as

0
2
4
6
8

10
12
14
16
18
20

50 100 150 200

Number of Nodes (n)

w
ei

g
h

t 
ra

ti
o SNM1

SNM2

DCMST(3)

DCMST(4)



28           Narsingh Deo and Ayman Abdalla

we see in Figures 5, 6, and 8.  The time to refine DCMST(4) took about 1% of the
time to calculate DCMST(3).

We also parallelized and implemented the general IR algorithm on the MasPar
MP-1.  As expected, the algorithm did not enter an infinite loop, and it always
terminated within (n + 20) iterations.  The algorithm was unable to find a DCMST
with diameter less than 12 in some cases for graphs with more than 300 nodes.  In
graphs of 400, 500, 1000, and 1500 nodes, our empirical results show a failure rate of
less than 20%.  The algorithm was 100% successful in finding a DCMST with k = 15
for graphs of up to 1500 nodes.  This shows that the failure rate of the algorithm does
not depend on what fraction of n the value of k is.  Rather, it depends on how small
the constant k is.

To see this, we must take a close look at the way we move away from the center of
the tree when we select edges for removal.  Note that the algorithm will fail only
when we try to remove edges incident to the end-points of the longest paths in the
spanning tree.  Also note that we move away from the center of the tree every time we
go through the entire set MID without finding a good replacement edge, and we return
to the center of the spanning tree every time we succeed.

Fig. 6. Quality of DCMST(10) obtained using two different edge-replacement methods.  Initial
diameter = n – 1

Thus, the only way the algorithm fails is when it is unable to find a good
replacement edge in  diameter/2  consecutive attempts, each of which includes going
through a different set of MID.  Empirical results show that it is unlikely that the
algorithm will fail for 8 consecutive times, which makes it suitable for finding
DCMST where the value of k is a constant greater than or equal to 15.  The algorithm
still performs fairly well with k =10, and we did use that data in our analysis, where
we excluded the few cases in which the algorithm did not achieve diameter 10.  This
exclusion should not affect the analysis, since the excluded cases all achieved
diameter less than 15 with approximately the same speed as the successful attempts.

The quality of DCMST(10) obtained by the IR technique using the two different
edge replacement methods, ERM1 and ERM2, is shown in Figure 6.  The diagram
shows the weight of the computed DCMST(10) as a multiple of the weight of the
unconstrained MST.  The time taken by the algorithm using ERM1 and ERM2 to
obtain DCMST(10) is shown in Figure 7.  As expected, ERM2 out-performs ERM1 in
time and quality.  In addition, ERM1 uses more memory than ERM2, because the size
of MID when we use ERM1 is significantly larger than its size when ERM2 is used.
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This is caused by the creation of high-degree nodes by ERM1, as explained in
Subsection 4.2.

We tested the general IR algorithm, using ERM2, on random graphs.  The quality
of the DCMSTs obtained are charted in Figure 8.  Comparing this figure with those
obtained for the randomly-generated graphs forced to have unconstrained MST with
diameter (n − 1), it can be seen that the quality of DCMST(10) in the graphs starting
with MSTs of (n − 1) diameter is better than that in unrestricted random graphs.  This
is because the IR algorithm keeps removing edges close to the center of the
constrained spanning tree, which contain more low-weight edges in unrestricted
random graphs, coming from the unconstrained MST.  But when the unconstrained
MST has diameter (n −1), there are more heavy-weight edges near the center that
were added in some earlier iterations of the algorithm.  Therefore, the DCMST for
this type of graphs will lose less low-weight edges than in unrestricted random
graphs.

Fig. 7. Time to reduce diameter from n−1 to 10 using two different edge-replacement methods

Fig. 8. Quality of DCMST(4) and DCMST(10) for unrestricted random graphs

Furthermore, the weight of DCMST(4) was lower than that of DCMST(10) in
unrestricted random graphs.  Note that the DCMST(4) heuristic approaches the
diameter optimization from above, rather than from below.  When the diameter
constraint is small, it becomes more difficult for the general IR algorithm to find a
solution and allows large increases in tree-weight in order to achieve the required
diameter.  The approach from the upper bound, however, guarantees the tree weight
will not increase during the refinement process.  The performance of the DCMST(4)
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algorithm did not change much in unrestricted random graphs.  Rather, the quality of
DCMST(10) deteriorated, exceeding the upper bound.  Clearly, DCMST(4) algorithm
provides a better solution for this type of graphs.

7  Conclusions

We have presented three algorithms that produce approximate solutions to the
DCMST problem, even when the diameter constraint is a small constant.  One is a
modification of Prim’s algorithm, combined with a heuristic that reduces the
execution time by a factor of n (by selecting a small constant number of nodes as the
start nodes in the OTTC algorithm) at a cost of a small increase in the weight of the
DCMST.

The second is an IR algorithm to find an approximate DCMST.  This algorithm is
guaranteed to terminate, and it succeeds in finding a reasonable solution when the
diameter constraint is a constant, about 15.  The third is a special IR algorithm to
compute DCMST(4).  This algorithm was found to be especially effective for random
graphs with uniformly distributed edge weights, as it outperformed the other two in
speed and quality of solution.  This algorithm provides a tighter upper bound on
DCMST quality than the one provided by the DCMST(3) solution.  We implemented
these algorithms on an 8192-processor, the MasPar MP-1, for various types of graphs.
The empirical results from this implementation support the theoretical conclusions
obtained.
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Abstract. We consider algorithms for a simple one-dimensional point placement
problem: givenN points on a line, and noisy measurements of the distances be-
tween many pairs of them, estimate the relative positions of the points. Problems
of this flavor arise in a variety of contexts. The particular motivating example that
inspired this work comes from molecular biology; the points are markers on a
chromosome and the goal is to map their positions. The problem is NP-hard under
reasonable assumptions. We present two algorithms for computing least squares
estimates of the ordering and positions of the markers: a branch and bound al-
gorithm and a highly effective heuristic search algorithm. The branch and bound
algorithm is able to solve to optimality problems of 18 markers in about an hour,
visiting about106 nodes out of a search space of1016 nodes. The local search
algorithm usually was able to find the global minimum of problems of similar
size in about one second, and should comfortably handle much larger problem
instances.

1 Introduction

The problem of mapping genetic information has been the subject of extensive research
since experimenters started breeding fruit flies for physical characteristics. Due to the
small scale of chromosomes, it has been difficult to obtain accurate information on
their structure. Many techniques relying on statistical inference of indirect data have
been applied to deduce this information; see [1] for some examples.

More recently, researchers have developed many techniques for estimating of rela-
tive positions various genetic features by more direct physical means. We are interested
in one called fluorescentin situ hybridization (FISH). In this technique, pairs of fluo-
rescently labeled probes are hybridized (attached) to specific sites on a chromosome.
The 2-d projection of the distance between the probes is measured under a microscope.
Despite the highly folded state of DNAin vivo and the resulting high variance of in-
dividual measurements, [10] shows that the genomic distance can be estimated if the
experiment is repeated in many cells.

Not surprisingly, if more pairs of probes are measured, and the measurement be-
tween each pair is repeated many times, the accuracy of the answer increases. Unfortu-
nately, so does the cost. Hence, the resulting computational problem is the following:

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 32–43, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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Problem: GivenN probes on a line, and an incomplete set of noisy pairwise measure-
ments between probes, determine the best estimate of the ordering and position of
the probes.

If the measurements were complete and accurate, the problem would be easy—the
farthest pair obviously are the extreme ends, and the intervening points can be placed by
sorting their distances to the extremes. However, with partial, noisy data, the problem
is known to be NP-hard. (See [6, 5] for a particularly simple proof.)

1.1 Previous Work

Brian Pinkerton previously investigated solving this problem using the seriation algo-
rithm of [3], and a branch and bound algorithm (personal communication, 6/96). The
seriation algorithm, which is a local search algorithm, was only moderately effective.
The branch and bound algorithm, using a simple bounding function, was able to solve
problems involving up to about 16 probes.

There has been extensive work on other algorithms to solve DNA mapping prob-
lems, but they are based on distance estimates from techniques other than FISH, and are
tailored to the particular statistical properties of the distance measurements. Two among
many examples are the distance geometry algorithm of [7], based on recombination fre-
quency data, and [2], which investigated branch and bound, simulated annealing, and
maximum likelihood algorithms based on data from radiation hybrid mapping.

1.2 Outline

We present two algorithms for finding least-squares solutions to the probe placement
problem. One is a branch and bound algorithm that can find provably optimal solutions
to problems of moderate, but practically useful, size. The second is a heuristic search
algorithm, fundamentally a “hill-climbing” or greedy algorithm, that is orders of mag-
nitude faster than the branch and bound algorithm, and although it is incapable of giving
certifiably optimal solutions, it appears to be highly effective on this data.

In the next section we sketch some of the more difficult aspects of the problem.
Section 3 develops a cost function to evaluate solutions. Section 4 describes the heuristic
search algorithm. Section 5 outlines the branch and bound algorithm. We then present
the results of simulations of the two algorithms in Section 6.

2 Introduction to the Solution Space

Before explaining the development of the algorithms, it is helpful to gain some intuition
about the solution space. Given that the data is both noisy and incomplete, the problem
can be under-constrained and/or over-constrained. In this domain, a “constraint” refers
to a measurement between two probes (since it constrains the placement of the probes).

An under-constrained problem instance is one in which a probe might not have
enough measurements to other probes to uniquely determine its position. In the example
of four probes in Figure 1, probeB has only one measurement to probeA, and so a
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A B C D A C DB

Fig. 1. An example of an under-constrained ordering (ProbeB can be placed on either
side of probeA). A line between two probes indicates a measurement between the
probes.

location on either side of probeA is consistent with the data. It is also important to note
that in all solutions, left/right orientation is arbitrary as is the absolute probe position.

In a more extreme example, a set of probes could have no measurements to an-
other set. In Figure 2, probesA andB have no measurements to probesC andD, and
placement anywhere relative to probesC andD is consistent with the data.

A B C D A BC Dor

Fig. 2.Another example of an under-constrained ordering

In the examples of Figures 1 and 2, not only are the positions not uniquely deter-
mined, but different orderings are possible. When developing search algorithms, we
have to be careful to recognize and treat such cases correctly. It appears that in real
data such as from [Trask, personal communication, 1996], there are no degrees of free-
dom in the relative positioning of probes due to the careful choice of pairs of probes to
measure. However, under-constrained instances do arise in the branch and bound algo-
rithm described in Section 5 and in any algorithm that solves the problem by examining
instances with a reduced set of constraints.

Due to the noise in the data, parts of a problem instance will be over-constrained.
For example, as shown in Figure 3, if we examine three probes with pairwise mea-
surements between them and there isn’t an ordering such that the sum of two pairwise
measurements equals the third pairwise measurement, there will be no way to place
the three probes on a line. In this case, the distances between the probes in any linear
placement will unavoidably be different from the measured distances.

BA C5 5

12

Fig. 3. There is no way to linearly place these probes on a line and respect all the mea-
surements.
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Given the existence of over and under-constrained problems, it is necessary to de-
velop a method of evaluating how well a solution conforms to the data. This is covered
in Section 3. Once we define how to evaluate a solution, we will develop algorithms to
search for the best solution.

3 How to Evaluate a Probe Placement

We construct a cost function to evaluate the “goodness” of a solution, then solve the
problem by finding the answer that has the least cost. LetN be the number of probes,
xi be the assigned position of probei, dij be the measured distance between probei
and probej (dij = dji), and letwij = wji be a nonnegative weight associated with the
measured distance between probesi andj. We define thecostof this placement to be
the weighted sum of squares of the differences between the measured distance between
two probes and the distance between the probes in the given linear placement of the
probes:

Cost(x1; : : : ; xN ) =
X
i<j

dij measured

wij(j xi − xj j −dij)2: (1)

Many subsequent formulae will be simplified by assumingwij = 0 if i = j or if the
distancedij has not been measured. For example, we could have omitted the qualifier
“dij measured” from Equation 1 under this assumption.

Intuitively, the weightwij reflects the relative confidence we have in measurement
dij . For example, if the measurement errors were independent normal random variables,
then we should choose the weightwij to be proportional to1=�2

ij , where�2
ij is the

variance ofdij . Least squares solutions under these assumptions have several desirable
properties, like being unbiased maximum likelihood estimators. Even though the error
distribution in our motivating problem violated these assumptions, choosing weights
inversely proportional to the variances substantially improved the solution quality (and
speed) of our algorithms; see [9].

3.1 Finding Least Squares Solutions for a Fixed Ordering

One standard approach to solving a least squares problem is to take the partial deriva-
tives of the cost with respect to each of thexi’s, set them equal to 0, and solve. Unfortu-
nately, our cost function is not differentiable due to the absolute value terms. However,
for a givenfixedordering of the probes we can bypass this difficulty, allowing us to find
the placement which minimizes cost for the given ordering. Without loss of generality,
assume

x1 < x2 < � � � < xN : (2)
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Then for a given probek:

@

@xk

0
@X

i<j

wij(j xi − xj j −dij)2

1
A =

X
1�i�k−1

2wik(xk − xi − dik)

−
X

k+1�i�N

2wki(xi − xk − dki): (3)

Separating the terms and setting equal to 0, we get for@
@xk

:

xk

X
1�i�N

(wik) +
X

1�i�N

(−wikxi) =
X

1�i�k−1

(wikdik) −
X

k+1�i�N

(wkidki): (4)

Equation 4 is of the form

Mx = r (5)

wherex is the vector ofxi’s, M is the matrix defined as:

Mij =

(
−wij i 6= j;P

1�p�N (wip) i = j;
(6)

andr is the vector whosekth componentrk is given by the right hand side of Equation 4.
Thus, in matrix form, Equation 4 can be written as:

0
BBBB@

: : :
−wk1 : : : Mkk : : : −wkN

: : :
: : :
: : :

1
CCCCA

0
BBBB@

: : :
xk

: : :
: : :
: : :

1
CCCCA =

0
BBBBBB@

: : :X
1�i�k−1

(wikdik) −
X

k+1�i�N

(wkidki)

: : :
: : :
: : :

1
CCCCCCA

whereMkk, the summation term in Equation 6, is the sum of the weights of the mea-
surements from probek to other probes.

A critical point is that there is no guarantee that the ordering of the probes in the
solution ofMx = r will respect the ordering (2) used to construct this linear system.
However, the solution to this linear system provides useful information in either case.

– If the solutiondoesrespect the ordering, then it provides the optimal (in the least-
squares sense) positioning of the probes with respect to the given ordering, and is a
local minimum of the cost function.

– If the solution doesnot respect the ordering, then it gives a lower bound on the cost
of the best placement with that ordering. This is true since solution toMx = r gives
the minimum of

P
i<j wij(xj − xi − dij)2 over allx, which is certainly no greater

than the minimum over the regionfx j x1 < x2 < � � � < xN g. Furthermore, in this
case the given ordering is not the optimal one, since the solution toMx = r gives
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an ordering having a lower cost. This holds since for each pairi < j for which
xi > xj , we have

(j xi − xj j −dij)2 = (xi − xj − dij)2 < (xj − xi − dij)2:

In other words, at the pointx solvingMx = r, each term in the true cost function
is less that or equal to the corresponding term in the restricted cost function built
assuming the orderingx1 < x2 < � � � < xN , and so that ordering cannot be
optimal.

These are the key observations on which our algorithms are built. The problem has
been reduced from a continuous optimization problem to a discrete one—that of com-
puting the matrix solution over all probe orderings and choosing the ordering with the
lowest cost. Our branch and bound algorithm searches over all possible probe orderings,
using an extension of the method above to bound the cost of large sets of possible order-
ings, provably finding the one(s) of minimum cost. The branch and bound algorithm is
described more fully in Section 5. Our heuristic search algorithm is even simpler. Start-
ing from many random orderings, it merely iterates the process described above until
it reaches a local minimum. Empirically, this is highly effective at finding the global
minimum quickly. This is described more fully in the next section.

4 Heuristic Search

As outlined in the previous section, solution to the linear system constructed for any
fixed order� of the probes either gives the optimal placement for probes in that order,
which is a local minimum of the cost function, or gives a placement with another order-
ing �0 at which the cost function is lower than it is at any placement respecting�. Our
heuristic search algorithm is simply “iterated linear solve”:

1. choose a random ordering�;
2. set up the linear system corresponding to that ordering;
3. solve it;
4. if the resulting order�0 is equal to�, record that as a potential minimum;
5. if �0 6= �, replace� by �0 and return to step 2.

Finally, we repeat this entire process for many random initial orderings, and report the
lowest cost solution found. In different tests, we either did a fixed number of random
starts, usually 300, or repeated until the known optimal solution was found.

One nice feature of the matrix formulation is thatM is independent of the ordering
of the probes. When solving this system by LU decomposition (as in [8]), this means
that once we perform an initialO(N3) operation onM, we can find a solution inO(N2)
time per ordering, the time required to generate the (order-dependent) vectorr and
backsolve.
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5 Branch and Bound

Our branch and bound algorithm constructs a search tree over probe orderings. The
leaves will be complete orderings and the interior nodes will be partially specified or-
derings. There are two basic approaches to structuring the search tree. In the first ap-
proach, shown in Figure 4, the children of a nodeP in the tree will be the ordering
of probes at nodeP augmented with a new probe in all possible positions among the
probes ordered atP .

CAB ACB ABC CBA BCA BAC

AB BA

A

Fig. 4. At a node, the children are or-
derings in which an additional probe is
placed in all possible positions with re-
spect to the ordered probes.

ABC ACB BAC BCA CAB CBA

AB AC BA BC CA CB

A B C

Fig. 5. At a node, the children are or-
derings in which each of the unordered
probes has been placed to the right of
the rightmost ordered probe.

For the second approach, in Figure 5, the ordering of a child of an interior nodeP
will be the ordering ofP augmented by a probe placed adjacent to the rightmost ordered
probe inP .

In either approach, as is typical in branch and bound algorithms, little of the ordering
is specified at higher levels of the search tree, hence the bounds computed there will be
weak and pruning will be rare. Given this, the first approach has the advantage that
the branching factor is much lower near the root of the tree compared to the second
approach, e.g. 3 versusN −3 on the third level. On the other hand, the second approach
has the advantage that more information is known about the partially specified ordering
at an interior nodeP , namely that all unordered probes lie to the right of the rightmost
specified probe in every node of the subtree rooted atP . We can exploit this to give
a strengthened bound at internal nodes compared to approach one. In our experiments
[11], approach two outperformed approach one by nearly a factor of two both in run
time and in number of tree nodes visited. Throughout the remainder of this paper, we
will only consider approach two.

Our branch and bound algorithm searches through nodes in a tree, pruning a node
if its cost is greater than the lowest cost found in a leaf node so far. At a leaf node in
the tree, we compute the cost of the ordering as described in Section 3.1. At an interior
node, the cost function must be a lower bound on the cost of all nodes in the subtree
to allow us to possibly prune the subtree. In this section, we describe a simple cost
function based on least squares.

Consider an interior node such as that in Figure 6. In this picture of an interior node,
the circles represent probes, and the edges represent the existence of a measurement
between two probes. ProbesA, B, C, andD have been ordered (in that order). ProbesE
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Unordered
Ordered Probes Probes

CBA D

E

F

Fig. 6.An Interior Node

andF are unordered with respect to each other, but both will appear to the right of probe
D. One way of computing a lower bound on the cost for this node is to consider only the
measurements between the ordered probes. In this case, we compute the cost function
by computing the matrix solution (as described in Section 3.1) using a matrix built from
only measurements between the ordered probes. This is done by simply pretending the
other measurements do not exist, i.e., the terms inM of Equation 5 for measurements
that we are not considering are 0, and there is no contribution from them in ther vector.

We note that the cost function described here is ineffective at high levels in the tree
(where nodes will reflect probe orderings with few constraints). In particular, the cost
function described evaluates to zero for the first and second level in the tree (when only
one or two probes are ordered). However, consider the measurements in Figure 6 be-
tween ordered probesC; D, and unordered probeF . Even though the position ofF is
undetermined with respect toE, we know thatF will be to the right ofD. This al-
lows us to remove the absolute value sign in the sum of squares terms of Equation 1
for the measurements betweenF andC; D and include these terms in the cost function
computation. Thus, for an interior node, as well as considering all edges between or-
dered nodes, we can consider edges between ordered nodes and unordered nodes when
constructing the cost function for the node. This improvement potentially allows us
to compute a non-zero cost function for nodes as high as the second level in the tree
(when only two probes are ordered). With this improvement, the only constraints we
are not considering at a node are those between unordered probes. The bound function
described here is the one we use in the simulations reported in Section 6, Results.

The cost of an interior nodeP computed in this way will be a lower bound on the
cost of all nodes in the subtree rooted atP , since nodes in the subtree impose additional
constraints on the ordering, never remove constraints, and each additional constraint
adds additional non-negative terms to the cost function.

An additional issue which has a strong effect on the performance of our branch and
bound algorithm is initialization of the bound. Starting the algorithm with a conservative
default value for the bound (like+1) results in very poor pruning until a reasonably
good solution is encountered. Instead we first run the local search algorithm from a
few random starting orderings. Empirically, this will quickly locate a good solution,
facilitating good pruning from the beginning. In our experiments, branch and bound
removes 100-1000 times as many nodes as a result [9].

There is one remaining detail to be specified—we need to modify the construc-
tion of theM of Equation 5. As it stands, the linear systemMx = r of Section 3.1 is
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under-constrained (the rank of the null-space ofM is non-zero). Because the system is
constructed from relative orderings between the probes, there is one degree of freedom:
the absolute position of the probes. This is remedied by modifying the system to arbi-
trarily place probe 1 at locationx1 = 0. There may be additional degrees of freedom
in the solutions. In particular, at high levels in the tree the small set of ordered probes
may be partitioned into several disconnected components whose relative positions are
unconstrained. These situations are handled similarly; see [9] for details.

Finally, we remark that the cost computed by the techniques outlined above is a
lower bound, but not necessarily an attainable bound, on the cost of any ordering con-
sistent with that specified at a search tree node. In particular, in the case where the
solution to the linear systemMx = r exhibits a different ordering than the one from
which the system was constructed, we know that the bound is not attainable by the de-
sired ordering. It is still valid to use this bound to prune the search tree, since we know
the bound is attainable by some (other) ordering. However, pruning could be improved
if a higher lower bound could be computed in these cases. One possible approach to
doing so would be to use quadratic programming—minimization of the quadratic ob-
jective function in Equation 1 subject to the linear constraints in Equation 2 is a convex
quadratic optimization problem, for which polynomial time algorithms are known; see,
for example, [4]. However, it is not clear whether the increased pruning efficiency would
offset the extra computational cost of using the more elaborate quadratic programming
algorithm. Preliminary experiments have been inconclusive [11]

We now present the results of experiments performed on the heuristic search and
branch and bound algorithms.

6 Results

We ran multiple simulations to assess the performance of the two algorithms and also to
gauge the sensitivity of the algorithms to different parameters. We summarize the main
results here; see [9, 11] for further details.

The experiments described below were all run on synthetic data generated in ac-
cord with the motivating problem presented in Section 1. Probes were placed uniformly
at random, except that adjacent probes were separated by minimum distance of ap-
proximately 3% of the average spacing. Approximately 50% of the probe pairs were
“measured,” were measurement consisted of drawing a random sample from a certain
distribution whose mean was the actual distance between the probes. Data sets having
more than one connected component or certain other anomalies were filtered out. The
results do not seem to be overly sensitive to any of these parameters.

As a measure of the quality of the solution found by the algorithms, we used RMS
error—the square root of the mean squared difference between the true and calculated
positions of the probes. While this quantity varied from run to run, the median value was
10%–15% of the average interprobe distance, which is reasonably good considering the
variance of the “measurements.”

We present the total time for the branch and bound algorithm using weighted least-
squares in Figure 7, and the total time for heuristic search in Figure 8. Each point in the
graph is a problem instance.
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We can see that the running time of the branch and bound algorithm is exponential,
as is expected, with time increasing roughly as2:8N . Note that at the far right of the
graph, the most time taken to solve a problem of 18 probes was about 70 minutes. Since
the number of nodes in a search tree of a problem that size is around1016, we can see
that the pruning heuristic is quite effective; in fact it visited on the order of106 nodes.

The performance of heuristic search is in some ways more difficult to assess. For a
problem size of 18, the 300 random starts of heuristic search took about 1 second. The
surprisingly stable growth rate also appears to be exponential, but grows much more
slowly, roughly as1:2N . At this rate, problems of size 30 would be solvable in a few
minutes and problems of size 50 in under an hour. However, note that 300 random starts
is a very arbitrary choice. In most trials (> 90%), the method finds the globally optimal
solution within 10 random starts. In a few “hard core” cases, however, it can take several
thousand starts to find the global. Unfortunately, of course, using heuristic search alone,
one cannot tell when the globally optimal solution has been reached. (We compared to
the provably optimal results from branch and bound.) Nevertheless, the method seems
to be a powerful one and worth further study.

Timing experiments where performed on a 100 MHz DEC AlphaStation 200 4/100
with 96MB of memory. The C code was not optimized beyond the optimizations de-
scribed here (and in [9, 11]). In particular, the LU decomposition routine was copied
without modification from [8]. Since the process size for these algorithms was around 3
MB, and since the simulation code is CPU intensive, the time due to non-CPU activities
(such as paging) does not significantly affect the results shown.

7 Conclusions

We have presented two search algorithms, a branch and bound algorithm and a heuristic
local search algorithm, both of which attempt to minimize a weighted least-squares cost
function to solve a one dimensional point placement problem.

Due to the exponential nature of the branch and bound algorithm, it is unlikely that
it will scale to larger problem sizes. However, it does provide good performance on
problems of 18-20 probes, large enough to be of practical use. Since it finds the global
minimum, it is also useful as a benchmark against which to compare other algorithms.

The local search algorithm performed surprisingly well, finding optimal solutions
in seconds and appears capable of handling much larger problem instances.
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Abstract. We present certain dualities occuring in problems of design
of virtual path layouts in ATM networks. We concentrate on the one-
to-many problem on a chain network, in which one constructs a set of
paths, that enable connecting one vertex with all others in the network.
We consider the parameters of load (the maximum number of paths that
go through any single edge) and hop count (the maximum number of
paths traversed by any single message). Optimal results are known for
the cases where the routes are shortest paths and for the general case
of unrestricted paths. These solutions are symmetric with respect to the
two parameters of load and hop count, and thus suggest duality between
these two.
We discuss these dualities from various points of view. The trivial one
follows from corresponding recurrence relations. We then present var-
ious one-to-one correspondences. In the case of shortest paths layouts
we use binary trees and lattice paths (that use horizontal and vertical
steps). In the general case we use ternary trees, lattice paths (that use
horizontal, vertical and diagonal steps), and high dimensional spheres.
These correspondences shed light on the structure of the optimal solu-
tions, and simplify some of the proofs, especially for the optimal average
case designs.

1 Introduction

In this paper we study path layouts in ATM networks, in which pairs of nodes
exchange messages along pre-de�ned paths in the network, termed virtual paths.
Given a physical network, the problem is to design these paths optimally. Each
such design forms a layout of paths in the network, and each connection between
two nodes must consist of a concatenation of such virtual paths. The smallest
number of these paths between two nodes is termed the hop count for these
nodes, and the load (or congestion) of a layout is the maximum number of vir-
tual paths that go through any (physical) communication line. The two principal
parameters that determine the optimality of the layout are the maximum con-
gestion of any communication line and the maximum hop count between any two
nodes. The hop count corresponds to the time to set up a connection between
the two nodes, and the congestion measures the load of the routing tables at the
nodes.

Two problems that have been recently studied are the one-to-all (or broad-
cast) problem (e.g., [CGZ94, GWZ95, G95, DFZ97]), and the all-to-all problem
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(see, e.g., [CGZ94, G95, KKP95, SV96, ABCRS99, DFZ97]), in which one wishes
to measure the hop count from one speci�ed node (or all nodes) in the network
to all other nodes. In what follows we always consider the one-to-all problem.

Given bounds on the load L and the hop count H between a given node
termed root and all the other nodes in a layout, we look for the maximum number
of nodes for which such a solution exists, satisfying these bounds. Considering
a chain network, where the leftmost vertex has to be the root, and where each
path traversed by a message must be a shortest path, a family of ordered trees
Tshort(L ;H ) was presented in [GWZ95], within which an optimal solution can
be found, for a chain of length N , with N bounded by

(L +H
L

�
. This number,

which is symmetric in H and L , is also equal to the number of lattice paths from
(0; 0) to (L ;H ), that use horizontal and vertical steps. Optimal bounds for this
shortest path case were also derived for the average case , which also turned out
to be symmetric in H and L .

Considering the same problem but without the shortest path restriction,
termed the general path case, a family of tree layouts T (L ;H ) was introduced
in [DFZ97], for a chain of length N , not assuming that the root is located at its

leftmost vertex, and with N bounded by
PminfL ;H g

i=0 2i
(L

i

�(H
i

�
[GW70]. This

number, which is also symmetric in H and L , is equal to the number of lattice
points within an L -dimensional l1-Sphere or radius H , and is also equal to the
number of lattice paths from (0; 0) to (L ;H ), that use horizontal, vertical or
(up-)diagonal steps.

As a consequence, the trees T (L ;H ) and T (H ;L ) have the same number
of nodes, and so do the trees Tshort(L ;H ) and Tshort(H ;L ). In this paper
we use one-to-one correspondences, using binary and ternary trees, in order to
combinatorially explain the duality between these two measures of hop count
and load, as reflected by these above symmetries. These correspondences shed
more light into the structure of these two families of trees, allowing to �nd for
any optimal layout with N nodes, load L and minimal (or minimal average) hop
count H , its dual layout, having N nodes, maximal hop count L and minimal
(or minimal average) load H , and vice-versa. Moreover, they give one proof for
both measures, whereas in the above-mentioned papers these symmetries were
only derived as a consequence of the �nal result; we note that the average-case
results were derived by a seemingly-di�erent formulas, whereas the worst-case
results were derived by symmetric arguments. In addition, these correspondences
also provide a simple proof to a new result concerning the duality of these two
parameters in the worst case and the average case analysis for the general path
case layouts. Finally, it is shown that an optimal worst case solution for the
shortest path and general cases, is also an optimal average case solution in both
cases, allowing a simpler characterization of these optimal layouts.

This paper surveys results from various papers. In Section 2 the ATM model
is presented, following [CGZ94]. In Section 3 we discuss the optimal solutions;
the optimal design for the shortest path case follows the discussion in [GWZ95],
and the optimal design for the general case follows the discussion in [DFZ97,
F98]. We encounter the duality of the parameters of load and hop count, which



46 Shmuel Zaks

follows via recurrence relations. In Section 4 we describe the use of binary
and ternary trees to shed more direct light on these duality results; this follows
[DFZ97, F98]. Lattice paths and spheres are then used in Section 5 to supply
additional points of view for these dualities, following ( [DFZ97, F98]). We close
with a discussion in Section 6.

2 The Model

We model the underlying communication network as an undirected graph G =
(V;E), where the set V of vertices corresponds to the set of switches, and the
set E of edges corresponds to the physical links between them.

De�nition 1. A rooted virtual path layout (layout for short) Ψ is a collection
of simple paths in G, termed virtual paths ( VP s for short), and a vertex r 2 V
termed the root of the layout (denoted root(Ψ )).

De�nition 2. The load L(e) of an edge e 2 E in a layout Ψ is the number of
VP s  2 Ψ that include e.

De�nition 3. The load Lmax(Ψ ) of a layout Ψ is maxe2E L(e).

De�nition 4. The hop count H(v) of a vertex v 2 V in a layout Ψ is the
minimum number of VP s whose concatenation forms a path in G from v to
root(Ψ ). If no such VP s exist, de�ne H(v) = 1.

De�nition 5. The maximal hop count of Ψ is Hmax(Ψ ) = maxv2V fH(v)g.

In the rest of this paper we assume that the underlying network is a chain.
We consider two cases: the one in which only shortest paths are allowed, and the
second one in which general paths are considered.

To minimize the load, one can use a layout Ψ which has a VP on each
physical link, i.e., Lmax(Ψ) = 1, however such a layout has a hop count of
N − 1. The other extreme is connecting a direct VP from the root to each
other vertex, yielding Hmax = 1, but then Lmax = N − 1. For the intermediate
cases we need the following de�nitions.

De�nition 6. Hopt(N ;L ) denotes the optimal hop count of any layout Ψ
on a chain of N vertices such that Lmax(Ψ ) � L , i.e., Hopt(N ;L ) �
minΨ fHmax(Ψ) : Lmax(Ψ) � L g:

De�nition 7. Lopt(N ;H ) denotes the optimal load of any layout Ψ on a chain
of N vertices such that Hmax(Ψ) � H , i.e., Lopt(N ;H ) � minΨ fLmax(Ψ ) :
Hmax(Ψ) � H g:



Duality in ATM Layout Problems 47

De�nition 8. Two VP s constitute a crossing if their endpoints l1; l2 and r1; r2

satisfy l1 < l2 < r1 < r2. A layout is called crossing-free if no pair of VP s
constitute a crossing.

It is known ([GWZ95, ABCRS99]) that for each performance measure (Lmax,
Hmax, Lavg, Havg) there exists an optimal layout which is crossing-free. In the
rest of the paper we restrict ourselves to layouts viewed as a planar (that is,
crossing-free) embedding of a tree on the chain, also termed tree layouts. There-
fore, when no confusion occurs, we refer to each VP in a given layout Ψ an edge
of Ψ .

Nshort(L;H) denotes the length of a longest chain in which one node can
broadcast to all others, with at most H hops and a load bounded by L , for the
case of shortest paths. The similar measure for the general case is denoted by
N (L;H) .

3 Optimal Solutions and Their Duality

In this section we present the optimal solutions for layouts, when messages have
to travel either along shortest paths or general paths. We’ll show the symmetric
role played by the load and hop count, and explain it via the corresponding
recurrence relations.

3.1 Optimal Virtual Path for the Shortest Path Case

Assuming that the leftmost node in the chain has to broadcast to each node to
its right, it is clear that, for given H and L , the largest possible chain for which
such a design exists is like the one shows in Fig. 1.

Tshort(L − 1; H ) Tshort(L ; H − 1)

Fig. 1. The tree layout Tshort(L ;H )

Recall that Mshort (L ,H ) is the length of the longest chain in which a design
exists, for a broadcast from the leftmost node to all others, for given parameters
H and L . Mshort (L ,H ) clearly satis�es the following recurrence relation:

Mshort (0;H ) = Mshort (L ; 0) = 1 8 H ;L � 0 (1)
Mshort (L ;H ) = Mshort (L ;H − 1) + Mshort (L − 1;H ) 8 H ;L > 0 :
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It easily follows that

Mshort (L ;H ) =
�

L + H
H

�
: (2)

This design is clearly symmetric in H and L , which establishes the �rst result
in which the load and hop count play symmetric roles.

Note that it is clear that the maximal number of nodes in a chain ,
Nshort(L;H) , to which one node can broadcast using shortest paths, satis�es

Nshort(L;H) = 2
�

L + H
H

�
− 1 : (3)

The above discussion, and Fig. 1, clearly give rise to the trees Tshort(L ;H )
de�ned as follows.

De�nition 9. The tree layout Tshort(L ;H ) is de�ned recursively as follows.
Tshort(L ; 0) and Tshort(0;H ) are tree layouts with a unique node. Otherwise,
the root of a tree layout Tshort(L ;H ) is the leftmost node of a Tshort(L − 1;H )
tree layout, and it is also the leftmost node of a tree layout Tshort(L ;H − 1)

Using these trees, it is easy to show that Lmax(Tshort(L ;H )) = L and
Hmax(Tshort(L ;H )) = H . The following two theorems follow:

Theorem 1. Consider a chain of N vertices and a maximal load requirement
L . Let H be such that�

L + H − 1
L

�
< N �

�
L + H

L

�
:

Then Hopt(N ;L ) = H .

Theorem 2. Consider a chain of N vertices and a maximal hop requirement
H . Let L be such that�

L + H − 1
H

�
< N �

�
L + H

H

�
:

Then Lopt(N ;H ) = L .

Optimal bounds were also derived in [GWZ95, GWZ97] for the average case,
using dynamic programming; the results use di�erent recursive constructions,
but end up in structures that are symmetric in H and L . These results are
stated as follows:

Theorem 3. Let n and H be given. Let L be the largest integer such that N �(L +H
L

�
, and let r = N −

(L +H
L

�
. Then

Ltot(N;H ) = H
�

L + H
L − 1

�
+ r(L + 1):
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Theorem 4. Let N and L be given. Let H be the maximal such that N �(L +H
H

�
, and let r = N −

(L +H
H

�
. Then

Htot(N;L ) = L
�

L + H
H − 1

�
+ r(H + 1):

3.2 Optimal Virtual Path for the General Case

In the case where not only shortest paths are traversed, a new family of optimal
tree layouts T (L ;H ) is now presented.

De�nition 10. The tree layout T (L ;H ) is de�ned recursively as follows.
Tright(L ; 0), Tright(0;H ), Tleft(L ; 0) and Tleft(0;H ) are tree layouts with a
unique node. Otherwise, the root r is also the rightmost node of a tree layout
Tright(L ;H ) and the leftmost node of a tree layout Tleft(L ;H ), when the tree
layouts Tleft(L ;H ) and Tright(L ;H ) are also de�ned recursively as follows. The
root of a tree layout Tleft(L ;H ) is the leftmost node of a Tleft(L − 1;H ) tree
layout, and it is also connected to a node which is the root of a tree layout
Tright(L − 1;H − 1) and a tree layout Tleft(L ;H − 1) (see Fig. 2). Note that
the root of Tleft(L ;H ) is its leftmost node. The tree layout Tright(L ;H ) is de-
�ned as the mirror image of Tleft(L ;H ).

Tleft(L ; H − 1)Tright(L − 1; H − 1)Tleft(L − 1; H )

Fig. 2. Tleft(L ;H ) recursive de�nition

Denote by N (L ,H ) the longest chain in which it is possible to connect one
node to all others, with at most H hops and the load bounded by L . From the
above, it is clear that this chain is constructed from two chains as above, glued
at their root. N (L ,H ) clearly satis�es the following recurrence relation:

N (0;H ) = N (L ; 0) = 1 8 H ;L � 0 (4)
N (L ;H ) = N (L ;H − 1) + N (L − 1;H ) + N (L − 1;H − 1) 8 H ;L > 0 :

Again, the symmetric role of the hop count and the load are clear both from
the de�nition of the corresponding trees and from the recurrence relations that
compute their sizes.

It is known ( [GW70]) that the solution to the recurrence relation (4) is given
by
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N =
minfL ;H gX

i=0

2i

�
L
i

��
H
i

�
: (5)

4 Duality: Binary Trees and Ternary Trees

We saw in Section 3 that the layouts Tshort(L ;H ) and Tshort(H ;L ) and also
T (L ;H ) and T (H ;L ) have the same number of vertices. We now turn to show
that each pair within these virtual path layouts are, actually, quite strongly
related. In Section 4.1 we deal with layouts that use shortest-length paths, and
show their close relations to a certain class of binary trees, and in Section 4.2
we deal with the general layouts and show their close relations to a certain class
of ternary trees.

4.1 Tshort(L ; H ) and Binary Trees

In this section we show how to transform any layout Ψ with hop count bounded
by H and load bounded by L for layouts using only shortest paths, into a
layout Ψ (its dual) with hop count bounded by L and load bounded by H . In
particular, this mapping will transform Tshort(L ;H ) into Tshort(H ;L ).

To show this, we use transformation between any layout with x edges ( VP s)
and binary trees with x nodes (in a binary tree, each internal node has a
left child and/or a right child). We’ll derive our main correspondence between

Tshort(H ;L ) and Tshort(L ;H ) for x = N − 1, where N =
(L +H

L
�
. Our corre-

spondence is done in three steps, as follows.
Step 1: Given a planar layout Ψ we transform it into a binary tree T = b(Ψ),
under which each edge e is mapped to a node b(e), as follows. Let e = (r; v) be
the edge outgoing the root r to the rightmost vertex (to which there is a VP;
we call this a 1-level edge). This edge e is mapped to the root b(r) of T . Remove
e from Ψ . As a consequence, two layouts remain: Ψ1 with root r and Ψ2 with
root v, when their roots are located at the leftmost vertices of both layouts.
Recursively, the left child of node b(e) will be b(Ψ1) and its right child will be
b(Ψ2). If any of the layouts Ψ is empty, so is its image b(Ψ) (in other words, we
can stop when a Ψ that consists of a single edge is mapped to a binary tree that
consists of a single vertex).
Step 2: Build a binary tree T , which is a reflection of T (that is, we exchange
the left child and the right child of each vertex).
Step 3: We transform back the binary tree T into the (unique) layout Ψ such
that b(Ψ) = T

Example 1. In Fig. 3 the layouts for L = 2;H = 3 and L = 3;H = 2 are shown,
together with the corresponding trees Tshort(2; 3) and Tshort(3; 2), and the corre-
sponding binary trees constructed as explained above. The edge e in the layout
Tshort(3; 2) is assigned the vertex b(e) in the corresponding tree b(Tshort(3; 2)).
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Fig. 3. An example of the transformation using binary trees

Given a non-crossing layout Ψ , we de�ne the level of an edge e in Ψ , denoted
levelΨ (e) (or level(e) for short), to be one plus the number of edges above e in
Ψ . In addition, to each edge e of the layout Ψ we assign its farthest end-point
from the root, v(e).

Example 2. In Fig. 3 the edge e in the layout Tshort(3; 2) is assigned the vertex
v(e) in this layout, and its level level(e) is 2.

One of our key observations is the following theorem:

Theorem 5. For every H and L , the trees b(Tshort(L ;H )) and b(Tshort(H ;L ))
are reflections of each other.

This clearly establishes a one-to-one mapping between these trees, and thus
establishes the required duality.

To further investigate the structure of these trees, we now turn to explore the
properties of the binary trees that we have de�ned above. We prove the following
theorem:

Theorem 6. Given a layout Ψ , let T = b(Ψ) be the binary tree assigned to it by
the transformation above. Let dL

T (v) (dR
T (v)) be equal to one plus the number of

left (right) steps in the path from the root r to v, for every node v in T . Then,
for every edge e in the layout Ψ :



52 Shmuel Zaks

1. HΨ (v(e)) = dR
T (b(e)), and

2. level(e) = dL
T (b(e)).

Given a non-crossing layout Ψ , for each physical link e0 we assign an edge
�(e0) in Ψ that includes it and is of highest level (such a path exists due to the
connectivity and planarity of the layout; see edge e0 and physical edge �(e0) in
Fig. 3). It can be easily proved that:

Lemma 1. Given a non-crossing tree layout Ψ , the mapping of a physical link
e0 to an edge �(e0) described above is one-to-one.

Proposition 1. Given a non-crossing tree layout Ψ over a physical network, let
T = b(Ψ) be the binary tree assigned to it. Then L(e0) = level(�(e0)) for every
edge e0 in the physical network.

Given a layout Ψ over a chain network, if we consider the multiset fdR
T (v)jv 2

b(Ψ)g we get exactly the multiset of hop counts of the vertices of this network
(by Theorem 6), and if we consider the multiset fdL

T (v)jv 2 b(Ψ)g we get exactly
the multiset of loads of the physical links of this network (by Theorem 6 and
Proposition 1). By using this and �nding the dual layout Ψ with the multisets
fdR

T (v)jv 2 b(Ψ)g of hop counts of its vertices and fdL
T (v)jv 2 b(Ψ)g of loads of

its physical edges of Ψ , we observe that the multiset of hop counts of Ψ is exactly
the multiset of load of Ψ , and the multiset of loads of Ψ is also the multiset of
hop counts of Ψ , thus deriving a complete combinatorial explanation for the
symmetric results of Section 3.1 for either the worst case trees or average case
trees:

Theorem 7. Given an optimal layout Ψ with N nodes, load bounded by L and
optimal hop count Hopt(N ;L ), its dual layout Ψ has N nodes, hop count bounded
by L and optimal load Hopt(N ;L ).

Theorem 8. Given an optimal layout Ψ with N nodes, hop count bounded by
H and optimal load Lopt(N ;H ), its dual layout Ψ has N nodes, load bounded by
H and optimal hop count Lopt(N ;H ).

Theorem 9. Given an optimal layout Ψ with N nodes, load bounded by L and
optimal average hop count, its dual layout Ψ has N nodes, hop count bounded by
L and optimal average load.

Theorem 10. Given an optimal layout Ψ with N nodes, hop count bounded by
H and optimal average load, its dual layout Ψ has N nodes, load bounded by
H and optimal average hop count.
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4.2 T (L ; H ) and Ternary Trees

We now extend the technique developed in Section 4.1 to general path case
layouts; we show how to transform any layout Ψ with hop count bounded by H
and load bounded by L into a layout Ψ (its dual) with hop count bounded by
L and load bounded by H . In particular, this mapping will transform T (L ;H )
into T (H ;L ).

To show this, we use transformation between any layout with x edges ( VP s)
and ternary trees with x nodes (in a ternary tree, each internal node has a left
child and/or a middle child and/or a right child). Our correspondence is done
in three steps, as follows.
Step 1: Given a planar layout Ψ we transform it into a ternary tree T = t(Ψ ),
under which each edge e is mapped to a node t(e), as follows. Let e = (r; v) be
the edge outgoing the root r to the rightmost vertex (to which there is a VP; we
call this a 1-level edge). This edge e is mapped to the root t(r) of T . Remove e
from Ψ . As a consequence,three layouts remain: Ψ1 with root r and and Ψ3 with
root v (when their roots are located at the leftmost vertices of both layouts)
and Ψ2 with root v (when v is its rightmost vertex). Recursively, the left child
of node t(e) will be t(Ψ1), its middle child will be t(Ψ2) and its right child will
be t(Ψ 3). If any of the layouts Ψ is empty, so is its image t(Ψ) (in other words,
we can stop when a Ψ that consists of a single edge is mapped to a ternary tree
that consists of a single vertex).
Step 2: Build a ternary tree T , which is a reflection of T (that is, we exchange
the left child and the right child of each vertex; the middle child does not change).
Step 3: We transform back the ternary tree T into the (unique) layout Ψ such
that t(Ψ) = T

See Fig. 4 for an example of this transformation.

v(e)

e

3 3 2 3

1 2 2

3 2 1 2 3 3 2 1

1 2 2 2 2 1 2 2 2 1 2 3 3 2 1 2 3 3 2 3 3

2 2 2 1 2 2 2 2 1 2 2 1

Layouts:

Loads

Hop Counts

Tleft(3; 2) Tleft(2; 3)

t(e)
1

2

3

3

3

3

2

3

1

2

3

2

1

1

1

2

2 2

2

2

2
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2

2

1

2

2

2

1

2

3

2

2

1

2

3

1 2

2

3 32

22 3 1 3

3

Ternary trees:

T = t(Tleft(3; 2)) t(Tleft(2; 3))

v

dRM
T (v)

dLM
T (v)

Fig. 4. An example of the transformation using ternary trees
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One of our key observations is the following theorem:

Theorem 11. For every H and L , the trees t(T (L ;H )) and t(T (H ;L )) are
reflections of each other.

This clearly establishes a one-to-one mapping between these trees, and thus
establishes the required duality.

To further investigate the structure of these trees, we now turn to explore
the properties of the ternary trees that we have de�ned above. We prove the
following theorem. Note that the de�nition of level (of an edge) and � (of a
physical link) remain exactly the same as in Section 4.1.

Theorem 12. Given a layout Ψ , let T = t(Ψ) be the ternary tree assigned to
it by the transformation above. Let dLM

T (v) (dRM
T (v)) be equal to one plus the

number of left and middle (right and middle ) steps in the path from the root r
to v, for every node v in T . Then, for every edge e in the layout Ψ :

1. HΨ (v(e)) = dRM
T (t(e)), and

2. level(e) = dLM
T (t(e)).

Proposition 2. Given a non-crossing tree layout Ψ over a physical network, let
T = t(Ψ) be the ternary tree assigned to it. Then L(e0) = level(�(e0)) for every
edge e0 in the physical network.

Given a layout Ψ over a chain network, if we consider the multiset
fdRM

T (v)jv 2 t(Ψ )g we get exactly the multiset of hop counts of the vertices of
this network (by Theorem 12), and if we consider the multiset fdLM

T (v)jv 2 t(Ψ)g
we get exactly the multiset of loads of the physical links of this network (by The-
orem 12 and Proposition 2). By using this and �nding the dual layout Ψ with the
multisets fdRM

T (v)jv 2 t(Ψ)g of hop counts of its vertices and fdLM
T (v)jv 2 t(Ψ)g

of loads of its physical edges of Ψ , we observe that the multiset of hop counts of
Ψ is exactly the multiset of load of Ψ , and the multiset of loads of Ψ is also the
multiset of hop counts of Ψ , thus deriving a complete combinatorial explanation
for the symmetric results of either the worst-case trees or average-case trees in
the general path case.

Following the above discussion, we obtain the exact four theorems (Theorems
7, 8, 9 and 10) extended to the general path case layouts.

5 Duality: Lattice Paths and High-Dimensional Spheres

5.1 Lattice Paths

The recurrence relation (1) clearly corresponds to the number of lattice paths
from the point (0,0) to the point (L ,H ), that use only horizontal (right) and
vertical (up) steps.

In Fig. 5 each lattice point is labeled with the number of lattice paths from
(0,0) to it; the calculation is done by the recurrence relation 1. For the case L =
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1

1

1 1 1

3 10

3 42

6

load

hops

1

(3,2)

(0,0)

Fig. 5. Lattice paths with regular steps

3 and H = 2 one gets
(

3+2
2

�
= 10; this corresponds to the number of nodes in

the tree Tshort(3; 2) (see Fig. 3), and to the number of paths that go from (0,0)
to (3,2).

The recurrence relation (4) clearly corresponds to the number of lattice paths
from the point (0,0) to the point (L ,H ), that use horizontal (right), vertical (up),
and diagonal (up-right) steps. In Fig. 6 each lattice point is labeled with the
number of lattice paths from (0,0) to it. For the case L = 3 and H = 2 one gets
25 such paths. This corresponds to the number of nodes in the tree T (3; 2)

(0,0)

1

1

1 1 1

5
(3,2)

25

5 73

13

load

hops

1

Fig. 6. Lattice paths with regular and diagonal steps

(see Fig. 7), that is constructed of two trees, glued at their roots, the one depicted
in Fig. 3 (and containing 13 vertices), and its corresponding reverse tree.

We also refer to these lattice paths in Section 5.2.
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Fig. 7. The tree T (3; 2)

5.2 Spheres

Consider the set of lattice points (that is, points with integral coordinates)
of an L -dimensional l1-Sphere of radius H . The points in this sphere are L -
dimensional vectors v = (v1; v2; : : : ; vL ), where jv1j + jv2j + : : :+ jvL j � H . Let
jSp(L ;H )j be the number of lattice points in this sphere. Let jRad(N ;L )j be
the radius of the smallest L -dimensional l1-Sphere containing at least N internal
lattice points.

It can be shown that

Theorem 13. The tree T (L ;H ) contains jSp(L ;H )j vertices.

The exact number of points in this sphere is given by equation (5). (This was
studied, in conection with codewords, in [GW70].)

Moreover, we can show that

Theorem 14. Consider a chain of N vertices and a maximal load requirement
L . Then Hopt(N ;L ) = jRad(N ;L )j.

This theorem is proved by showing a one-to-one mapping between the nodes
of any layout with hop count bounded by H and load bounded by L into the
L -dimensional spheres of radius H . This mapping turns out to be very useful
in the analysis of this and related analytical results (see also Section 6).

Using the above correspondences and discussion, it is possible to show that,
for either the shortest paths case or the general case, any optimal layout Ψ with
N nodes, load bounded by L and optimal hop count, has also optimal average
hop count regarding layouts with load bounded by L , and that any optimal
layout Ψ with N nodes, hop count bounded by H and optimal load, has also
optimal average load regarding layouts with hop count bounded by H .

We now sketch a one-to-one mapping between the set of lattice points of
the L -dimensional sphere of radius H and the set of lattice paths from (0; 0)
to (L ;H ) that use horizontal, vertical or (up-)diagonal steps. We �rst describe
a function which maps every vector v = (v1; : : : ; vL ) in SP(L ;H ) into such a
lattice path. Starting from (0; 0) make jv1j vertical steps and one horizontal step,
make jv2j vertical steps and one horizontal step,..., make jvL j vertical steps and
one more horizontal step, ending with H −

Pi=l
i=1vi horizontal steps. After that,

for every negative vi component of v, we replace the jvijth vertical step and
the subsequent horizontal step done during the translation of this component
by an (up-)diagonal step. A close look at the properties of these paths enables
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us to further explore the properties of these trees. Returning to the discussion
of the layouts Tshort(L ;H ) that use only shortest paths, it is possible to �nd a
similar correspondence between the vertices of these trees and lattice paths from
(0; 0) to (L ;H ) that use only vertical and horizontal steps, and to view some
properties of these trees using these lattice paths.

6 Discussion

We presented the dual role played by the parameters of load and hop count in
optimal designs of virtual path layouts in ATM chain networks, for the cases
of shortest paths routes and the general case. We discussed these dualities with
the aid of recurrence relations, one-to-one correspondences with binary trees (for
the shortest paths case) and ternary trees (for the general case), lattice paths
(that use horizontal and vertical steps for the shortest path case, and that also
use diagonal steps for the general case), and high dimensional spheres (in the
general case). These dualities shed light on the structure the optimal solutions,
and simplify some of the proofs.

It might be of interest to further explore such duality relations between these
and corresponding parameters (such as load measured at vertices (e.g., [FNP97])
also for other topologies (such as trees ([CGZ94, G95]), meshes or planar graphs
([BG97, BBGG97, G95]); one might also consult the survey in [Z97] for a general
discssion of these extensions.

Of special interest in the use of geometry, presented in Section 5.2. This
approach provides a clear view for the structure of the solution, and enabled
improving results for the all-to-all problem on a ring network (see [DFZ97] for
details).
Acknowledgments: I would like to thank my coauthors (Marcelo Feighelstein,
Ori Gerstel, Avishai Wool, Israel Cidon and Ye�m Dinitz), and Renzo Sprug-
noli, Donatella Merlini, Cecilia Verri, Ron Aharoni and Noga Alon for helpful
discussions.
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Abstract. It is proved, sharpening previous results of Scheinerman and
by analysing an algorithm, that the independence number of the random
interval graph, de�ned as the intersection graph of n intervals whose end
points are chosen at random on [0,1], concentrates around 2

p
n
�
.

Key Words: Random Graphs, Analysis of Algorithms, Probabilistic Methods

1 Introduction

Scheinerman de�ned [1], a random interval graph on n vertices as the intersection
graph of n intervals [X1; Y1]; :::; [Xi; Yi]; :::; [Xn; Yn] whose end points are chosen
at random on [0,1]. Hence here we start with 2n independent random variables
Z1; Z2; :::; Z2n independently and uniformly distributed on [0; 1] and we put, for
1 � i � n, Xi = minfZ2i−1; Z2ig and Yi = maxfZ2i−1; Z2ig. Scheinerman
derived many interesting properties of these graphs. Here we answer one of the
questions that Scheinerman left open, namely we derive an asymptotic equivalent
for the independence number of these graphs. The main ingredient in our proof
is the analysis of an algorithm. Recall that the independence number of a graph
is the maximum cardinality of a subset of vertices which span no edge.

Theorem Let Gn denote the random graph de�ned as the intersection graph
of n intervals whose end points are chosen at random on [0,1]. The independence
number �(Gn) of this graph satis�es

�(Gn)
2
p

n
�

! 1

in probability as n ! 1.

2 Proof of the Theorem

The proof uses a greedy algorithm. Let again [X1; Y1]; :::; [Xi; Yi]; :::; [Xn; Yn]
denote our random intervals. We call Xi (resp. Yi) the left (resp. the right) end of

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 59{62, 2000.
c© Springer-Verlag Berlin Heidelberg 2000



60 W. Fernandez de la Vega

[Xi; Yi]. We put Ii = [Xi; Yi]. We also denote by Ii the vertex of Gn corresponding
to the interval Ii. We say that [Xj ; Yj ] lies at the right of [Xi; Yi] if we have
Xj > Yi. It is clear that we can assume that the leftmost interval representing
a vertex of an independent set of maximum cardinality is the interval Ii with
leftmost rigth end. This implies by induction that the independent set fJ1; :::; Jhg
of Gn given by following algorithm has maximum cardinality (here each Jk is
equal to some Il).

Algorithm Al�n
1. De�ne J1 as the interval Ii with leftmost right extremity and set k = 1.
2. If there is no interval Ii lying at the right of Jk put �(Gn) = k and stop.

Else de�ne Jk+1 as the interval Ii lying at the right of Jk which has the leftmost
right extremity, set k = k + 1 and go to 2.

This concludes the description of our algorithm.

2.1 Some Preliminary Results

We begin by restating for ease of reference two well known inequalities concerning
the tail of the Binomial distribution.

Fact 1(Hoe�ding-Cherno� bounds) Let Sn;p denote the sum of n f0; 1g val-
ued independent random variables X1; :::; Xn with P [Xi = 1] = p; 1 � i � n.
We have then, for 0 � � � 1,

P [Sn;p � (1 − �)np] � e−�2np=3 (1)

and,
P [Sn;p � (1 + �)np] � e−�2np=2 (2)

We will need the following easy results concerning the distribution of the Ij ’s.
Fact 2 Suppose that I1; :::; Im are m random intervals contained in the seg-

ment J = [0; l] and let x denote the largest distance between the right end of J
and the right ends of the Ii’s. We have

E(x) � l

2

r
�

m
;

and,

E(x2) � l2�

m
:

Proof. The probability that the right end of I1 lies at a distance greater than x
of the left end of J is equal to 1 − (x=l)2. The probability that this is true for
every interval Ii is thus equal to [1 − (x=l)2]m. Hence we have

E(x) = −
Z

0

l

td[1 − (t=l)2]m =
Z

0

l

[1 − (t=l)2]mdt

�
Z

0

l

expf−mt2

l2
gdt � l

2

r
�

m
:
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and

E(x2) = −
Z

0

l

t2d[1 − (t=l)2]m = 2
Z

0

l

[1 − (t=l)2]mtdt

� 2
Z

0

l

e− mt2

l2 tdt � �l2

m
:

ut
Fact 3 Let m(t) denote the number of intervals Ii which lie completely in

the interval [1 − t; 1]. We have, with probability 1-o(1),

nt2 − 5t
p

n logn � m(t) � nt2 + 5
p

n log n; n−1=2 � t � 1:

Proof. Use the fact that m(t) is for �xed t a binomial random variable with
parameters n and p = t2. ut

2.2 Analysis of the Algorithm Al�n

We set xo = 1 and for each i � 1 we denote by xi the distance between the
rightmost extremity of the interval Ji and the right extremity of [0; 1]. We denote
by ni the number of intervals Ij which lie at the right of xi.(Here xi and ni are
random variables which are de�ned for each value of i which does not exceed
the independence number). Let us �rst observe that, since the restriction of the
uniform distribution on [0; 1] to any subinterval is again uniform, it follows that,
conditionally on xi and ni, the ni intervals Ij which are contained in [xi; 1] are
independently and uniformly distributed on this interval.

Let us denote by Bi the �-�eld generated by the random variables xo; no;
x1; n1; :::; xi; ni. Let us de�ne

io = maxfj : m(xi) � nxi
2 − xi

p
n log n; 1 � i � jg

and jo as the last value (if any) of the index i for which the inequality xi �
n− 1

4
p

7 log n is satis�ed. If there is no such a value we set jo = n. Let ko =
minfio; jog: We de�ne a new process (yi; ni) by putting yi = xi if i � ko and
yi = xko(= yko) if not. Obviously this new process is also measurable relatively
to the family of �-�elds (Bi). Since the conditional expectation of the di�erence
�i+1 = yi − yi+1 is, for a given yi, a decreasing function of ni, we have, for
i � io − 1, using fact 2 with l = yi; m = nyi

2 − yi

p
n log n,

EBi(�i+1) � yi

2

r
�

nyi
2 − yi

p
7n logn

� 1
2

r
�

n(1 − n−1=4)

and this inequality is obviously also true for i � ko since then �i+1 vanishes. It
implies that the sequence (zi) de�ned by

zi = yi +
i

2

r
�

n(1 − n−1=4)
(3)
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is a supermartingale relatively to the familly of �-�elds (Bi). Let us put l =
2(1 − 4n−1=4 log1=2 n)(n(1−n−1=4)

� )
1
2 We have

V ar zl �
lX

i=1

V ar yi � Cn− 1
2

since, by facts 2 and 3, each of the terms in this sum is bounded above by
Cn−(1=2) where C is an absolute constant. Observing that Ezi � 1 and using
Kolmogorov’s inequality for martingales, we get

P [zi � 1 − n−1=4 log1=2 n; 1 � i � l] � 1 − C2

log n
:

Replacing i by l in 3 we get the inequality yl � zl − 1 + n−1=4 log1=2 n which
gives, with the preceding inequality,

P [yl � 3n− 1
4 log1=2 n] = 1 − o(1);

that is, with probability 1 − o(1), we have l � jo. Since we have also l � io
with probability 1 − o(1) it follows that, again with probability 1 − o(1), the
process (yi) coincides with the process (xi) up to time l. This means that the
independence number of our interval graph is at least l = 2(n

� )1=2(1 − o(1)) and
concludes the �rst part of the proof. For the second part, that is in order to
prove that the independence is bounded above by 2(n

� )1=2(1 + o(1)), it su�ces
to repeat essentially the same arguments, using inequalities reverse to those we
have used. The details are omitted.

3 Conclusion

By analysing an algorithm, we have obtained an asymptotic equivalent to the
independence number of a random interval graph in the sense of Scheinerman.
An open problem is to �nd an asymptotic equivalent to the independence number
of a genuine random interval graph, in the model where every possible interval
graph on n vertices is equally likely.
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Abstract. We consider strategies for full backups from the viewpoint
of competitive analysis of online problems. We concentrate upon the re-
alistic case that faults are rare, i.e. the cost of work between two faults is
typically large compared to the cost of one backup. Instead of the (worst-
case) competitive ratio we use a re�ned and more expressive quality
measure, in terms of the average fault frequency. This is not standard in
the online algorithm literature. The interesting matter is, roughly speak-
ing, to adapt the backup frequency to the fault frequency, while future
faults are unpredictable. We give an asymptotically optimal determin-
istic strategy and propose a randomized strategy whose expected cost
beats the deterministic bound.

1 Introducing the Backup Problem

The main method to protect data from loss (due to power failure, physical de-
struction of storage media, deletion by accident etc.) is to save the current status
of a �le or project from time to time. Such a full backup incurs some cost, but
loss of data is also very costly and annoying, and faults are unpredictable. So it
is a natural question what competitve analysis of online problems can say about
backup (or autosave) strategies.

We consider the following basic model. Some �le (or �le system, project etc.)
is being edited, while faults can appear. The cost of work per time is assumed
to be constant. Every backup incurs a �xed cost as well. We may w.l.o.g. choose
the time unit and cost unit in such a way that every unit of working time and
every backup incurs cost 1. In case of a fault, all work done after the most
recent backup is lost and must be repeated. Before this, we have to recover the
last consistent status from the backup, which incurs cost R (a constant ratio of
recovery and backup cost). The goal is to minimize the total cost of a piece of
work, which is the sum of costs for working time (including repetitions), backups
and recoveries.

This seems to be the simplest reasonable model and a good starting point
for studying online backup strategies. Perhaps the main criticism is concerned
with the constant backup cost. Usually they depend somehow on the amount of
changings (such as incremental backups). However, the constant cost assumption
is also suitable in some cases, e.g. if the system always saves the entire �le though
the changings are minor updates, or if the save operation has large constant setup
cost whereas the amount of data makes no di�erence.
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Extended models may, of course, take more aspects into account: faults which
have more fatal implications than just repeated work (such as loss of hardly
retrievable data etc.), backups which may be faulty in turn; repeated work which
is done faster than the �rst time { to mention a few.

It is usual in competitive analysis to compare the costs of an online strategy
to the costs of a clearvoyant (o�ine) strategy which has prior knowledge of the
problem instance (here: the times when faults appear). Their worst-case ratio is
called the competitive ratio. We remark that, for our problem, an optimal o�ine
strategy is easy to establish but not useful in developing online strategies, so we
omit this subject.

Only a few online problems have been considered where a problem instance
merely consists of a sequence of points in time: rent-to-buy (or spin-block),
acknowledgement delay, and some special online scheduling problems fall into
this category, cf. the references.

2 Rare Faults and a Reformulation

Consider a piece of work that requires p time units and is to be carried out
nonstop. A time interval I of length p is earmarked for this job. Let n be the
number of faults that will appear during I. The ratio f = n=p is referred to
as the average fault frequency, with respect to I. In most realistic scenarios f
is quite small compared to 1, i.e. the time equivalent of the cost of one backup
is much smaller than the average distance between faults, thus we will focus
attention to this case of rare faults.

If the online player would know f in advance (but not the times the faults
appear at), it were not a bad idea to make a backup every 1=

p
f time units.

Namely, the backup cost per time unit is
p

f , and every fault destroys work to
the value of at most 1=

p
f , hence the average cost of work to be repeated is

bounded by
p

f per time unit. The
p

f fraction of work which got lost must
be fetched later, immediately after I. New faults can occur in this extra time
interval, but this adds lower-order terms to the costs. Hence the cost per time
is at most 1 + 2

p
f + Rf , and the stretch (i.e. ratio of completion time and

productive time) is 1 +
p

f , subject to O(f) terms.
An o�ine player can trivially succeed with 1 + (1 + R)f = 1 + O(f) average

cost per time, making a backup immediately before each fault. (This is not
necessarily optimal.) We shall see below that any online strategy incurs cost at
least 1 +

p
f per time unit, in the worst case. Hence the competitve ratio still

behaves as 1+Ω(
p

f), for small f . This suggests to simply consider the cost per
time incurred by an online strategy, rather than the slightly smaller competitive
ratio. In particular, the constant R we have preliminarily introduced appears in
O(f) only, thus we will suppress it henceforth. We also omit the summand 1 for
normal work and merely consider the additional cost for backups and lost (i.e.
repeated) work per time. Throughout the paper, this is called the excess rate.
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The next simple observation shows that the average fault frequency is intrin-
sic in the excess rate, as announced. (Similarly one can realize that no competi-
tive online strategy exists if faults are unrestricted.)

Proposition 1. For any fault frequency f , even if the online player knows f
beforehand, no deterministic backup strategy can guarantee an excess rate belowp

f .

Proof. An adversary partitions the time axis into phases of length 1=f and places
one fault in each phase by the following rule: If there occurs a gap of 1=

p
f time

units between backups then the adversary injects a fault there, hence the online
player loses 1=

p
f time, so the ratio of lost time is

p
f . Otherwise, if the distance

between consecutive backups were always smaller than 1=
p

f then more than
1=

p
f backups have been made, so the backup cost per time is at least

p
f . In

this case the adversary injects a fault at the end of the phase, to keep the fault
frequency f . 2

Thus the excess rate is some c
p

f , and the main interesting matter is to adapt
the backup frequency so as to achieve the best coe�cient c, under the realistic
assumption that the online player has no previous knowledge of the faults at all.

Some remarks suggest that other objectives would be less interesting: (1)
One might also study the excess rate in terms of the smallest fault distance d,
rather than the fault frequency f . However this is not very natural, since a pair
of faults occuring close together may be an exceptional event, and d can only
decrease in time, so using d as a parameter would yield too cautious strategies.
Moreover note that, trivially, any online strategy with excess rate c

p
f has the

upper bound c=
p

d, too. (2) For a given strategy one may easily compute that f
maximizing (1+c

p
f)=(1+(1+R)f), thus estimating the worst-case competitive

ratio, but this number is less meaningful than c itself.
Clearly a c

p
f upper bound can only hold in case f > 0, in other words,

if at least one fault occurs. If f = 0 then already the �rst backup yields an
in�nite coe�cient, but if the online player makes no backups at all, speculating
on absence of faults, the adversary can foil him by a late fault, which also yields
a coe�cient not bounded by any constant.

An elegant viewpoint avoiding this f = 0 singularity is the following refor-
mulation of the problem. Consider a stream of work whose length is not a priori
bounded. Given n, what c can be achieved for the piece of work up to the n-th
fault? (If the n-th fault appears after p time units, f is understood to be n=p.)
We refer to the corresponding strategies as n-fault strategies. This version of our
problem is also supported by

Proposition 2. If we partition, in retrospect, the work time interval arbitrarily
into phases each containing at least one fault, such that we have always achieved
an excess rate c

p
fi, where fi is the fault frequency in the i-th phase, then the

overall excess rate is bounded by c
p

f .
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Proof. Let the i-th phase have length pi and contain ni > 0 faults. The cost
of i-th phase is by assumption pic

p
ni=pi = c

p
nipi. Exploiting an elementary

inequality, the total cost is bounded by

c
X

i

p
nipi � c

sX
i

ni

sX
i

pi = c
p

np = pc
p

f:

2

Therefore, once we have an n-fault strategy with excess rate c
p

f , we may
apply it repeatedly to phases of n faults each, thus keeping an overall excess rate
c
p

f .
Let us summarize this section: Instead of the competitive ratio we use a

nonstandard measure for online backup strategies in terms of an input parameter
(fault frequency f), called the excess rate. It behaves as c

p
f and is much more

expressive than a single number for the worst case, as the extra costs heavily
depend on the fault frequency. Moreover, we consider an arbitrarily long piece
of work until the n-th fault appears, and we try to minimize c for given n.

In the following sections we develop concrete n-fault strategies. In the proofs,
we �rst consider a sort of continuous analogue of the discrete problem. Doing so
we can �rst ignore tedious technicalities and conveniently obtain a heuristic so-
lution which is then discretized. The bound for the discrete strategy is rigorously
veri�ed afterwards.

3 Deterministic n-Fault Strategies

We �rst settle case n = 1.

Theorem 1. There exists a deterministic 1-fault strategy with c =
p

8, and this
is the optimal constant coe�cient.

Proof. Work begins w.l.o.g. at time 0. A backup strategy is speci�ed by the
integer-valued function y(x) describing the number of backups made before time
x2. (This quadratic scale will prove convenient.) In order to get a heuristic so-
lution, we admit di�erentiable real functions y instead of integer-valued ones.
That is, we provisionally �x the asymptotic growth of backup numbers in time
only, but not the particular backup times.

We have to assign suitable costs to such functions. Assume that the fault
occurs between time (x − 1)2 and x2. Then the cost of backups and lost work
incurred so far is bounded by y(x) + 2x=y0(x). Namely, at most y(x) backups
have been made, and, in the worst case, the fault appears immediately before
a planned backup, hence the lost time may equal the distance of consecutive
backups. This distance can be roughly estimated as 2x=y0(x), since y0(x) is the
backup density on the quadratic scale, and x2 − (x − 1)2 < 2x.

Remember that the excess rate c
p

f is the cost per time. Since f = 1=x2, the
coe�cient c is the cost divided by x. So our y and c must satisfy y(x)+2x=y0(x) �



Online Strategies for Backups 67

cx for all x. We can assume equality, since every backup may be deferred until
coe�cient c is reached. The resulting di�erential equation y + 2x=y0 = cx with
y(0) = 0 has the solution y = ax with suitable constant a. Substitution yields
a + 2=a = c. The optimal c =

p
8 is achieved with a =

p
2.

Translating this back, let us make the x-th backup at time x2=2. Is is not
hard to verify accurately that this strategy has excess rate bounded by

p
8
p

f :
Let the fault appear at time u2, with x2=2 < u2 � (x + 1)2=2. The coe�cient ofp

f at this moment is obviously

c =
x + u2 − x2=2

u
:

This term is monotone increasing in u within this interval, so we may consider
u2 = (x + 1)2=2, implying

c =
p

2
2x + 1=2

x + 1
< 2

p
2:

2

Note that optimality holds only in an asymptotic sense, i.e. for f ! 0. The
coe�cient is

p
8 minus some term vanishing with f . It might be interesting to

analyze this lower-order term, too.
Next we extend the idea to n faults. Here the coe�cient improves upon the

1-fault optimum, if we combine n single-fault phases appropriately: Note that
the inequality used in Proposition 2 is tight for equal-length phases only, so it
should be possible to beat

p
8 by adapting the backup frequency. A more intuitive

explanation of this e�ect is that the online player learns, with each fault, more
about the parameter f which describes an average behaviour in time.

Lemma 1. Any deterministic n-fault strategy with excess rate cn

p
f yields a

deterministic (n + 1)-fault strategy with excess rate

cn+1 =
c2

nn + 2
cn

p
n2 + n

p
f:

Proof. Apply the given n-fault strategy up to the n-th fault which occurs, say,
at time z2. With c := cn, the cost of backups and lost time until the n-th
fault is c

p
fz2 = c

p
nz. Let y(x) denote the number of further backups until

time (z + x)2. Assuming that the (n + 1)-th fault appears at time (z + x)2 and
allowing for di�erentiable real functions y, the total cost up to this moment is
bounded by

c
p

nz + y(x) + 2(z + x)=y0(x):

(The arguments are the same as in Theorem 1.) On the other hand, with C :=
cn+1, the cost up to (z + x)2 is

C
p

n + 1(z + x):
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Together this yields the di�erential equation

c
p

nz + y(x) + 2(z + x)=y0(x) = C
p

n + 1(z + x)

with y(0) = 0. One solution is given by y(x) = c
p

nx and C as claimed.
Once we have derived this solution heuristically, we can verify it exactly:
Using the backup function y(x) = c

p
nx means to make the k-th backup

after z2 at time (z + k
c
p

n
)2. Let the next fault appear at time (z + u)2, with

(z + k
c
p

n
)2 < (z + u)2 � (z + k+1

c
p

n
)2. Then we have

C =
c
p

nz + k + (z + u)2 − (z + k
c
p

n
)2

p
n + 1(z + u)

:

Considering the derivative dC
du we �nd that C(u) can attain its maximum only

at the endpoints of the interval. In case u = k
c
p

n
we get

C = c

r
n

n + 1
<

c2n + 2
c
p

n2 + n
:

So it su�ces to consider u = k+1
c
p

n
. Obvious algebraic manipulation yields, in a

few steps

C =
c2n + 2 + kc

p
n=z + (2k + 1)=(c

p
nz)

c
p

n2 + n + (k + 1)
p

n + 1=z
:

In the numerator, replace k with k + 1 and 2k + 1 with 2k + 2. Then we see

C <
c2n + 2

c
p

n2 + n

also in this case. 2

Note that the excess rate at any time after the n-th fault is smaller thanq
n+1

n cn

p
f . For n ! 1 we get:

Theorem 2. There exists a deterministic backup strategy with excess rate cn

p
f

after n faults, such that lim cn = 2.

Proof. Consider the sequence cn given by Lemma 1. With sn := c2
n we get

sn+1 =
(snn + 2)2

sn(n2 + n)
:

Further let be sn = 4 + rn=n. By easy manipulation we obtain

rn+1 = rn +
4

4n + rn
:

Thus rn = O(ln n), lim sn = 4, and lim cn = 2, independently of the start value.
2
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4 A Randomized Backup Strategy

As e.g. in the rent-to-buy problem [4], suitable randomization signi�cantly im-
proves the expected cost against an oblivious adversary (who has no insight into
the online player’s random decisions).

Theorem 3. There exists a randomized 1-fault strategy with expected excess rate
c
p

f such that limf!0 c = 2.

Proof. (Sketch) We modify the deterministic strategy of Theorem 1 which had
coe�cient c = 2

p
2. The x-th backup is made at time (x + r)2=2, where r is

a �xed number, randomly chosen from interval [0; 1]. This randomized strategy
makes the same number of backups as our deterministic strategy did, but it is
quite clear that the expected loss of working time is about half the worst-case
loss incurred by S (subject to some failure vanishing with f , i.e. with growing
backup number). Furthermore remember that, in Theorem 1, both the backups
and the worst-case loss of time contributed the same amount a =

p
2 to c. We

conclude that our randomized strategy is only 3=4 times as expensive as S, which
gives lim c = 3=

p
2.

We achieve the slightly better factor 2 if we make the x-th backup at time
(x + r)2 instead! Namely, this reduces the backup cost and the expected loss by
the same factor

p
2. 2

For this type of randomized backup strategy (a �xed backup pattern ran-
domly shifted on the quadratic scale), the above result is optimal, by a similar
argument as in Theorem 1. It remains open whether it is optimal at all. We hope
that a suitable application of Yao’s minimax principle will provide an answer.
For n faults we have:

Theorem 4. There exists a randomized backup strategy with expected excess
rate cn

p
f after n faults, such that limf!0 limn!1 cn =

p
2.

Proof. (Sketch) The method of Lemma 1 of extending an n-fault strategy to an
(n + 1)-fault strategy is also applicable in the randomized case, i.e. if c is the
expected coe�cient: If we apply a scheme as in the weaker 3=

p
2 version of The-

orem 3, the number of backups y(x) is deterministic (subject to �1 deviations),
and 2(z + x)=y0(x) is replaced with the expected loss, i.e. multiplied by 1=2. We
therefore use the modi�ed equation

c
p

nz + y(x) + (z + x)=y0(x) = C
p

n + 1(z + x)

to obtain C which is the expected cn+1. One solution is given by y(x) = c
p

nx,
for

C =
c2n + 2

c
p

n2 + n
:

Let sn = c2
n. We get lim sn = 2 in a similar way as in Theorem 2. The straight-

forward calculations are omitted. 2
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5 Some Lower Bounds

The quite trivial Proposition 1 remains true for randomized strategies and an
adaptive adversary. A stronger lower bound can be shown if the adversary has
no obligation to meet some prescribed f .

Proposition 3. No backup strategy can guarantee an excess rate below 2
p

f −f
against an adaptive adversary.

Proof. The adversary partitions the time axis into phases of some �xed length
t > 2 and behaves as follows. If the online player did not make any backup in
a phase then the adversary injects a fault at the end of this phase. Let x be
the fraction of phases without backup, thus ending with a fault. Here the online
player pays 1 per time for repeated work. In the remaining 1 − x fraction of
phases he pays 1=t or more per time for backups. Hence the average cost per
time is at least x+(1−x)=t. Furthermore note that f = x=t. Thus the coe�cient
of

p
f is

c = (x +
1
t

− x

t
)

p
tp
x

=
p

tx +
1p
tx

−
p

xp
t
:

The online player can minimize c choosing any strategy with x = 1=(t−1) which
yields

c =
p

tp
t − 1

+
p

t − 1p
t

− 1p
t(t − 1)

and also means f = 1=t(t − 1). Now the assertion follows easily.
Note that the coe�cient can be made arbitrarily close to 2 with large enough

t. 2

This lower bound does not contradict Theorem 4 which refers to an oblivious
adversary who must �x the fault times beforehand, whereas in Proposition 3, the
adversary can permanently decide whether to inject a fault or not, depending on
the online players behaviour. Thus he can also gain some information about the
coin tosses in a randomized online strategy. (Of course, the oblivious adversary
better reflects the real-world situation.)

In the deterministic case the adversaries all have the same power, hence it
follows:

Corollary 1. No deterministic backup strategy can guarantee an excess rate
better than 2

p
f − f . 2

In view of Theorem 2 this is a matching asymptotic lower bound.
For deterministic strategies, a stronger lower bound than in Proposition 1

can be proven also for prescribed f . We state one such result:

Proposition 4. For any fault frequency f , even if the online player knows f
beforehand, no deterministic backup strategy can guarantee an excess rate belowp

2
p

f .
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Proof. An adversary partitions the time axis into phases of length 1=f and places
one fault in each phase by the following rule: Since the online player’s strategy
is deterministic, the adversary knows the sequence of backups made in the next
phase until a fault. W.l.o.g. the phase starts at time 0, and the backup times
are t1; : : : ; tk. Let t0 = 0, and in case tk < 1=f further de�ne tk+1 = 1=f .
The adversary injects a fault immediately before ti+1 such that i + ti+1 − ti is
maximized.

The best an online player can do against this adversary’s strategy is to choose
his ti so as to minimize maxi(i + ti+1 − ti). Obviously all these terms should
be equal, thus ti = it1 − i(i − 1)=2. In particular this yields 1=f � kt1 − k2=2.
Since the adversary may place his fault at the end of the phase, both t1 and k
are lower bounds for the additional cost the online player incurs in this phase.
By elementary calculation, maxft1; kg is minimized if t1 = k =

p
2=f . 2
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Abstract. The investigation of the possibility to e�ciently compute
approximations of hard optimization problems is one of the central and
most fruitful areas of current algorithm and complexity theory. The aim
of this paper is twofold. First, we introduce the notion of stability of
approximation algorithms. This notion is shown to be of practical as well
as of theoretical importance, especially for the real understanding of the
applicability of approximation algorithms and for the determination of
the border between easy instances and hard instances of optimization
problems that do not admit any polynomial-time approximation.

Secondly, we apply our concept to the study of the traveling salesman
problem. We show how to modify the Christo�des algorithm for �-TSP
to obtain e�cient approximation algorithms with constant approxima-
tion ratio for every instance of TSP that violates the triangle inequality
by a multiplicative constant factor. This improves the result of Andreae
and Bandelt [AB95].
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1 Introduction

Immediately after introducing NP-hardness (completeness) [Co71] as a concept
for proving intractability of computing problems, the following question has been
posed: If an optimization problem does not admit an e�ciently computable op-
timal solution, is there a possibility to e�ciently compute at least an approxima-
tion of the optimal solution? Several researchers [Jo74], [Lo75], [Chr76], [IK75]
provided already in the middle of the seventies a positive answer for some op-
timization problems. It is a fascinating e�ect if one can jump from exponential
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complexity (a huge inevitable amount of physical work) to polynomial complex-
ity (tractable amount of physical work) due to a small change in the requirements
| instead of an exact optimal solution one demands a solution whose cost di�ers
from the cost of an optimal solution by at most "% of the cost of an optimal
solution for some " > 0. This e�ect is very strong, especially, if one considers
problems for which this approximation concept works for any relative di�er-
ence " (see the concept of approximation schemes in [IK75], [MPS98], [Pa94],
[BC93]). This is also the reason why currently optimization problems are con-
sidered to be tractable if there exist randomized polynomial-time approximation
algorithms that solve them with a reasonable approximation ratio. In what fol-
lows an �-approximation algorithm for a minimization [maximization] problem
is any algorithm that provides feasible solutions whose cost divided by the cost
of optimal solutions is at most � [is at least 1

� ].
There is also another possibility to jump from NP to P. Namely, to consider

the subset of inputs with a special, nice property instead of the whole set of inputs
for which the problem is well-de�ned. A nice example is the Traveling Salesman
Problem (TSP). TSP is not only NP-hard, but also the search for an approximate
solution for TSP is NP-hard for every constant approximation ratio.1 But if one
considers TSP for inputs satisfying the triangle inequality (so called �-TSP),
one can even design a polynomial-time 3

2 -approximation algorithm [Chr76].2

The situation is even more interesting if one considers the Euclidean TSP, where
the distances between the nodes correspond to the distances in the Euclidean
metrics. The Euclidean TSP is NP-hard [Pa77], but for every � > 1 one can
design a polynomial-time �-approximation algorithm [Ar98], [Mi96]. Moreover,
if one allows randomization the resulting approximation algorithm works in n �
(log2 n)O(1) time [Ar97].3 This is the reason why we propose again to revise the
notion of tractability especially because of the standard de�nition of complexity
as the worst-case complexity: Our aim is to try to separate the easy instances
from the hard instances of every computing problem considered to be intractable.
In fact, by our concept, we want to attack the de�nition of complexity as the
worst-case complexity. The approximation ratio of an algorithm is also de�ned
in a worst-case manner. Our idea is to split the set of input instances of the
given problem into possibly in�nitely many subclasses according to the hardness
of their approximability, and to have an e�cient algorithm for deciding the
membership of any problem instance to one of the subclasses considered. To
achieve this goal we introduce the concept of approximation stability.

Informally, one can describe the idea of our concept by the following scenario.
One has an optimization problem for two sets of inputs L1 and L2, L1 ( L2. For

1 Even no f(n)-approximation algorithm exists for f polynomial in the input size n.
2 Note that �-TSP is APX-hard and we know even explicit lower bounds on its inap-

proximability [En99, BHKSU00].
3 Obviously, there are many similar examples where with restricting the set of inputs

one crosses the border between decidability and undecidability (Post Correspon-
dence Problem) or the border between P and NP (SAT and 2-SAT, or vertex cover
problem).
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L1 there exists a polynomial-time �-approximation algorithm A for some � > 1,
but for L2 there is no polynomial-time γ-approximation algorithm for any γ > 1
(if NP is not equal to P). We pose the following question: Is the use of algorithm
A really restricted to inputs from L1? Let us consider a distance measure d in
L2 determining the distance d(x) between L1 and any given input x 2 L2 − L1.
Now, one can consider an input x 2 L2 −L1 with d(x) 6 k for some positive real
k. One can look for how \good" the algorithm A is for the input x 2 L2 − L1. If
for every k > 0 and every x with d(x) 6 k, A computes a γk;�-approximation of
an optimal solution for x (γk;� is considered to be a constant depending on k and
� only), then one can say that A is \(approximation) stable" according to the
distance measure d. Obviously, such a concept enables to show positive results
extending the applicability of known approximation algorithms. On the other
hand it can help to show the boundaries of the use of approximation algorithms
and possibly even a new kind of hardness of optimization problems.

Observe that the idea of the concept of approximation stability is similar to
that of stability of numerical algorithms. Instead of observing the size of the
change of the output value according to a small change of the input value, one
looks for the size of the change of the approximation ratio according to a small
change in the speci�cation of the set of consistent input instances.

To demonstrate the applicability of our new approach we consider TSP, �-
TSP, and, for every real � > 1, ��-TSP containing all input instances with
cost(u; v) 6 � � (cost(u; x) + cost(x; v)) for all vertices u; v; x. If an input is
consistent for ��-TSP we say that its distance to �-TSP is at most � − 1.
We will show that known approximation algorithms for �-TSP are unstable
according to this distance measure. But we will �nd a way how to modify the
Christo�des algorithm in order to obtain approximation algorithms for �-TSP
that are stable according to this distance measure. So, this e�ort results in a (3

2 �
�2)-approximation algorithm for ��-TSP.4 This improves the result of Andreae
and Bandelt [AB95] who presented a (3

2�2 + 1
2�)-approximation algorithm for

��-TSP. Our approach essentially di�ers from that of [AB95], because in order to
design our (3

2 ��2)-approximation algorithm we modify the Christo�des algorithm
while Andreae and Bandelt obtain their approximation ratio by modifying the
original 2-approximation algorithm for �-TSP.

Note that, after this paper was written, we got the information about the
independent, unpublished result of Bender and Chekuri, accepted for WADS’99
[BC99]. They designed a 4�-approximation algorithm which can be seen as a
modi�cation of the 2-approximation algorithm for ��-TSP. Despite this nice
result, there are three reasons to consider our algorithm. First, our algorithm
provides a better approximation ratio for � < 8

3 . Secondly, in the previous work
[AB95], the authors claim that the Christo�des algorithm cannot be modi�ed

4 Note that in this way we obtain an approximate solution to every problem instance
of TSP, where the approximation ratio depends on the distance of this problem
instance to �-TSP. Following the discussion in [Ar98] about typical properties of
real problem instances of TSP our approximation algorithm working in O(n3) time
is of practical relevance.
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in order to get a stable (in our terminology) algorithm for TSP, and our result
disproves this conjecture. This is especially of practical importance, since for in-
stances where the triangle inequality is violated only by a few edge costs, one can
expect that the approximation ratio will be as in the underlying algorithm with
a high probability. Finally, our algorithm is a practical O(n3)-algorithm. This
cannot be said about the 4�-approximation algorithm from [BC99]. The �rst
part of the latter algorithm is a 2-approximation algorithm for �nding minimal
two-connected subgraphs with time complexity O(n4). For the second part, con-
structing a Hamiltonian tour in S2 (if S was the two-connected subgraph), there
exist only proofs saying that it can be implemented in polynomial time, but no
low-degree polynomial upper bound on the time complexity of these procedures
has been established.

This paper is organized as follows: In Section 2 we introduce our concept of
approximation stability. In Section 3 we show how to apply our concept in the
study of the TSP, and in Section 4 we discuss the potential applicability and
usefulness of our concept.

2 De�nition of the Stability of Approximation Algorithms

We assume that the reader is familiar with the basic concepts and notions of algo-
rithmics and complexity theory as presented in standard textbooks like [BC93],
[CLR90], [GJ79], [Ho96], [Pa94]. Next, we give a new de�nition of the notion of
an optimization problem. The reason to do this is to obtain the possibility to
study the influence of the input sets on the hardness of the problem considered.
Let IN = f0; 1; 2; : : :g be the set of nonnegative integers, let IR+ be the set of
positive reals, and let IR>a be the set of all reals greater than or equal to a for
some a 2 IR.

De�nition 1. An optimization problem U is a 7-tuple U = (�I ; �O, L, LI,
M, cost, goal), where

1. �I is an alphabet called input alphabet,
2. �O is an alphabet called output alphabet,
3. L � ��

I is a language over �I called the language of consistent inputs,
4. LI � L is a language over �I called the language of actual inputs,
5. M is a function from L to 2�∗

O , where, for every x 2 L, M(x) is called the
set of feasible solutions for the input x,

6. cost is a function, called cost function, from
S

x2L M(x) � LI to IR>0,
7. goal 2 fminimum; maximumg.

For every x 2 L, we de�ne

OutputU(x) = fy 2 M(x) j cost(y; x) = goalfcost(z; x)jz 2 M(x)gg

and
OptU(x) = cost(y; x) for some y 2 OutputU (x):
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Clearly, the meaning for �I , �O, M, cost and goal is the usual one. L
may be considered as the set of consistent inputs, i.e., the inputs for which the
optimization problem is consistently de�ned. LI is the set of inputs considered
and only these inputs are taken into account when one determines the complexity
of the optimization problem U . This kind of de�nition is useful for considering the
complexity of optimization problems parameterized according to their languages
of actual inputs. In what follows, Language(U) denotes the language LI of
actual inputs of U . If the input x is �xed, we usually use cost(y) instead of
cost(y; x) in what follows.

De�nition 2. Let U = (�I , �O, L, LI , M, cost, goal) be an optimization
problem. We say that an algorithm A is a consistent algorithm for U if, for
every input x 2 LI , A computes an output A(x) 2 M(x). We say that A solves
U if, for every x 2 LI , A computes an output A(x) from OutputU (x). The time
complexity of A is de�ned as the function

T imeA(n) = maxfT imeA(x)jx 2 LI \ �n
I g

from IN to IN, where T imeA(x) is the length of the computation of A on x.

Next, we give the de�nitions of standard notions in the area of approximation
algorithms (see e.g. [CK98], [Ho96]).

De�nition 3. Let U = (�I ; �O; L; LI ; M; cost; goal) be an optimization prob-
lem, and let A be a consistent algorithm for U . For every x 2 LI , the approxi-
mation ratio RA(x) is de�ned as

RA(x) = max
�

cost(A(x))
OptU (x)

;
OptU (x)

cost(A(x))

�
:

For any n 2 IN, we de�ne the approximation ratio of A as

RA(n) = maxfRA(x)jx 2 LI \ �n
I g:

For any positive real � > 1, we say that A is a �-approximation algorithm
for U if RA(x) 6 � for every x 2 LI .

For every function f : IN ! IR>1, we say that A is an f(n)-approximation
algorithm for U if RA(n) 6 f(n) for every n 2 IN.

In what follows, we consider the standard de�nitions of the classes NPO,
PO, APX (see e.g. [Ho96],[MPS98]). In order to de�ne the notion of stability of
approximation algorithms we need to consider something like a distance between
a language L and a word outside L.

De�nition 4. Let U = (�I , �O, L, LI , M, cost, goal) and U = (�I , �O,
L, L, M, cost, goal) be two optimization problems with LI ( L. A distance
function for U according to LI is any function hL : L ! IR>0 satisfying
the properties
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1. hL(x) = 0 for every x 2 LI, and
2. hL can be computed in polynomial time.

Let h be a distance function for U according to LI . We de�ne, for any r 2 IR+,

Ballr;h(LI) = fw 2 L j h(w) 6 rg:

Let A be a consistent algorithm for U , and let A be an "-approximation algorithm
for U for some " 2 IR>1. Let p be a positive real. We say that A is p-stable
according to h if, for every real 0 < r 6 p, there exists a �r;" 2 IR>1 such that
A is a �r;"-approximation algorithm for Ur = (�I , �O, L, Ballr;h(LI), M, cost,
goal).5

A is stable according to h if A is p-stable according to h for every p 2 IR+.
We say that A is unstable according to h if A is not p-stable for any p 2 IR+.

For every positive integer r, and every function fr : IN ! IR>1 we say that
A is (r; fr(n))-quasistable according to h if A is an fr(n)-approximation
algorithm for Ur = (�I ; �O, L, Ballr;h(LI), M, cost, goal).

A discussion about the potential usefulness of our concept is given in the last
section. In the next section we show a transparent application of our concept for
TSP.

3 Stability of Approximation Algorithms and TSP

We consider the well-known TSP problem (see e.g. [LLRS85]) that is in its gen-
eral form very hard for approximation. But if one considers complete graphs
in which the triangle inequality holds, then we have a 3

2 -approximation algo-
rithm due to Christo�des [Chr76]. So, this is a suitable starting point for the
application of our approach based on approximation stability. First, we de�ne
two natural distance measures and show that the Christo�des algorithm is sta-
ble according to one of them, but not according to the second one. This leads
to the development of a new algorithm, PMCA, for ��-TSP. This algorithm
is achieved by modifying Christo�des algorithm in such a way that the result-
ing algorithm is stable according to the second distance measure, too. In this
way, we obtain a (3

2 � (1 + r)2)-approximation algorithm for every input in-
stance of TSP with the distance at most r from Language(�-TSP), i.e. with
cost(u; v) 6 (1 + r) � (cost(u; w) + cost(w; v)) for every three nodes u; v; w. This
improves the result of Andreae and Bandelt [AB95] who achieved approximation
ratio 3

2 (1 + r)2 + 1
2 (1 + r).

To start our investigation, we concisely review two well-known algorithms
for �-TSP: the 2-approximative algorithm 2APPR and the 3

2 -approximative
Christo�des algorithm [Chr76], [Ho96].

5 Note that �r;" is a constant depending on r and " only.
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Algorithm 2APPR

Input: A complete graph G = (V; E) with a cost function cost : E ! IR>0

satisfying the triangle inequality (for every u; v; q 2 V , cost(u; v) 6 cost(u; q)+
cost(q; v)).

Step 1a: Construct a minimal spanning tree T of G. (The cost of T is surely
smaller than the cost of the optimal Hamiltonian tour.)

Step 1b: Construct an Eulerian tour D on T going twice via every edge of T . (The
cost of D is exactly twice the cost of T .)

Step 2: Construct a Hamiltonian tour H from D by avoiding the repetition of
nodes in the Eulerian tour. (In fact, H is the permutation of nodes of G, where
the order of a node v is given by the �rst occurrence of v in D.)

Output: H .

Christo�des Algorithm

Input: A complete graph G = (V; E) with a cost function cost : E ! IR>0

satisfying the triangle inequality.

Step 1a: Construct a minimal spanning tree T of G and �nd a matching M with
minimal cost (at most 1

2 of the cost of the optimal Hamiltonian tour) on the
nodes of T with odd degree.

Step 1b: Construct a Eulerian tour D on G0 = T [ M .

Step 2: Construct a Hamiltonian tour H from D by avoiding the repetition of
nodes in the Eulerian tour.

Output: H .

Since the triangle inequality holds and Step 2 in both algorithms is realized by re-
peatedly shortening a path x; u1; : : : ; um; y by the edge (x; y) (because u1; : : : ; um

have already occurred before in the pre�x of D) the cost of H is at most the
cost of D. Thus, the crucial point for the success of 2APPR and Christo�des
algorithm is the triangle inequality. A reasonable possibility to search for an ex-
tension of the application of these algorithms is to look for inputs that \almost"
satisfy the triangle inequality. In what follows we do this in two di�erent ways.

Let �-TSP = (�I ; �O; L; LI ; M; cost; minimum) be a representation of the
TSP with triangle inequality. We may assume �I = �O = f0; 1; #g, L contains
codes of all cost functions for edges of complete graphs, and LI contains codes
of cost functions that satisfy the triangle inequality. Let, for every x 2 L, Gx =
(Vx; Ex; costx) be the complete weighted graph coded by x. Obviously, the above
algorithms are consistent for (�I ; �O; L; L; M; cost; minimum):

Let �1+r;d-TSP = (�I ; �O; L, Ballr;d(LI), M; cost; minimum) for any r 2
IR+ and for any distance function d for �-TSP. We de�ne for every x 2 L;
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dist(x) = max
�

0; max
�

cost(u; v)
cost(u; p) + cost(p; v)

− 1
����u; v; p 2 Vx

��
;

and

distance(x) = max
�

0; max
�

cost(u; v)Pm
i=1 cost(pi; pi+1)

− 1
����u; v 2 Vx;

and u = p1; p2; : : : ; pm+1 = v is a simple path between

u and v in Gx

��
:

Since the distance measure dist is the most important for us we will use the
notation ��-TSP instead of ��;dist-TSP. For simplicity we consider the size of
x as the number of nodes of Gx instead of jxj. We observe that for every � > 1 the
inputs from ��;dist-TSP have the property cost(u; v) 6 � �(cost(u; x)+cost(x; v))
for all u; v; x (� = 1 + r). It is a simple exercise to prove the following lemma.

Lemma 1. The 2APPR and Christo�des algorithm are stable according to dis-
tance. ut

Now, one can ask for the approximation stability according to the distance
measure dist that is the most interesting distance measure for us. Unfortunately,
as shown in the next lemmas, the answer is not as positive as for distance.

Lemma 2. For every r 2 IR+, Christo�des algorithm is
(
r; 3

2 � (1 + r)2dlog2 ne�-
quasistable for dist, and 2APPR is (r; 2 � (1+ r)dlog2 ne)-quasistable for dist. ut

That the result of Lemma 2 cannot be essentially improved, is shown by
presenting an input for which the Christo�des algorithm as well as 2APPR
provide a very poor approximation.

Lemma 3. For every r 2 IR+, if the Christo�des algorithm (or 2APPR) is
(r; fr(n))-quasistable for dist, then fr(n) > nlog2(1+r)=(2 � (1 + r)).

Proof. We construct a weighted complete graph from Ballr;dist(LI) as follows.
We start with the path p0; p1; : : : ; pn for n = 2k, k 2 IN, where every edge
(pi; pi+1) has the cost 1. For all other edges we take maximal possible costs in
such a way that the constructed input is in Ballr;dist(LI). As a consequence,
for every m 2 f1; : : : ; log2 ng, we have cost(pi; pi+2m) = 2m � (1 + r)m for i =
0; : : : ; n − 2m (see Figure 1).

Let us have a look at the work of Christo�des algorithm on this input. (Simi-
lar considerations can be made for 2APPR.) There is only one minimal spanning
tree that corresponds to the path containing all edges of the cost 1. Since every
path contains exactly two nodes of odd degree, the Eulerian graph constructed
in Step 1 is the cycle D = p0; p1; p2; : : : ; pn; p0 with the n edges of cost 1 and the
edge of the maximal cost n � (1 + r)log2 n = n1+log2(1+r). Since the Eulerian path
is a Hamiltonian tour, the output of the Christo�des algorithm is unambiguously
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Fig. 1. A hard ��;dist-TSP instance

the cycle p0; p1; : : : ; pn; p0 with the cost n+n � (1+ r)log2 n. But the optimal tour
is

T = p0; p2; p4; : : : ; p2i; p2(i+1); : : : ; pn; pn−1; pn−3; : : : ; p2i+1; p2i−1; : : : ; p3; p1; p0:

This tour contains two edges (p0; p1) and (pn−1; pn) of the cost 1 and all n − 2
edges of the cost 2 � (1 + r). Thus, Opt = cost(T ) = 2 + 2 � (1 + r) � (n − 2), and

cost(D)
cost(T )

=
n + n1+log2(1+r)

2 + 2 � (1 + r) � (n − 2)
>

n1+log2(1+r)

2 � n � (1 + r)
=

nlog2(1+r)

2 � (1 + r)
:

ut
Corollary 1. 2APPR and the Christo�des algorithm are unstable for dist.

The results above show that 2APPR and Christo�des algorithm can be useful
for a much larger set of inputs than the original input set. But the stability
according to dist would provide approximation algorithms for a substantially
larger class of input instances. So the key question is whether one can modify
the above algorithms to get algorithms that are stable according to dist. In what
follows, we give a positive answer on this question.

Theorem 1. For every � 2 IR>1, there is a (3
2 � �2)-approximation algorithm

PMCA for ��;dist-TSP working in time O(n3).

Proof sketch.. In the following, we will give a sketch of the proof of Theorem 1
by stating algorithm PMCA. The central ideas of PMCA are the following. First,
we replace the minimum matching generated in the Christo�des Algorithm by
a \minimum path matching". That means to �nd a pairing of the given vertices
s.t. the vertices in a pair are connected by a path rather than a single edge, and
the goal is to minimize the sum of the path costs. In this way, we obtain an
Eulerian tour on the multi-graph consisting of spanning tree and path matching
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(in general not Hamiltonian). This Eulerian tour has a cost of at most 1:5 times
of the cost of an optimal TSP tour.

The second new concept concerns the substitution of sequences of edges by
single ones, when transforming the above mentioned tour to a Hamiltonian one.
Here, we can guarantee that at most four consecutive edges will be eventually
substituted by a single one. This may increase the cost of the tour by a factor
of at most �2 for inputs from ��-TSP (remember that we deal in what follows
only with distance function dist, and therefore drop the corresponding subscript
from ��;dist-TSP).

Before stating the algorithm in detail, we have to introduce its main tools
�rst. Let G = (V; E) be a graph. A path matching for a set of vertices U � V
of even size is a collection � of jU j=2 edge-disjoint paths having U as the set of
endpoints.

Assume that p = (u0; u1); (u1; u2); : : : ; (uk−1; uk) is a path in (V; E), not
necessarily simple. A bypass for p is an edge (u; v) from E, replacing a sub-path
(ui; ui+1); (ui+1; ui+2); : : : ; (uj−1; uj) of p from u = ui to uj = v (0 6 i < j 6 k).
Its size is the number of replaced edges, i.e. j − i.6 Also, we say that the vertices
ui+1; ui+2; : : : ; uj−1 are bypassed. Given some set of simple paths � , a conflict
according to � is a vertex which occurs at least two times in the given set of
paths.

Algorithm PMCA

Input: a complete graph (V ; E) with cost function cost : E ! IR>0

(a ��-TSP instance for � � 1).
1. Construct a minimal spanning tree T of (V ; E).
2. Let U be the set of vertices of odd degree in T ;

construct a minimal (edge-disjoint) path matching � for U .
3. Resolve conflicts according to � , in order to

obtain a vertex-disjoint path matching � 0 with cost(� 0) 6 � � cost(�)
(using bypasses of size 2 only).

4. Construct an Eulerian tour � on T and � 0.
(� can be considered as a sequence of paths p1; p2; p3; : : :
such that p1; p3; : : : are paths in T , and p2; p4; : : : 2 � 0)

5. Resolve conflicts inside the paths p1; p3; : : : from T , such that T is divided into
a forest Tf of trees of degree at most 3, using bypasses of size 2 only.

(Call the resulting paths p0
1; p

0
3; : : : and the modi�ed tour �0 is p0

1; p2; p
0
3; p4 : : :.)

6. Resolve every double occurrence of nodes in �0 such that the overall size
of the bypasses is at most 4 (where ‘‘overall’’ means that a bypass constructed
in Step 3 or 5 counts for two edges). Obtain tour �00.

Output: Tour �00.

In the following, we have to explain how to e�ciently obtain a minimal path
matching, and how to realize the conflict resolution in Steps 3, 5, and 6. The
latter not only have to be e�cient but must also result in substituting at most
four edges by a single one after all.
6 Obviously, we are not interested in bypasses of size 1.



82 Hans-Joachim Böckenhauer et al.

How to construct an Eulerian cycle in Step 4 is a well-studied task. We only
observe that since each vertex can be endpoint of at most one path from � 0 by
de�nition the same holds for T : the endpoints of p1; p3; : : : are the same as those
of p2; p4; : : :.

We give in the following detailed descriptions of Steps 2, 3, 5, and 6, respec-
tively.

Claim 1
One can construct in time O(jV j3) a minimum path matching � for U that has
the following properties:

Every two paths in � are edge-disjoint. (1)

� forms a forest. (2)

Proof sketch.. First, we will show how to construct a path matching within the
given time. To construct the path matching, we �rst compute all-pairs cheapest
paths.7 Then, we de�ne G0 = (V; E0) where cost0(v; v0) is the cost of a cheapest
path between v and v0 in G. Next, we compute a minimum matching on G0 (in
the usual sense), and �nally, we substitute the edges of G0 in the matching by
the corresponding cheapest paths in G. Clearly, this can be done in time O(n3)
and results in a minimum path matching.

The claimed properties (1) and (2) are a consequence of the minimality. The
technical details will be given in the full version of this paper. ut

The essential property of a minimal path matching for our purposes is that
it costs at most half of the cost of a minimal Hamiltonian tour. Now we show
how Step 3 of the algorithm is performed.

Claim 2
Every path matching having properties (1) and (2) can be modi�ed into a vertex-
disjoint one by using bypasses of size 2 only. Moreover, on each of the new paths,
there will be at most one bypass.

Proof sketch.. By Claim 1, every vertex used by two paths in a path matching
belongs to some tree. We will show how to resolve a tree of � by using bypasses
of size 2 in such a way that only vertices of the tree are a�ected. Then we are
done by solving all trees independently.

Let �T be a subset of � , forming a tree. For simplicity, we address �T itself
as a tree. Every vertex of �T being a conflict has at least three edges incident
to it, since it cannot be endpoint of two paths in � , and it is part of at least
two edge-disjoint paths by de�nition of a conflict.

We reduce the size of the problem at hand in that we eliminate paths from
the tree by resolving conflicts.

7 Since we associate a cost instead of a length to the edges, we speak about cheapest
instead of shortest path.
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Procedure 1
Input: A minimal path matching � for some vertex set U on (V ; E).
For all trees �T of �

While there are conflicts in �T (i.e. there is more than one path in �T )
pick an arbitrary path p 2 �T ;
if p has only one conflict v, and v is an endpoint of p,

pick another path using v as new p instead;
let v1; v2; : : : ; vk be (in this order) the conflicts in p;
while k > 1
consider two paths p1; pk 2 �T which use v1 respectively vk, commonly with p;

pick as new p one of p1; pk which was formerly not picked;
let v1; v2; : : : ; vk be (in this order) the conflicts in p;

let v be the only vertex of the �nally chosen path p which is a conflict;
if v has two incident edges in p,

replace those with a bypass,
else (v is an endpoint of p)

replace the single edge incident to v in p together
with one of the previously picked paths with a bypass.

Output: the modi�ed conflict-free path matching � 0.

The proof of the correctness of Procedure 1 is moved to the full version of this
paper. ut

Now we describe the implementation of Step 5 of Algorithm PMCA. It divides
the minimal spanning tree by resolving conflicts into several trees, whose crucial
property is that they have vertices of degree at most 3.

Procedure 2 below is based on the following idea. First, a root of T is picked.
Then, we consider a path pi in T which, under the orientation w.r.t. this root,
will go up and down. The two edges immediately before and after the turning
point are bypassed. One possible view on this procedure is that the minimal
spanning tree is divided into several trees, since each bypass building divides a
tree into two trees.

Procedure 2
Input: T and the paths p1; p3; p5; : : : computed in Step 4 of Algorithm PMCA.
Choose a node r as a root in T .
For each path
pi = (v1; v2); (v2; v3); :::; (vni−1; vni) in T do

Let vj be the node in pi of minimal distance to r in T .
If 1 < j < ni then

bypass the node vj and call this new path p0
i.

else p0
i = pi.

Output: The paths p0
1; p

0
3; p

0
5; : : :, building a forest Tf .

Now the following properties hold. Their proofs are given in the full version
of this paper.
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1. If a node v occurs in two di�erent paths p0
i and p0

j of Tf , then v is an inner
node in one path and a terminal node in the other path. I.e. the node degree
of the forest spanned by p0

1; p
0
3; p

0
5; : : : is at most three.

2. In Tf , every path has at most one bypass, and every bypass is of size two.
3. Vertices which are leaves in Tf are not conflicts in �0.
4. In the cycle p0

1; p2; p
0
3; p4; p

0
5; p6; : : :, between each two bypasses there is at

least one vertex not being a conflict.

Below, we present Procedure 3 which consecutively resolves the remaining
conflicts. Note that s; t; u; v, and their primed versions, denote occurrences of
vertices on a path, rather than the vertices itself. In one step, Procedure 3 has
to make a choice.

Procedure 3
Input: a cycle �0 on (V ; E) where every vertex of V occurs once or twice.
Take an arbitrary conflict, i.e. a vertex occurring twice as u and u0 in �0;
bypass one occurrence, say u (with a bypass of size 2);
while there are conflicts remaining

if occurrence u has at least one unresolved conflict as neighbor
let v be one of them, chosen by the following rule:

If between u and another bypassed vertex occurrence t on
�0, there are only unresolved conflicts, choose v to be the
neighbor of u towards t.

((v; u) or (u; v) is an edge of �0 and there is another occurrence v0 of
the same vertex as v)

resolve that conflict by bypassing v0

else
resolve an arbitrary conflict;

let u be the bypassed vertex.
Output: the modi�ed cycle �00.

The proofs of correctness of Procedure 3 and of the approximation ratio of
PMCA are given in the full version of this paper. ut

Theorem 1 improves the approximation ratio achieved in [AB95]. Note that
this cannot be done by modifying the approach of Andreae and Bandelt. The
crucial point of our improvement is based on the presented modi�cation of
Christo�des algorithm while Andreae and Bandelt conjectured in [AB95] that
Christo�des algorithm cannot be modi�ed in order to get an approximation
algorithm for ��;dist-TSP.

Note that Theorem 1 can also be formulated in a general form by substituting
the parameter � by a function �(n), where n is the number of nodes of the graph
considered.

4 Conclusion and Discussion

In the previous sections we have introduced the concept of stability of approxima-
tions and we have applied it to TSP. Here we discuss the potential applicability
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and usefulness of this concept. Applying it, one can establish positive results of
the following types:

1. An approximation algorithm or a PTAS can be successfully used for a larger
set of inputs than the set usually considered (see Lemma 1).

2. We are not able to successfully apply a given approximation algorithm A (a
PTAS) for additional inputs, but one can modify A to get a new approxi-
mation algorithm (a new PTAS) working for a larger set of inputs than the
set of inputs of A (see Theorem 1 and [AB95, BC99]).

3. To learn that an approximation algorithm is unstable for a distance measure
could lead to the development of completely new approximation algorithms
that would be stable according to the considered distance measure.

The following types of negative results may be achieved:

4. The fact that an approximation algorithm is unstable according to all \rea-
sonable" distance measures and so that its use is really restricted to the
original input set.

5. Let Q = (�I , �O, L, LI , M, cost, goal) 2 NPO be well approximable. If,
for a distance measure d and a constant r, one proves the nonexistence of
any approximation algorithm for Qr;d = (�I ; �O; L; Ballr;d(LI), M, cost,
goal) under the assumption P 6= NP , then this means that the problem Q
is \unstable" according to d.

Thus, using the notion of stability one can search for a spectrum of the
hardness of a problem according to the set of input instances, which is the main
aim of our concept. This has been achieved for TSP now. Collecting results of
Theorem 1 and of [BC99], we have minf 3

2�2; 4�g-approximation algorithms for
��;dist-TSP, and following [BC99], ��;dist-TSP is not approximable within a
factor 1 + " � � for some " < 1. While TSP does not seem to be tractable from
the previous point of view of approximation algorithms, using the concept of
approximation stability, it may look tractable for many speci�c applications.
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Abstract. Counting functions can be de�ned syntactically or seman-
tically depending on whether they count the number of witnesses in a
non-deterministic or in a deterministic computation on the input. In
the Turing machine based model, these two ways of de�ning counting
were proven to be equivalent for many important complexity classes. In
the circuit based model, it was done for #P and #L, but for low-level
complexity classes such as #AC0 and #NC1 only the syntactical de�-
nitions were considered. We give appropriate semantical de�nitions for
these two classes and prove them to be equivalent to the syntactical ones.
This enables us to show that #AC0 is included in the family of count-
ing functions computed by polynomial size and constant width counting
branching programs, therefore completing a result of Caussinus et al
[CMTV98]. We also consider semantically de�ned probabilistic complex-
ity classes corresponding to AC0 and NC1 and prove that in the case of
unbounded error, they are identical to their syntactical counterparts.

1 Introduction

Counting is one of the basic questions considered in complexity theory. It is a
natural generalization of non-determinism: computing the number of solutions
for a problem is certainly not easier than just deciding if there is a solution at
all. Counting has been extensively investigated both in the machine based and
in the circuit based models of computation.

Historically, the �rst counting classes were de�ned in Turing machine based
complexity theory. Let us call a non-deterministic Turing machine an NP-machine
if it works in polynomial time, and an NL-machine if it works in logarithmic
space. In the case of a non-deterministic machine, an accepting path in its com-
putation tree on a string x certi�es that x is accepted. We will call such a path
a witness for x. The very �rst, and still the most famous, counting class called
#P was introduced by Valiant [Val79] as the set of counting functions that map
a string x to the number of witnesses for x of some NP-machine. An analogous
de�nition was later made by Alvarez and Jenner [AJ93] for the class #L: it con-
tains the set of counting functions that map x to the number of witnesses for x of
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some NL-machine. These classes contain several natural complete problems: for
example computing the permanent of a matrix is complete in #P, whereas com-
puting the number of paths in a directed graph between two speci�ed vertices
is complete in #L.

The so-called \Gap" classes were de�ned subsequently to include functions
taking also negative values into the above model. GapP was introduced by Fen-
ner, Fortnow and Kurtz [FFK94] as the di�erence of two functions in #P. The
analogous de�nition for GapL was made independently by Vinay [Vin91], Toda
[Tod91], Damm [Dam91] and Valiant [Val92]. This later class has received con-
siderable attention, mostly because it characterizes the complexity of computing
the determinant of a matrix [AO96, ST98, MV97].

Still in the Turing machine model, there is an alternative way of de�ning
the classes #P and #L, based on the computation of deterministic machines.
In the following discussion let us consider deterministic Turing machines acting
on pairs of strings (x; y) where for some polynomial p(n), the length of y is
p(jxj). We will say that the string y is a witness for x when the machine accepts
(x; y), otherwise y is a non-witness. We will call a deterministic Turing machine
a P-machine if it works in polynomial time, and an L-machine if it works in
logarithmic space and it has only one-way access to y. Then #P (respectively
#L) can be de�ned as the set of functions f for which there exists a P-machine
(respectively L-machine) such that f(x) is the number of witnesses for x. The
equivalence between these de�nitions can be established if we interpret the above
deterministic Turing machines as a normal form, with simple witness structure,
for the corresponding non-deterministic machines, where the string y describes
the sequence of choices made during the computation on x. Nonetheless this
latter way of looking at counting has at least two advantages over the previous
one.

The �rst advantage is that this de�nition is more robust in the following
sense. Two non-deterministic machines, even if they compute the same relation
R(x), might de�ne di�erent counting functions depending on their syntactical
properties. On the other hand, if the de�nition is based on deterministic ma-
chines, only the relation they compute is playing a role. Indeed, two deterministic
machines computing the same relation R(x; y) will necessarily de�ne the same
counting function independently from the syntactical properties of their compu-
tation. Therefore, from now on, we will refer to the non-deterministic machine
based de�nition of counting as syntactical, and to the deterministic machine
based de�nition as semantical.

The second advantage of the semantical de�nition of counting is that prob-
abilistic complexity classes can be de�ned more naturally in that setting. For
example PP(respectively PL) is just the set of languages for which there exists
a P-machine (respectively L-machine) such that a string x is in the language ex-
actly when there are more witnesses for x than non-witnesses. In the case of the
syntactical de�nition of counting the corresponding probabilistic classes usually
are de�ned via the Gap classes.
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The above duality in the de�nition of counting exists of course in other models
where determinism and non-determinism are meaningful concepts. This is the
case of the circuit based model of computation. Still, in this model syntactical
counting has received considerably more attention than semantical counting.
Before we discuss the reason for that, let us make clear what do we mean here
by these notions.

The syntactical notion of a witness for a string x in a circuit family was
de�ned by Venkateswaran [Ven92] as an accepting subtree of the corresponding
circuit on x, which is a smallest sub-circuit certifying that the circuit’s output
is 1 on x. It is easy to show that the number of such witnesses is equal to the
value of the arithmetized version of the circuit on x. Let us stress again that
this number, and therefore the counting function de�ned by a circuit, depends
heavily on the speci�c structure of the circuit and not only on the function
computed by it. For example if we consider circuit C1 which is just the variable
x, and circuit C2 which consists of an OR gate whose both inputs are the same
variable x, then clearly these two circuits compute the same function. On the
other hand, on input x = 1, the counting function de�ned by C1 will take the
value 1, whereas the counting function de�ned by the circuit C2 will take the
value 2.

For the semantical notion of a witness we consider again families whose inputs
are pairs of strings of polynomially related lengths. As in the case of Turing
machines, y is a witness for x if the corresponding circuit outputs 1 on (x; y).

Venkateswaran was able to give a characterization of #P and #L in the
circuit model based on the syntactical de�nition of counting. His results rely
on a circuit based characterization of NP and NL. He has shown that #P is
equal to the set of counting functions computed by uniform semi-unbounded
circuits of exponential size and of polynomial algebraic degree; and #L is equal
to the set of counting functions computed by uniform skew-symmetric circuits
of polynomial size. Semantically #P can be characterized as the set of counting
functions computed by uniform polynomial size circuits.

In recent years several low level counting classes were de�ned in the cir-
cuit based model, all in the syntactical setting. Caussinus et al.[CMTV98] have
de�ned #NC1, and Agrawal et al. [AAD97] have de�ned #AC0 as the set of
functions counting the number of accepting subtrees in the respective circuit
families. In subsequent works, many important properties of these classes were
established [ABL98, AAB+99]. Although some attempts were made [Yam96], no
satisfactory characterization of these classes was obtained in the semantical set-
ting. The main reason for that is that by simply adding \counting" bits to AC0

or NC1 circuits, we fall to the all too powerful counting class #P [SST95, VW96],
and it is not at all clear what type of restrictions should be made in order to
obtain #AC0 and #NC1.

The main result of this paper is such a semantical characterization of these
two counting classes. Indeed, we will de�ne semantically the classes #AC0

CO and
#NC1

CO by putting some relatively simple restrictions on the structure of AC0

and NC1 circuits involved in the de�nition, and on the way they might contain
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counting variables. Our main result is that this de�nition is equivalent to the
syntactical de�nition, that is we have

Theorem 1. #AC0 = #AC0
CO and #NC1 = #NC1

CO.

Put it another way, if standard AC0 and NC1 are seen as \non-deterministic"
circuit families in the syntactical de�nition of the corresponding counting classes,
we are able to characterize their \deterministic" counterparts which de�ne the
same counting classes semantically.

We also examine the relationship between #BR, the family of counting func-
tions computed by polynomial size and constant width counting branching pro-
grams, and counting circuits. While Caussinus et al. [CMTV98] proved that
#BR � #NC1, we will show

Theorem 2. #AC0 � #BR.

Semantically de�ned counting classes give rise naturally to the corresponding
probabilistic classes in the three usually considered cases: in the unbounded, in
the bounded and in the one sided error model. Indeed, we will de�ne the prob-
abilistic classes PAC0

CO, PNC1
CO, BPAC0

CO, BPNC1
CO, RAC0

CO and RNC1
CO.

PAC0 and PNC1 were already de�ned syntactically via #AC0 and #NC1, and
we will prove for this model that our de�nitions coincide with previous ones:

Theorem 3. PAC0
CO = PAC0 and PNC1

CO = PNC1:

In the other two error models, previous de�nitions were also semantical, but
without any restrictions on the way the corresponding circuits could use the
counting variables. We couldn’t determine if they coincide with ours, and we
think that this question is worth of further investigations. Nonetheless we argue
that because of their close relationship with counting branching programs, the
counting circuit based de�nition might be the right one.

The paper is organized as follows: Section 2 contains the de�nitions for se-
mantical circuit based counting. Section 3 exhibits the mutual simulations of
syntactical and semantical counting for the circuit classes AC0 and NC1. Theo-
rem 1 is a direct consequence of Theorems 4 and 5 proven here. In section 4 we
deal with counting branching programs, and Theorem 2 will follow from The-
orem 6. Finally in section 5 we discuss the gap and random classes which are
derived from semantical counting circuits. Theorem 8 relating gap classes and
counting circuits will imply Theorem 3.

2 De�nitions

In this chapter we de�ne counting circuit families which will be used for the
semantical de�nition of a counting function. Counting circuits have two types of
input variables: standard and counting ones. They are in fact restricted boolean
circuits, where the restriction is put on the way the gates and the counting
variables can be used in the circuits. First we will de�ne the usual boolean
circuit families and the way they are used to de�ne (syntactically) counting
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functions, and then we do the same for counting circuit families. The names
\circuit" versus \counting circuit" will be used systematically this way in the
rest of the paper.

A bounded fan-in circuit with n input variables is a directed acyclic graph
with vertices of in-degree 0 or 2. The vertices of in-degree 0 are called inputs,
and they are labeled with an element of the set f0; 1; x1; �x1; : : : ; xn; �xng: The
vertices of in-degree 2 are labeled with the bounded AND or OR gate. There
is a distinguished vertex of outdegree 0, this is the output of the circuit. An
unbounded fan-in circuit is de�ned similarly with the only di�erence that non
input vertices can have arbitrary in-degree, and they are labeled with unbounded
AND or OR gate. A circuit family is a sequence (Cn)1

n=1 of circuits where Cn
has n input variables. It is uniform if its direct connection language is computed
in DLOGTIME. An AC0 circuit family is a uniform, unbounded fan-in circuit
family of polynomial size and constant depth. An NC1 circuit family is a uniform,
bounded fan-in circuit family of polynomial size and logarithmic depth.

A circuit C is a tree circuit if all its vertices have out-degree 1. A proof tree
in C on input x is a connected subtree which contains its output, has one edge
into each OR gate, has all the edges into the AND gates, and which evaluates
to 1 on x. The number of proof trees in C on x will be denoted by #PTC(x).
A boolean tree circuit family (Cn)1

n=1 computes a function f : f0; 1g� ! N if
for every x, we have f(x) = #PTCjxj(x). We denote by #AC0 (respectively by
#NC1 the class of functions computed by a uniform AC0 (respectively NC1)
tree circuit family.

In order to introduce counting variables into counting circuits and to carry
out the syntactical restrictions, we use two new gates, SELECT and PADAND
gates. These are actually small circuits which will be built some speci�c way from
AND and OR gates. The SELECT gates which use a counting variable to choose
a branch of the circuit will actually replace OR gates which will be prohibited
in their general form. The PADAND gates will function as AND gates, but they
will allow again the introduction of counting variables. They will actually �x the
value of these counting variables to the constant 1.

We now de�ne formally these gates. In the following we will denote single
boolean variables with a subscript such as v0. Boolean vector variables will be
denoted without a subscript, such as v. We will also identify an integer 0 � s �
2k − 1 with its binary representation (s0; : : : ; sk−1):

The bounded fan-in SELECT gate will have 3 arguments. It is de�ned by
SELECT1(x0; x1; u�) = xu� , and represented by OR(AND(x0; u�);AND(x1; u�)).
For every k, the unbounded fan-in SELECTk gate has 2k + k arguments and
is de�ned by SELECTk(x0; : : : ; x2k−1; u0; : : : ; uk−1) = xu. This gate is repre-
sented by the circuit OR2k−1

i=0 (AND(xi; u = i)) where u = i stands for the circuit
ANDk−1

j=0 (OR(AND(uj ; ij);AND(uj ; ij))). The last gate can easily be extended
to m + k arguments for m < 2k as SELECTk(x0; : : : ; xm−1; u0; : : : ; uk−1) =
SELECTk(x0; : : : ; xm; 0; : : : ; 0; u0; : : : ; uk−1). Clearly, SELECTk can be simu-
lated by a circuit of depth O(log k) containing only SELECT1 gates. The un-
bounded fan-in PADAND gate has at least two arguments and is de�ned by
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PADAND(x0; u0; : : : ; ul) = AND(x0; u0; : : : ; ul). Its bounded fan-in equivalent
PADANDb can also have an arbitrary number of arguments, and in case of m
arguments is represented by a circuit of depth dlogme consisting of a balanced
binary tree of bounded AND gates. It will always be clear from the context if
we are dealing with the bounded or the unbounded PADAND gate.

We will de�ne recursively unbounded fan-in counting circuits. There will be
two types of input variables: \standard" and \counting" ones.

De�nition 1 (Counting circuit).

{ If C is a boolean tree circuit, then C is a counting circuit. All its variables
are standard.

{ If C0; : : : ; C2k−1 are counting circuits and u0; : : : ; uk−1 are input variables
which are not appearing in them, then SELECT(C0; : : : ; C2k−1; u0; : : : ; uk−1)
is a counting circuit. The variables u0; : : : ; uk−1 are counting variables.

{ If C0; : : : ; Ck are counting circuits and they do not have any common count-
ing variables, then AND(C0; : : : ; Ck) is a counting circuit.

{ If C is a counting circuit and u0; : : : ; ul are input variables, then
PADAND(C; u0; : : : ; ul) is a counting circuit. The variables u0; : : : ; ul are
counting variables.

Moreover, we require that no input variable can be counting and standard at
the same time.

Bounded counting circuits are de�ned analogously, with k = 1 in all the con-
struction steps.

The set of all standard (respectively counting) variables of a circuit C will
be denoted SV(C) (respectively CV(C). Let C be a counting circuit with n
standard variables. The counting function #COC : f0; 1gn 7! N associated with
C is de�ned as:

#COC(x) =
�
C(x) if CV(C) = ;;
#fu j C(x; u) = 1g if CV(C) 6= ;:

A sequence (Cn)1
n=1 of counting circuits is a counting family if there exists

a polynomial p such that for all n, Cn has n standard variables and at most
p(n) counting variables. A family is uniform if its direct connection language is
computed in DLOGTIME. The counting function computed by a circuit family
is de�ned as #COCjxj(x). Finally, the semantical counting classes are de�ned as
follows: #AC0

CO (respectively #NC1
CO) is the set of functions computed by a

uniform AC0 (NC1) family of counting circuits.

3 Circuits and Counting Circuits

3.1 Simulating Circuits by Counting Circuits

We will use a step-by-step simulation. We will de�ne a function � which maps
circuits into counting circuits by structural recursion on the output gate G of



Semantical Counting Circuits 93

the circuit. The de�nition will be done for the unbounded case from which the
bounded case can be obtained by replacing the parameter k with 1 in all the
construction steps, and unbounded gates by bounded ones.

De�nition 2 (the � function). If G is a literal, then �(G) = G and the
corresponding variable is standard. If G is an AND gate whose entries are the
circuits C0; : : : ; Ck, then let the circuits C0

i be obtained from �(Ci) by renaming
counting variables so that 8i 6= j; CV(C0

i) \ CV(C0
j) = CV(C0

i) \ SV(C0
j) = ;.

Then �(C) = AND(C0
0; : : : ; C

0
k). If G is an OR gate whose entries are the cir-

cuits C0; : : : ; C2k−1, then the circuits C0
i are obtained from �(Ci) by renaming

counting variables so that 8i 6= j; CV(C0
i) \ CV(C0

j) = CV(C0
i) \ SV(C0

j) = ;.
Let V = CV(C0

0) [ : : : [ CV(C0
2k−1) and Vi = V − CV(C0

i). Let C00
i be de-

�ned as PADAND(C0
i;Vi), and let u0; : : : ; uk−1 be counting variables such that

fu0; : : : ; uk−1g \ V = ;. Then �(C) = SELECT(C00
0 ; : : : ; C

00
2k−1; u0; : : : ; uk−1).

The next two lemmas will prove that the de�nition of � is correct and that the
functions computed by the corresponding circuit families are equal.

Lemma 1. If (Cn) is a uniform AC0 (respectively NC1) family of circuits, then
(�(Cn)) is a uniform AC0 (resp. NC1) family of counting circuits.

Proof. Throughout the construction, we assured that the entry circuits of an
AND gate do not have common counting variables. Clearly, no input variable
can be counting and standard at the same time.

Since there are a polynomial number of gates and for each gate, we introduced
a polynomial number of counting variables, the number of counting variables is
bounded by a polynomial. The uniformity of (�(Cn)) follows from the uniformity
of (Cn). To �nish the proof, we should consider the depth of the counting circuits.

In the unbounded case, (�(Cn)) is of constant depth since the SELECT gates
which replace the OR gates of the original circuit are of constant depth.

In the bounded case, let k be such that there are at most nk variables in Cn.
The depth of Cn is O(log n). Let us de�ne di = maxfdepth(�(D))g where D is
a subcircuit of Cn of depth i. Then we have

di+1 � 3 + max(di; k � logn)

since the depth increases only when the output gate is an OR. Therefore, (�(Cn))
is of logarithmic depth. ut

Lemma 2. For every circuit C, #PTC(x) = #CO�(C)(x).

Proof. We will prove this by structural recursion on the output gate G of C. If
G is a literal, then by de�nition, circuits and counting circuits de�ne the same
counting function. If G is an AND gate then since for i = 0; : : : ; k the vari-
ables in CV(C0

i) are distinct, #CO�(C)(x) =
Q

#COC0
i
(x), which is the same

as
Q

#CO�(Ci)(x) because C0
i was obtained from �(Ci) by renaming the vari-

ables. By the inductive hypothesis and the de�nition of the proof tree model,
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this is equal to #PTC(x). If G is an OR gate then since the counting vari-
ables u0; : : : ; uk−1 are distinct from the counting variables of the subcircuits,
#CO�(C)(x) =

P
#COC00

i
(x). For every i, #COC00

i
(x) = #COC0

i
(x) since the

PADAND gate �xes all the counting variables outside Vi. This is the same value
as #CO�(Ci)(x) since C0

i was obtained from �(Ci) by renaming the variables.
The statement follows from the inductive hypothesis. ut
The two lemmas imply

Theorem 4. #AC0 � #AC0
CO and #NC1 � #NC1

CO.

3.2 Simulating Counting Circuits by Circuits

Let us remark �rst that any counting circuit C can be easily transformed to
another counting circuit C0 computing the same counting function such that if
PADAND(D0; u0; : : : ; ul) is a subcircuit of C0, then fu0; : : : ; ulg \ CV(D0) = ;.
This is indeed true since if PADAND(D;u0; : : : ; ul) is a subcircuit of C and if
for example u0 2 CV(D) then we can rewrite D with respect to u0 = 1 by
modifying SELECT and PADAND gates accordingly. For the rest of the paper,
we will suppose that counting circuits have been transformed this way.

We will use in the construction circuits computing �xed integers which are
powers of 2. For l � 0 the circuit A2l computing the integer 2l is de�ned as
follows. A1 is the constant 1 and A2 is OR(1; 1). For l � 2, in the unbounded
case, A2l has a topmost unbounded AND gate with l subcircuits A2. In the
bounded case, we replace the unbounded AND gate by its standard bounded
simulation consisting of a balanced binary tree of bounded AND gates. Clearly,
the depth of A2l in the bounded case is dlog le + 1.

We now de�ne a function  which maps counting circuits into circuits by
structural recursion on the output gate G of the counting circuit. Again, the
de�nition will be done for the unbounded case, from which the bounded case
can be obtained by replacing the parameter k with 1.

De�nition 3 (the  function). If G is a literal, then  (G) = G. If G is an
AND gate whose entries are C0; : : : ; Ck, then  (C) = AND( (C0); : : : ;  (Ck)).
If G is a PADAND whose entries are C0 and u0; : : : ; ul, then  (C) =  (C0). If
G is a SELECT gate whose entries are C0; : : : ; C2k−1; u0; : : : ; uk−1 then set V =
CV(C0)[ : : :[CV(C2k−1) and Vi = V −CV(Ci). We let C0

i = AND( (Ci); A2jVij)
and  (C) = OR(C0

0; : : : ; C
0
2k−1).

Again, we proceed with two lemmas to prove the correctness of the simulation.

Lemma 3. If (Cn) is a uniform AC0 (respectively NC1) family of counting cir-
cuits, then ( (Cn)) is a uniform AC0 (resp. NC1) family of circuits.

Proof. In the construction, we get rid of PADAND and SELECT gates and of
the counting variables. We do not modify the number of standard variables. The
only step where we increase the size or the depth of the circuit is when SELECT
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gates are replaced. Each replacement introduces at most a polynomial number
of gates. Therefore the size remains polynomial. Uniformity of ( (Cn)) follows
from the uniformity of (Cn).

In the unbounded case, the depth remains constant since the circuits A2l

have constant depth. In the bounded case, we claim that every replacement of a
SELECT gate increases the depth by a constant. This follows from the fact that
depth(A2jVij) � depth(C1−i) + 1 for i = 0; 1 since a bounded counting circuit
with m counting variables has depth at least dlog(m+ 1)e. Therefore the whole
circuit remains of logarithmic depth. ut

Lemma 4. For every counting circuit C, #PT (C)(x) = #COC(x).

Proof. We will prove this by structural recursion on the output gate G of the
counting circuit. In the proof, we will use the notation of de�nition 3. If G is
a literal, then by de�nition, C and  (C) de�ne the same counting function. If
G is an AND gate then by de�nition #PT (C)(x) =

Q
#PT (Ci)(x). Since for

i = 0; : : : ; k the subcircuits Ci do not share common counting variables, using
the inductive hypothesis this is equal to #COC(x). If G is a PADAND gate
then from the de�nition and the inductive hypothesis, we have #PT (C)(x) =
#COC0(x). Since for all i, vi 62 CV(C0), we have #COC0(x) = #COC(x). If G is
a SELECT gate then #PT (C)(x) =

P
2jVij � #PT (Ci)(x). Also, #COC(x) =P

2jVij � #COCi(x) since the value of variables in Vi do not influence the value
of the circuit Ci. The result follows from the inductive hypothesis. ut

Theorem 5. #AC0
CO � #AC0 and #NC1

CO � #NC1.

4 Branching Programs and Counting Circuits

Branching problems constitute another model for de�ning low level counting
classes, and this possibility was �rst explored by Caussinus et al. [CMTV98]. Let
us recall that a counting branching program is an ordinary branching program
[Bar89] with two types of (standard and counting) variables with the restriction
that every counting variable appears at most once on each computation path.
Given a branching programB(x; u) whose standard variables are x, the counting
function computed by it is

#B(x) =
�
B(x) if B does not have counting variables,
#fu j B(x; u) = 1g otherwise.

Finally #BR is the family of counting functions computed by DLOGTIME-
uniform polynomial size and constant width counting branching programs. Causs-
inus et al. [CMTV98] could prove that #BR � #NC1, but they left open the
question if the inclusion was proper. Our results about counting circuits enable
us to show that #AC0 � #BR. Our proof will proceed in two steps. First we
show that #AC0

CO is included in #BR and then we use theorem 5 to conclude.
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Theorem 6. #AC0
CO � #BR:

Proof. We de�ne a function � which maps counting circuits into synchronous
counting branching programs such that for every counting circuit C, #COC =
#�(C). The de�nition will be done by structural recursion on the output gate
G of the counting circuit, and the proof of this statement can be done without
di�culty also by recursion.

If C is a boolean tree circuit, then �(C) is a width-5 polynomial size branching
program provided by Barrington’s result which recognizes the language accepted
by C. If C0 and C1 are counting circuits and u is a new counting variable then
�(SELECT(C0; C1; u)) is the branching program whose source is labelled by
u, and whose two successors are the source nodes of respectively �(C0) and
�(C1). If C0 and C1 are counting circuits without common variables, then by
increasing the width of �(C0) by 1, we ensure that it has a unique 1-sink. Then
�(AND(C0; C1)) is the branching program whose source is the source of �(C0)
whose 1-sink is identi�ed with the source of �(C1). If C is a counting circuit
and u0; : : : ; uk are counting variables, then �(PADAND(C; u0; : : : ; uk)) = �(C0)
where C0 is obtained from C by setting u0; : : : ; uk to 1.

If (Cn)1
n=1 is an AC0 family of counting circuits, then (�(Cn)) has con-

stant width since we double the width only a constant number of times for
the SELECT gates. Also, the uniformity of the family follows from the unifor-
mity of (Cn). ut

5 Gap and Random Classes via Semantical Counting

In this section, we will point out another similarity between semantical counting
circuits and deterministic Turing machine based counting: we will de�ne proba-
bilistic classes by counting the fraction of assignments for the counting variables
which make the circuit accept. We will prove that in the unbounded error case,
our de�nitions coincide with the syntactical de�nition via Gap classes. For the
proof, we will need the notion of an extended counting circuit which may contain
OR and PADOR gates without changing the family of counting functions they
can compute. In the bounded error and one sided error models we could not
determine if our de�nitions and the syntactical ones are identical.

5.1 Extented Counting Circuits

By de�nition, the unbounded fan-in PADOR(x0; u0; : : : ; ul) gate has at least two
arguments and is de�ned as OR(x0; u0; : : : ; ul). Its bounded fan-in equivalent is
represented by a circuit of depth dlog(l + 2)e, consisting in the usual bounded
expansion of the above circuit. Similarly to the case of the PADAND gate, from
now on we will suppose without loss of generality that if PADOR(D;u0; : : : ; ul)
is a subcircuit of an extended counting circuit, then CV(D) \ fu0; : : : ; ulg = ;.

An unbounded fan-in extended counting circuit is a counting circuit with the
following additional construction steps to the De�nition 1.
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{ if C0; : : : ; Ck are extended counting circuits and they do not have any com-
mon counting variable then OR(C0; : : : ; Ck) is an extended counting circuit.

{ if C is an extended counting circuit and u0; : : : ; ul are input variables,
then PADOR(C; u0; : : : ; ul) is an extended counting circuit. The variables
u0; : : : ; ul are counting variables.

{ if C is a counting circuit, C is an extended counting circuit.

We obtain the de�nition for the bounded fan-in case by taking again k = 1. We
will denote by #AC0

ECO (respectively #NC1
ECO) the set of functions computed

by a uniform AC0 (respectively NC1) family of extended counting circuits. The
following theorem whose proof will be given in the appendix shows that extended
counting circuits are no more powerful than regular ones.

Theorem 7. #AC0
ECO = #AC0

CO and #NC1
ECO = #AC0

CO.

Proof. Let C be an extended counting circuit. We will show that there exists a
counting circuit computing #COC whose size and depth is of the same order of
magnitude. First observe that negation gates in C can be pushed down to the
literals. For this, besides the standard de Morgan laws, one can use the following
equalities whose veri�cation is straightforward:

SELECT(C0; : : : ; C2k−1; u0; : : : ; uk−1) = SELECT(C0; : : : ; C2k−1; u0; : : : ; uk−1);

PADAND(C0; (u0; : : : ; ul)) = PADOR(C0; (u0; : : : ; ul));

PADOR(C0; (u0; : : : ; ul)) = PADAND(C0; (u0; : : : ; ul)):

Then one can get rid of the OR gates by recursively replacing OR(C0; : : : ; C2k−1)
with SELECT(C0; : : : ; C2k−1; u0; : : : ; uk−1) where fu0; : : : ; uk−1g\CV(C0)[: : :[
CV(C2k−1) = ;. Since C0; : : : ; C2k−1 do not have any common counting variables,
this does not change the counting function computed by the counting circuit.
Finally we show how to extend the � function of De�nition 2 to PADOR gates
while keeping the same counting function as in Lemma 2. We de�ne

�(PADOR(C0; (u0; : : : ; ul))) = OR(A2jCV(�(C0))j �(2l+1−1); �(C0)):

Then, #PT�(C)(x) = #PT�(C0)(x) + (2jCV(�(C0))j � (2l+1 − 1)) which by the
inductive hypothesis is #COC0(x)+(2jCV(�(C0))j�(2l+1−1)): This in turn equals to
#COC(x) by de�nition of the PADOR gate and since u0; : : : ; ul are not counting
variables of C0.

Since all these transformations may increase the size or the depth only by a
constant factor, the statement follows. ut

5.2 Gap Classes

As usual, for any counting class #C, we de�ne the associated \Gap" class GapC.
A function f is in GapC i� there are two functions f1 and f2 in #C such that
f = f1 − f2. The following theorem will be useful for discussing probabilistic
complexity classes.
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Theorem 8. Let f be a function in GapAC0 (respectively GapNC1) . Then
there is an AC0 (resp. NC1) uniform family of counting circuits (Cn) such that
2 � f(x) = #COCjxj(x) − #COCjxj(x).

Proof. In fact, we will construct a family of extended counting circuits with the
required property. Then, the result will follow from theorem 7. Let #C be one of
the classes #AC0 or #NC1, and let f be a function in GapC. Then there exist
two functions in #C, f1 and f2 such that f = f1 − f2. Fix an entry x of length
n. Let us take two uniform #C families of counting circuits which compute f1

and f2, and let respectively D1 and D2 be the counting circuits in these families
which have n input variables.

Let V1 = CV(D1), V2 = CV(D2) and m =j V1 j + j V2 j. We will suppose
without loss of generality that V1 \ V2 = ; (by renaming the variables if neces-
sary). We de�ne D0

1 = PADAND(D1;V2) and D0
2 = PADAND(D2;V1). Let t be

a counting variable such that t 62 V1 [ V2 and de�ne Cn = SELECT(D0
1; D

0
2; t).

The counting circuit family (Cn) is uniform and is in C since its depth and size
are changed only up to a constant with respect to the families computing f1 and
f2.

We �rst claim that the counting function associated with Cn, on entry
x, computes f1(x) + (2m − f2(x)). First, let us observe that #COD0

2
(x) =

2m − #COD0
2
(x). Therefore, since t does not appear in D0

1 and D0
2, we have

#COCn(x) = #COD0
1
(x)+(2m−#COD0

2
(x)). By the de�nition of the PADAND

gate, the claim follows.
The number of variables in Cn ism+1. Therefore, #COCn(x)−#COCn

(x) =
2 � #COCn(x) − 2m+1. By the previous claim, this is 2f(x). ut

5.3 Random Classes via Semantical Counting

Another advantage of semantical counting circuits is that probabilistic complex-
ity classes can easily be de�ned in this model. The de�nition is analogous to the
de�nition of probabilistic classes based on Turing machines’ computation: for a
given input, we will count the fraction of all settings for the counting variables
which make the circuit accept. We will de�ne now the usual types of probabilis-
tic counting classes in our model and compare them to the existing de�nitions.
For a counting circuit C we de�ne PrCO(C(x)) by:

PrCO(C(x)) =
�
C(x) if CV(C) = ;;
#fv j C(x; v) = 1g=2jCV(C)j if CV(C) 6= ;:

Let now C be one of the classes AC0 or NC1. Then PCCO is the family of
languages for which there exists a uniform C family of counting circuits (Cn) such
that x 2 L i� PrCO(Cjxj(x)) > 1=2. Similarly BPCCO is the family of languages
for which there exists a uniform C family of counting circuits (Cn) such that
x 2 L i� PrCO(Cjxj(x)) > 1=2 + � for some constant � > 0. Finally, RCCO is
the family of languages for which there exists a uniform C family of counting
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circuits (Cn) such that if x 2 L then PrCO(Cjxj(x)) � 1=2 and if x 62 L then
PrCO(Cjxj(x)) = 0.

Let us recall that PC was de�ned [AAD97, CMTV98] as the family of lan-
guages L for which there exists a function f in GapC such that x 2 L i� f(x) > 0.
Theorem 8 implies that these de�nitions coincide with ours.

Bounded error and one sided error circuit based probabilistic complexity
classes were de�ned in the literature for the classes in the AC and NC hierarchy
[Weg87, Joh90, Coo85]. These are semantical de�nitions in our terminology, but
unlike in our case, no special restriction is put on the way counting variables are
introduced. To be more precise, let a probabilistic circuit family (Cn) as a uni-
form family of circuits where the circuits have standard and probabilistic input
variables and the number of probabilistic input variables is polynomially related
to the number of input variables. For any input x, the probability that such
a family accepts x is the fraction of assignments for the probabilistic variables
which make the circuit Cjxj accept x. Then the usual de�nition of BPC and RC
is similar to that of BPCCO and RCCO except that probabilistic circuit families
and not counting circuit families are used in the de�nition.

The robustness of our de�nitions is underlined by the fact that the bounded
error (respectively one-sided error) probabilistic class de�ned via constant depth
and polynomial size branching programs lies between the classes BPAC0

CO and
BPNC1

CO (respectively RAC0
CO and RNC1

CO). This follows from the inclusions
#AC0

CO � #BR � #NC1
CO, and from the fact that counting branching programs

are also de�ned semantically.
As we mentioned already, it is known [SST95, VW96] that if PAC0 is de-

�ned via probabilistic and not counting circuit families, then it is equal to PP.
Therefore, it is natural to ask what happens in the other two error models: is
BPCCO = BPC and is RCCO = RC? If not, then we think that since branching
programs form a natural model for de�ning low level probabilistic complexity
classes, the above result indicates that counting circuits might constitute the
basis of the \right" de�nition.

6 Conclusion

Circuit based counting functions and probabilistic classes can be de�ned seman-
tically via counting circuits families. These circuits contain additional counting
variables whose appearances are restricted. When these de�nitions are equivalent
to the syntactical ones, we can rightly consider the classes robust. In the opposite
case, we think that this is a serious reason for reconsidering the de�nitions.

Let us say a word about the restrictions we put on the counting variables.
They are essentially twofold: �rstly they can not appear in several subcircuits
of an AND gate and secondly they can be introduced only via the SELECT
and PADAND gates. Of these restrictions, the second one is purely technical.
Indeed, any appearance of a counting variable u can be replaced by a subcircuit
SELECT(0; 1; u) without changing the counting function computed by the cir-
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cuit. On the other hand, the �rst one is essential: without it, #AC0 would be
equal to #P.
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Abstract. Map labeling is a classical key problem. The interest in this
problem has grown over the last years, because of the need to churn
out di�erent types of maps from a growing and altering set of data. We
will show that the problem of placing street names without conflicts in
a rectangular grid of streets is NP-complete and APX-hard. This is the
�rst result of this type in this area. Further importance of this result
arises from the fact that the considered problem is a simple one. Each
row and column of the rectangular grid of streets contains just one street
and the corresponding name may be placed anywhere in that line.

1 Introduction and De�nitions

The street layout of some modern cities planned on a drawing table are often
right angled. In a drawing of such a map the street names should be placed
without conflict. Thus each name should be drawn within the rectangular area
without splitting or conflicting with other names. See Figure 1 for an example.
The names are indicated by simple lines.

A map consists of an Nh�Nv grid with Nh columns and Nv rows. A horizontal
line, i.e. a horizontal street name, is given by the pair (i; l) where i (1 � i � Nv)
indicates the row of the street and l (1 � l � Nh) the length of that name. The
vertical lines are given in a similar way, by indicating their column and height.

A placement in a map assigns to every line (street name) a position to place
the �rst character in. If the �rst character of a horizontal line (i; l) is placed in
column s (1 � s � Nh − l + 1), then the name will occupy the following space
in the grid: f(j; i) j s � j � s + l − 1g. Vertical lines are placed analogously. A
conflict in a placement is a position occupied by both, a vertical and a horizontal
line.

Given a map and a set of lines to be placed in the map, StrP denotes the
problem to decide whether the given lines may be placed conflict-free. We will
show that this problem is NP-complete. Max-StrP is the problem to �nd a place-
ment that maximizes the number of lines placed without conflict, which will

? Supported by DFG Project HR 14/5-1 \Zur Klassi�zierung der Klasse praktisch
lösbarer algorithmischer Aufgaben"
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Fig. 1. A map with street names

be shown to be APX-hard below. An overview on approximation problems and
hardness of approximation proofs can be found in [Ho96, MPS98].

Map labeling problems have been investigated intensively in the last twenty
years. Most results are in the �eld of heuristic and practical implementation
[WS99]. The known complexity results are about restricted versions of the map
labeling problem. In [KI88, FW91, MS91, KR92, IL97], NP-completeness results
are presented for the case that each label has to be attached to a �xed point.
The type of label and alignment varies in these papers. For other models of the
map labeling problem see [WS99].

Note that this type of map labeling was motivated by practical applications
and introduced in [NW99]. There are algorithms given for solving StrP which run
for some special cases in polynomial time and perform reasonable in practical
applications. With this respect, the APX-hardness is even more surprising. For
the harder problem to place lines on a cylindrical map, there is also a proof of
NP-completeness in [NW99] which relies essentially on the cylindrical structure.

Note that our notation di�ers from [NW99] where for instance a vector of
street-lengths for all rows and columns is given as input. But for showing APX-
hardness by a reduction from 3SAT, we need to describe e�ciently a map of
order n2 � n having only O(n) lines to be placed, if n is the size of the formula.

Our reduction is based on the following result. Please note that in the for-
mulae constructed in the proof of that theorem, every variable is used at least
twice1.

1 This is not surprising at all: variables used at most once in a formula can be assigned
a truth value trivially, hence their inclusion would rather make the problem more
tractable, not harder.
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Theorem 1 (J. H�astad [H�a97]).
For every small " > 0, the problem to distinguish 3SAT instances that can be
satis�ed from those where at most a fraction of 7=8 + " of the clauses can be
satis�ed at the same time, (1; 7

8 + ") − 3SAT for short, is NP-hard.

The construction and proof of NP-completeness of StrP will be presented in
Section 2. Section 3 contains the proof for the APX -completeness of Max-StrP
and Section 4 gives the conclusions.

2 Map Construction and NP-Hardness

In this section, we give a reduction from 3SAT to StrP which we use for showing
NP-hardness as well as APX-hardness. The proof of NP-hardness comes imme-
diately with the construction. For the proof of APX-hardness of StrP only a
small construction detail has to be added. Thus we give in this section the full
construction, and we prove the APX-hardness of StrP in the next section.

Assume we have a 3SAT formula � consisting of clauses c1; : : : ; cl over vari-
ables x1; : : : ; xm. Each clause ci is of the form zi;1 _ zi;2 _ zi;3, the zi;j being
from fx1; : : : ; xmg [ fx1; : : : ; xmg. We assume w.l.o.g. that each variable occurs
at least twice.

Variables Clauses

· · · · · ·stpmir
i;j stpmir

i′;j′· · ·

Mirror neg. occurr.

stpvar
1;a stpvar

1;b stpvar
m;b stpc

1;1 stpc
1;2 stpc

1;3 stpc
l;3

Fig. 2. The outline of the map

First we give an informal description of the proof idea. We want to construct
a map M� out of �. Let n = 3l + m. M� will have height Nv = 14n and width
Nh � 36n2. It will be split into several vertical stripes, which means that there
are several vertical lines of full height Nv. For clear reference, we use names for
the stripes. The general picture of M� is shown in Figure 2.

It consists of three groups of vertical stripes. To the left, we have a pair of
vertical stripes for each variable. Here, the placement of lines corresponds to
assigning a certain value to the respective variable. The rightmost part contains
for each clause a triple of vertical stripes such that a non-conflicting placement
of all lines in these stripes can be made only if there is a clause satisfying setting
of at least one of its variables represented in the leftmost part. The middle
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part, called \mirror negative occurrences" is necessary to connect the other two
properly. It will be explained below.

To ease the description we will just de�ne the width of these stripes and
further lines added within the strips. Thus the position of the separating vertical
lines will be implicitly de�ned. The width of these stripes varies between 6n and
4n − l > 3n. The position of vertical lines put within such a stripe will be given
relative to the separating vertical lines. Let stp be a stripe of width w surrounded
by vertical lines at position c and c + w + 1. If we say a vertical line is put at
position i (1 � i � w) in stripe stp, this line will be put in column c + i of the
whole map.

To move the information around in M�, our main tool are horizontal lines
which �t into the above mentioned stripes. These horizontal lines will be ordered
(from top and bottom rows towards the middle) according to their length. A line
of width 6n− j will be in row n+ j or Nv −n− j, where 0 � j < 3n. The reason
for leaving the top and bottom n rows unused will become clear in Section 3.
We denote by H(j) a horizontal line of width 6n − j put in row n + j and by
H(j) a horizontal line of width 6n − j put in row Nv − n − j.

Fig. 3. A vertical stripe

In the middle of a typical vertical stripe of width 6n − j, we will put a
vertical line of height Nv − 1 − (n + j). Consequently, either H(j) or H(j) can
be placed in this stripe, by placing the middle vertical line either at the lowest
position, opening row n + j for H(j), or at the highest position, opening row
Nv − n − j + 1 for H(j). Furthermore, no other horizontal line H(j0) or H(j0)
(0 � j0 < 3n; j0 6= j) can be placed in that stripe. Either it is wider than the
whole stripe, or if it is smaller, it will be in a row which is already blocked by
the middle vertical line, see Figure 3.

There will be some exception where we may place several horizontal lines in
the same stripe. But as we will see, the overall principle will remain una�ected.

The details of the construction are shown in Figure 4. Here we have solid
lines depicting lines drawn in their de�nite position or in one of their only two
possibly non-conflicting positions. These positions are always limited to the re-
spective vertical stripe. Dashed lines are used for the horizontal lines which are
the essential tool to connect the di�erent parts of the map. They have always



106 Sebastian Seibert and Walter Unger

two possibly non-conflicting positions in two di�erent parts of the map. For some
of them, you can see both positions in Figure 4. Finally, there is the dotted line
shown in all of its three possibly non-conflicting positions in the rightmost part.

3n

6n-5
3n

(a)

vvar
1;a

vvar
1;b

hocc
:;:

hvar
1;t

6n

hocc
:;:

hvar
1;b

vmir
i;j

stpvar
1;bstpvar

1;a

n+5

n

H-n-5

H-n-3

3n

5n-k

(b)

hocc
i;j

6n-k

hocc
i;j

vmir
i;j

stpmir
i;j

2n+k

H-n-k

3n

4n-k

(c)

6n-w2

vc
i;j

hc
i

voc
i;j

hi;j

stpc
i;3stpc

i;1 stpc
i;2

H-3n-k

n+w2

Fig. 4. Components of the map

The Variable Part

More precisely, we start constructing M� by building a pair of vertical stripes
stpvar

i;a ; stpvar
i;b as in Figure 4 (a) for each variable xi (1 � i � m). Assume xi

occurs si times in �. Furthermore, let ti = i +
Pi

j=1 sj , and t0 = 0. Stripe
stpvar

i;a is set to width wi;a = 6n − ti−1 and the width of stripe stpvar
i;b is wi;b =

6n − ti + 1 = 6n − ti−1 − si. You will see that i = 1 and si = 5 gives a picture
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as in Figure 4 (a). Note that in Figure 4, numbers above and below the map
give the amount of free space between vertical lines whereas numbers to the left
mark the row a horizontal line is put in.

Now we put vertical lines vvar
i;a and vvar

i;b in the middle of the stripes stpvar
i;a

and stpvar
i;b to prevent unwanted placement of horizontal lines. Since all we need

is that at most 3n columns are left free to either side (all horizontal lines will
be wider), it has only to be roughly the middle. Thus we put vertical lines of
height Nv − n − ti in both stripes at the respective position 3n + 1.

These are complemented by horizontal lines hvar
i;t = H(ti − 1) and hvar

i;b =
H(ti − 1). Together, these lines construct a switch as depicted in Figure 5.

(b)(a)

Fig. 5. Variable switch

Our general principle of stripe construction explained above assures that the
horizontal line hvar

i;t ; hvar
i;b must not be placed elsewhere without conflict. Thus,

Figure 5 shows the essentially only two possible non-conflicting placements of the
lines built so far. Here, it is unimportant which placement exactly a horizontal
line H(ti − 1) or H(ti − 1) gets in the left stripe stpvar

i;a .
Next, we add a horizontal line for each occurrence of the variable xi. If zj;j′

contains the kth occurrence of xi in �, then hocc
j;j′ represents that occurrence.

If zj;j′ = xi then hocc
j;j′ = H(ti−1 + k), on the other hand, if zj;j′ = xi, then

hocc
j;j′ = H(ti−1 + k). These are the dashed lines of Figure 4 (a).

If the switch is placed as in Figure 5 (a) all lines corresponding to posi-
tive occurrences of xi can be placed without conflict in stripe stpvar

i;a . The lines
corresponding to negative occurrences cannot be placed without conflict in the
switch since stripe stpvar

i;a is blocked and the stripe stpvar
i;b is narrower than all

of these lines. This placement will correspond to setting xi = 1. Similarly, the
other possible placement of the switch corresponds to setting xi = 0.

We will end up using just n = 3l + m di�erent widths of horizontal lines,
from 6n to 5n + 1. Thus, the next step can be started by using width 5n.
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The Middle Part

The aim of the middle part is to mirror the horizontal lines representing the
negative occurrences of variables into the upper half of the map. This is done by
using a stripe stpmir

i;j as depicted in Figure 4 (b). Assume the occurrence under
consideration is zi;j = xu.

The new stripe stpmir
i;j has the width of the horizontal line to be mirrored. Let

that line be hocc
i;j = H(k), 0 � k < n. The width of stripe stpmir

i;j is 6n − k. Now
we add inside the stripe a vertical line vmir

i;j at position (5n − k) + 1 of height
Nv − 1 − (n + j)). This reduces the width of the stripe for all inner rows from
6n − k to 5n − k. Inside this reduced stripe, we put new lines hocc

i;j = H(n + k)
and a vertical line vmir

i;j at position 3n + 1 of height Nv − 1 − (2n + j)).
Let us look at the idea of this construction. If xu is set to 0 (i.e. the lines

hvar
u;t ; hvar

u;b ; vvar
u;a ; vvar

u;b are placed accordingly), hocc
i;j can be placed in stpvar

u;a . Then

vmir
i;j can be placed in lowest position. This again allows to place hocc

i;j above it.
If xu is set to 1, hocc

i;j must be placed in stripe stpmir
i;j . Then both vmir

i;j and
vmir

i;j are \pushed upwards" which makes it impossible to place hocc
i;j in stpmir

i;j

without conflict.
The whole middle part of the map is made up out of stripes like that. Note

that the new horizontal lines are all of di�erent width since so where the original
ones. We just reduce the width by n.

Stripes for Clauses

Finally, we go into constructing a triple of stripes stpc
i;1; stp

c
i;2; stp

c
i;3 for each

clause ci. Let ci = zi;1 _ zi;2 _ zi;3, and let 4n − j > 3n be a new width, not used
before. Consider the horizontal lines hi;1; hi;2; hi;3 representing those occurrences
in the upper half of rows. That means hi;j = hocc

i;j if zi;j is a positive occurrence
of a variable, and hi;j = hocc

i;j if it is a negative occurrence (for j 2 f1; 2; 3g). For
speaking about the width of the new stripes, let hi;j = H(wj) for j 2 f1; 2; 3g.

For each of the three occurrences, we construct a stripe stpc
i;1; i 2 f1; 2; 3g

analogously to those described for the middle part, except that we use as new
line width for all three stripes the same value 4n − k. Consequently, only one
new horizontal line hc

i = H(2n + k) is created. The width of stripe stpc
i;j is wj

for j 2 f1; 2; 3g.
Each of the three strips will have new vertical lines are vc

i;j of height Nv −
1−n−wj at position 4n−k+1 (reducing the width to 4n−k) and vc

i;j of height
Nv − 1 − 3n − k at position 3n (the \middle" line), see Figure 4 (c).

Now the overall e�ect of this is as follows. Assume one of the literals zi;j in
a clause ci is zi;j = xu, and xu is set to 1, represented by placing the lines of
the variable switch for xu as described above. Then the corresponding horizontal
line hi;j = hocc

i;j can be placed in stpvar
u;a . This leaves free the place of that line in

the corresponding stripe stpc
i;j of the clause. The vertical lines vc

i;j ; v
c
i;j of that

stripe can be placed in highest position, and �nally, the unique horizontal line
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hc
i can be placed in that stripe. Similarly, assume zi;j = xu, and xu is set to 1,

represented by placing the lines of the variable switch for xu as described above.
Then hocc

i;j can be placed in stpvar
u;a , and hi;j = hocc

i;j can be placed in stpmir
i;j after

placing vmir
i;j and vmir

i;j in lowest position. Again, this leaves free the place of line
hi;j in the corresponding stripe stpc

i;j of the clause, and �nally, hc
i can be placed

in that stripe.
If on the other hand none of the three variables is set to ful�ll the clause,

that causes all three horizontal lines hi;1; hi;2; hi;3 to be placed in their re-
spective stripes stpc

i;1; stp
c
i;2; stp

c
i;3. But this \pushes down" the vertical lines

vc
i;1; v

c
i;1; v

c
i;2; v

c
i;2; v

c
i;3; v

c
i;3 which results in the impossibility to place the clause

representing line hc
i conflict free.

Overall, each non-satis�ed clause corresponds to an unavoidable conflict. So
far, we have shown our �rst result.

Theorem 2. StrP is NP-hard ut

3 A Bound of Approximability

In this section we will show that the previous construction can be used to obtain
thresholds on approximating StrP.

Theorem 3. For every small " > 0, the problem to distinguish StrP instances
that can be placed conflict-free from those where at most a fraction of 223

224 + " of
the lines can be placed without conflict, (1; 223

224 + ") − StrP for short, is NP-hard.

Corollary 1. For every small " > 0, there is no polynomial time (224
223 − ")-

approximation algorithm for Max-StrP unless P=NP, i.e. Max-StrP is APX-hard.

Proof (of Theorem 3). In view of Theorem 1, it is su�cient to show that the
above construction satis�es the following claims.

1. From a formula � containing l clauses, the above construction yields, in
polynomial time, a map M� containing at most 28l lines (if every variable
is used at least twice).

2. There exists a polynomial time procedure Pa that works on a map M� as
follows. Given a placement p where m horizontal lines have conflicts, Pa

outputs a placement p0 where at most m horizontal lines have conflicts, such
that each has only one conflict. Moreover, all horizontal lines with conflicts
are of the type hc

i constructed in the last part of the above construction.
3. There exists a polynomial time procedure Pb that works on a map M� as

follows. Given a placement p0 as generated by Pa with m conflicts, Pb gen-
erates an assignment to the variables of � such that at most m clauses of �
are not satis�ed.
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Then, assuming we would have an algorithm A deciding (1; 223
224 + ") − StrP

in polynomial time, we could get one deciding (1; 7
8 +28")− 3SAT in polynomial

time as follows. (Note that we do not need the fact that Pa and Pb are e�cient.)
Given (1; 7

8 +28") − 3SAT instance � with l clauses, construct M� and apply
the assumed decision algorithm.

If � is satis�able, there is a conflict-free placement in M� as we have already
seen in Section 2.

If on the other hand at most a fraction 7
8 + 28" of the clauses of � where

satis�able, we look at M�. Assume p to be a placement where a maximal number
of lines in M� are placed without conflict. Let m be the number of horizontal
lines having a conflict under placement p. That is, the fraction of lines which
could be placed without conflict in M� is at most 28l−m

28l .
Now we apply procedures Pa and Pb, getting an assignment satisfying at

least l − m out of l clauses in �. By assumption about �, we have

l − m

l
� 7

8
+ 28"; that is, m �

�
1
8

− 28"

�
l;

and hence
28l − m

28l
� 28l − (

1
8 − 28"

�
l

28l
=

223
224

+ ":

Thus the result of algorithm A would decide (1; 7
8 +28")−3SAT, in contradiction

to Theorem 1.
It remains to prove the above claims.

1. As mentioned in Section 2, there are at most 3
2 l variables if we assume

every variable to be used at least twice. Furthermore, we have exactly 3l
occurrences of variables and l clauses.
Constructing the leftmost part of M�, we have invented 6 lines per variable
and 1 per occurrence which gives at most 12l lines. In the middle part, we
need 4 new lines per negative occurrence, that is at most 6l lines (remember
that at most half of the occurrences are negative). Finally, in the rightmost
part of M�, we use 9 new vertical and one new horizontal line per clause,
being 10l new lines.
Overall, there are at most 28l lines to be placed in M�.

2. We use the names of the lines and stripes as given in Section 2.
The basic idea of Pa is that each horizontal line is best placed in one of the
vertical stripes \made for it". More precisely, Pa works by modifying p as
follows.
(a) For each variable xu, place the lines vvar

u;a ; vvar
u;b ; hvar

u;b ; hvar
u;t in one of the

two possible ways they may be placed without conflict among each other
within the two stripes stpvar

u;a ; stpvar
u;b for xu. Which one of the two pos-

sibilities is taken, is decided in such a way that the minimal number of
conflicts between vvar

u;a and those lines hocc
i;j (placed as in p) occurs where

zi;j is an occurrence of xu, and hocc
i;j is placed completely within stripe

stpvar
u;a .
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(b) Place every line hocc
i;j which still has a conflict in stripe stpc

i;j if zi;j is a
positive occurrence, and in stpmir

i;j if zi;j is a negative occurrence.
(c) For each negative occurrence zi;j , place vmir

i;j and vmir
i;j in their highest

position if hocc
i;j is placed in stpmir

i;j , and in lowest position otherwise.

(d) If vmir
i;j ; vmir

i;j are placed in highest position, place hocc
i;j in stpc

i;j . Otherwise,
place hocc

i;j in stpmir
i;j .

(e) If hi;j is placed in stripe stpc
i;j , place vc

i;j and vc
i;j in their lowest position,

otherwise in their highest position.
(f) It hc

i still has a conflict, place it in any of the stripes stpmir
i;1 , stpmir

i;2 , or
stpmir

i;3 .
The crucial point is that none of these steps increases the number of hori-
zontal lines having conflicts. We check this step by step.
(a) First, hvar

u;b ; hvar
u;t are placed without conflict here. Secondly, due to the

general principle of the construction, all other horizontal lines than those
hocc

i;j representing occurrences of xu cannot be placed without conflict
within the stripes for xu. And those representing occurrences of xu may
be placed without conflict only in the left stripe. All that remains to show
is that the minimal number of conflict between vvar

u;a and those lines is
assumed in one of the extremal positions of vvar

u;a . But now, the fact that
the �rst and last n rows of M� are not used for horizontal lines takes
e�ect. The height of vvar

u;a is always at least Nv −2n. Thus it is impossible
to have horizontal lines placed both below and above vvar

u;a at the same
time. Consequently, from any placement of vvar

u;a , changing it into at least
one of its extremal positions is save.

(b) Only horizontal lines already having conflicts are a�ected.
(c) Only hocc

i;j and hocc
i;j may be placed in stpmir

i;j without conflict. If hocc
i;j is

present, this step may move a conflict from hocc
i;j to hocc

i;j . Otherwise, only
a possible conflict of hocc

i;j is resolved.
(d) Again, only horizontal lines having conflicts are a�ected.
(e) Symmetrically to step (d), a conflict may only be moved from hi;j to hc

i .
(f) Again, only horizontal lines already having conflicts are a�ected.
This guarantees that the number of horizontal lines already having conflicts
is not increased.
Moreover, steps (b) and (c) for negative occurrences, resp. (b) and (e) for
positive occurrences, assure that lines hocc

i;j are placed without conflict. Re-
member that hi;j = hocc

i;j for positive occurrences, and hi;j = hocc
i;j for nega-

tive. Steps (d) and (e) guarantee the same for hocc
i;j .

Finally, the lines hc
i are placed in a stripe where they may have a conflict

with at most some vc
i;j , i.e. have at most one conflict.

3. In Section 2, we have convinced ourselves that the \variable switches" in
the leftmost part of M� can be placed without conflict only in two ways,
interpretable as setting the corresponding variable to 0 or 1. Since all con-
flicts are on the rightmost part of M�, we can take that interpretation as
an assignment to the variables. Also in Section 2, we have seen that this
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assignment satis�es a clause ci if the line hc
i can be placed without conflict.

Thus, if there were initially m conflicts present in the placement, at most m
clauses will be non-satis�ed. ut

4 Conclusion

We have presented the �rst proofs of NP-completeness and APX-hardness for a
simple map labeling problem. An algorithm with an approximation factor of two
is easy. Just label either all horizontal or all vertical streets. It remains open to
close the gap between both factors. Our results extend easily to the case where
some regions of the map may not be used for labels. It is also interesting to look
for more extensions.
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Abstract American cities, especially their central regions usually have a very
regular street pattern: We are given a rectangular grid of streets, each street has to
be labeled with a name running along its street, such that no two labels overlap.
For this restricted but yet realistic case an efficient algorithmic solution for the
generally hard labeling problem gets in reach.
The main contribution of this paper is an algorithm that guarantees to solve every
solvable instance. In our experiments the running time is polynomial without a
single exception. On the other hand the problem was recently shown to beN P-
hard.
Finally, we present efficient algorithms for three special cases including the case
of having no labels that are more than half the length of their street.

1 Introduction
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Fig.1.American downtown street map.

The general city map labeling prob-
lem is too hard to be automated
yet [NH00]. In this paper we focus
on the downtown labeling problem, a
special case, that was recently shown
to beN P-hard [US00].

The clearest way to model it, is
to abstract a grid-shaped downtown
street pattern into a chess board of ad-
equate size. The names to be placed
along their streets we abstract to be
tiles that w.l.o.g. span an integer num-
ber of fields. A feasible labeling then

is a conflict free tiling of the board placing all the labels along their streets.
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Our main algorithm is kind of an adaptive backtracking algorithm that is guaranteed
to find a solution if there is one. Surprisingly it has an empirically strictly bounded
depth of backtracking, namely one, which makes it an empirically efficient algorithm.
Given this experience this makes the theoretical analysis of our algorithm even more
interesting.

Using results from a well studied family of related problems from Discrete Tomog-
raphy [Woe96, GG95], we provide a NP-hardness result for a slightly different labeling
problem, taking place on a cylinder instead of a rectangle.

We round up the paper by giving efficient solutions to special cases: There is a
polynomial algorithm, if

– no label is longer than half of its street length
– all vertical labels are of equal length
– the map is quadratic and each label has one of two label lengths

One general remark that helps to suppress a lot of formal overhead: Often, we only
discuss the case of horizontal labels or row labels and avoid the symmetric cases of
vertical labels and columns or vice versa.

2 Problem Definition

Let G be a grid consisting ofn rows andm columns. LetR = fR1; : : : ; Rng and
C = fC1; : : : ; Cmg be two sets of labels. The problem is to label theith row of G with
Ri and thejth column ofG with Cj such that no two labels overlap. We will represent
the gridG by a matrix.

Definition 1 (Label problem (G; R; C; n; m)).
Instance: LetGn;m be a two dimensional array of sizen � m, Gi;j 2 f;; r; cg. LetRi

be the label of theith row and letri be the length of labelRi, 1 � i � n. LetCi be
the label of theith column and letci be the length of labelCi.

Problem: For each rowi setri consecutive fields ofGi;� to r and for each columnj
setcj consecutive fields ofG�;j to c.

Of cause no label can be longer than the length of the row or column, respectively.
Initially, we setGi;j = ; which denotes that the field is not yet set. Let[a; b[ be

an interval such thatGi;x 2 f;; rg, for x 2 [a; b[. We say thatGi;[a;b[ is free for row
labeling. Furthermore, this interval has lengthb − a. We also say thatGi;� contains
two disjoint intervalsof length at leastb b−a

2 c that are free for row labeling, namely
[a; a + b b−a

2 c[ and[a + b b−a
2 c; b[.

3 General Rules

Assume we have a label with length longer than half of its street length. No matter how
we position the label on its street, there are some central fields in the street that are
always occupied by this label. We therefore can simply mark these fieldsoccupied. It
is easy to see that these occupied fields can produce more occupied fields. The follow-
ing rules check whether there is sufficiently large space for each label and determines
occupied fields.
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Rule 3.1 (Conflict) Let I = [a; b[ be the longest interval of rowi that is free for row
labeling. Ifri > b − a, then rowi can not be labeled, since it does not contain enough
free space for row labeling. In this case we say that aconflict occurred and it follows
that the instance is not solvable.

Rule 3.2 (Large labels)Let I = [a; b[ be the only interval inGi;� that is free for fea-
sible row labeling. Observe that the fields that are occupied simultaneously whenRi is
positioned leftmost and rightmost inI have to be occupied byRi no matter where it is
placed. These fields we set tor and call them preoccupied.

Procedure 1 PREPROCESSING(G; R; C; n; m)

1) repeat f
2) G0 = G;

3) run Rule 3.2 on(G; R; C; n; m) and on(GT ; C; R; m; n);
4) if Rule 3.1 yields a conflict on(G; R; C; n; m) or on (GT ; C; R; m; n) then
5) return “conflict”;
6)guntil (G = G0);
7) return true;

Our PREPROCESSINGProcedure 1 iteratively executes the Rules 3.1 and 3.2 until
none of them yields a further change to the label problem or a conflict occurs. In the
latter case we have that the instance is not solvable. We will spell out special cases
where the successful preprocessing implies solvability. Furthermore, the preprocessing
underlies the following considerations.

For each unfixed label that is limited to just one interval of at most twice its length or
to two intervals of exactly its length we can check whether these labels can be simulta-
neously positioned without conflicts. This can be done since all possible label positions
of these rows and columns can be encoded in a set of 2SAT clauses, the satisfaction
of which enforces the existence of a conflict free label positioning of these labels. On
the other hand a conflict free label positioning of these labels implies a satisfying truth
assignment to the set of clauses. Even, Itai and Shamir [EIS76] proposed a polynomial
time algorithm that solves the 2SAT problem in time linear in the number of clauses
and variables.

We therefore represent each matrix fieldGi;j by two boolean variables. We have
the boolean variableGi;j = r and its negationGi;j = r which meansGi;j 6= r or
Gi;j 2 f;; cg. As the second variable we haveGi;j = c and its negationGi;j = c
which meansGi;j 6= c or Gi;j 2 f;; rg. Of course these two variables are coupled by
the relation(Gij = r) ! (Gij = c).

Those rows and columns, where the possible label positions are limited to just one
interval of at most twice its length or to two intervals of exactly it length, we calldense.
We now encode all possible label positions of the dense rows and columns in a set of
2SAT clauses the satisfaction of which yields a valid labeling of these rows and columns
and vice versa.
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Property 1 (Density Property I).Let Gi;� be a row that contains exactly two maximal
intervals each of lengthri that are disjoint and free for feasible row labeling. Let these
intervals be[a; b[ and[c; d[, 1 � a < b < c < d � n + 1. Then, a valid labeling exists
if and only if the conditions

1. (Gi;a = r) $ (Gi;a+1 = r) $ (Gi;a+2 = r) $ � � � $ (Gi;b−1 = r),
2. (Gi;c = r) $ (Gi;c+1 = r) $ (Gi;c+2 = r) $ � � � $ (Gi;d−1 = r),
3. (Gi;a = r)= (Gi;c = r)

are fulfilled.

(Gi;a = r) $ (Gi;a+1 = r) can be written as the 2SAT clauses(Gi;a = r _
Gi;a+1 = r), (Gi;a = r _ Gi;a+1 = r) and since the condition(Gi;a = r)= (Gi;c =
r) can be written as(Gi;a = r _ Gi;c = r), (Gi;a = r _ Gi;c = r) it is easy to see that
the complete Density Property 1 can be written as a set of 2SAT clauses. The feasible
label placements are(Gi;a = r; : : : ; Gi;b−1 = r) and(Gi;c = r; : : : ; Gi;d−1 = r).

Property 2 (Density Property II).Let Gi;� be a row that contains only one maximal
interval [a; b[ that is free for feasible row labeling,ri < b − a � 2ri. Then, a valid
labeling for the row exists if and only if the conditions

1. (Gi;a = r) ! (Gi;a+1 = r) ! (Gi;a+2 = r) ! � � � ! (Gi;b−ri−1 = r);

2. Gi;b−ri = r; : : : ; Gi;a+ri−1 = r, and
3. (Gi;a = r) = (Gi;a+ri = r); (Gi;a+1 = r) = (Gi;ri+1 = r); : : : ; (Gi;b−ri−1 = r) =

(Gi;b = r)

are fulfilled.

Analogously to the first Density Property, the conditions of the second Density
Property can be formulated as a set of 2SAT clauses. All feasible label placements
are(Gi;a = r; Gi;a+1 = r; : : : ; Ga+ri−1 = r), (Gi;a+1 = r; Gi;a+2 = r; : : : ; Ga+ri =
r), (Gi;a+2 = r; Gi;a+3 = r; : : : ; Ga+ri+1 = r), : : : , (Gi;b−ri = r; Gi;b−ri+1 =
r; : : : ; Gi;b = r). Note that the properties work analogously for columns.

Theorem 1. The 2SAT formula of all dense rows and columns can be created inO(nm)
time. The 2SAT instance can be solved inO(nm) time.

Proof: The number of variables is limited by2nm. For each dense row we have at
most 3

2 n clauses. Analogously, for each dense column we have at most3
2 m clauses.

Altogether we haveO(nm) clauses. Thus, the satisfiability of the 2SAT instance can be
checked inO(nm) time [EIS76]. 2

Procedure 2 calls Procedure 1, ourpreprocessing. In case of success, all dense rows
and columns are encoded as a set of 2SAT clauses with the aid of Density Property 1
and 2. Then, their solvability is checked e.g. by invoking the 2SAT algorithm of Even,
Itai and Shamir [EIS76].

Lemma 1. ThePREPROCESSINGProcedure 1 and theDRAW CONCLUSIONSProce-
dure 2 can be implemented to use at mostO(nm(n + m)) time.
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Procedure 2 DRAW CONCLUSIONS(G; R; C; n; m)

1) if PREPROCESSING(G,R,C,n,m)thenf
2) F := the set of 2SAT clauses of the dense rows and column;
3) if F is satisfiablethen return true;g
4) else return false;

Proof: The rules only need to be applied to those rows and columns in which an entry
was previously set tor or c. A setting of a fieldGi;j can only cause new settings in row
i or columnj, which by themselves can again cause new settings. The application of
the rules on a row and a column takes timeO(n + m). Since at most2nm fields can
be set we yield that the preprocessing can be implemented such that its running time
is O(nm(n + m)). In Theorem 1 we proved that the 2SAT clauses can be generated
and checked for solvability inO(nm) time. Thus, we have a worst case time bound of
O(nm(n + m)). 2

Thus, we can solve dense problems:

Theorem 2. In case that each row and each column of a preprocessed labeling instance
(G; R; C; n; m) either fulfills the Density Property 1 or 2, Procedure 2DRAW CON-
CLUSIONS decides if the instance is solvable. In case of solvability we can generate
a valid labeling from a truth assignment. The overall running time is bounded by
O(nm(n + m)).

4 A General Algorithm

In this section we describe an algorithmic approach with a backtracking component that
solves any label problem. Empirically it uses its backtracking ability in a strictly limited
way such that its practical runtime stays in the polynomial range. After performing the
PREPROCESSINGand satisfiability test for dense rows and columns (see Procedure 2
DRAW CONCLUSIONS), we adaptively generate a tree that encodes all possible label
settings of the label problem. Each node in the first level of the search tree corresponds
to a possible label setting for the first row label. In theith level the nodes correspond
to the possible label settings for theith row, depending on the label settings of all
predecessor rows. Thus, we have at mostm possible positions for a row label and at
mostn levels. Our algorithm searches for a valid label setting in this tree by traversing
the tree, depth-first, generating the children of a node when necessary.

In the algorithm, we preprocess matrixG and check the solvability of the dense
rows and columns by invoking Procedure 2 DRAW CONCLUSIONS. We further mark
all these settings permanently. When we branch on a possible label setting for a row, we
increase the global timestamp, draw all conclusions this setting has for the other labels
by invoking Procedure 2 DRAW CONCLUSIONSand timestamp each new setting. These
consequences can be a limitation on the possible positions of a label or even the impos-
sibility of positioning a label without conflicts. After that, we select one of the newly
generated children, increase the timestamp and again timestamp all implications. When
a conflict occurs, the process resumes from the deepest of all nodes left behind, namely,
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from the nearest decision point with unexplored alternatives. We mark all timestamps
invalid that correspond to nodes that lie on a deeper level than the decision point. This
brings the matrixG into its previous state without storing each state separately. Let the
algorithm return a valid label setting for all rows. Since Procedure 1 ensures that each
columni contains an interval of length at leastci that is free for column labeling we
can simply label each column and yield a valid label setting. The algorithm is given in
Algorithm 1, and in the Procedures 1, 2, and 3.

Algorithm 1 LABEL (G; R; C; n; m)

1) timestamp:= 1;

2) if DRAW CONCLUSIONS(G,R,C,n,m) yields a conflict
3) return “not solvable”;
4) timestamp each setting;
5) let w be the first row that is not yet labeled;
6) if POSITION AND BACKTRACK(w,G,R,C,n,m,timestamp)f
7) label all columns that are not yet completely labeled;
8) return G; g
9) else
10) return “not solvable”;

Procedure 3 POSITION AND BACKTRACK (w; G; R; C; n; m; timestamp)

1) while there are untested possible positions for labelrw in row w f
2) local timestamp:=timestamp:=timestamp+1;

3) label roww with rw in one of these positions;
4) timestamp each new setting;
5) if DRAW CONCLUSIONS(G,R,C,n,m)then f
6) timestamp each new setting;
7) if there is a roww that is not yet labeledf
8) if POSITION AND BACKTRACK(w;G; R; C; n; m) then
9) return true;
10) g
11) else return true;
12) g
13) timestamp each new setting;
14) mark local timestamp invalid;
15) g
16) return false;

We implemented the backtracking algorithm and tested it on over 10000 randomly
generated labeling instances withn andm at most 100. After at most one backtracking
step per branch the solvability of any instance was decided. The algorithm is construc-
tive; for each solvable instance a labeling was produced. This makes it reasonable to
study the worst case run time behavior of the algorithm with backtracking depth one.
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The algorithm behaves in the worst case when each label is positioned first in all places
that cause a conflict, before it is positioned in a conflict free place. A row label can be
positioned in at mostm different places. Each time when a label is positioned the Pro-
cedure 2 DRAW CONCLUSIONSis called, which needs at mostO(nm(n + m)) time.
Thus, the time for positioning a row label is bounded byO(nm2(n+m)) time. Sincen
rows have to be labeled the backtracking approach with backtracking depth one needs
at mostO(n2m2(n+m)) time. If the assumption of limited backtracking behavior does
not hold the runtime is exponential.

5 Complexity Status

C

...
R
R1

2

1
C2

Fig.2.Cylinder Label problem

Although, Unger and Seibert recently proved the
N P-completeness of the label problem [US00],
we now show that a slight generalization, namely
the labeling of a cylinder shaped downtown, is
N P-hard. The reason is that our reduction could
be helpful in understanding the complexity of
the original problem. In addition it is quite intu-
itive and much shorter than that from Unger and
Seibert. Instead of labeling an array we now la-
bel a cylinder consisting ofn cyclic rows andm
columns. Figure 2 shows an example of a cylin-
der instance. We show that this problem isN P-
complete by reducing a version of theThree Parti-
tion problem to it. Our proof is similar to aN P-

completeness proof of Woeginger [Woe96] about the reconstruction of polyominoes
from their orthogonal projections. Woeginger showed that the reconstruction of a two-
dimensional pattern from its two orthogonal projectionsH and V is N P-complete
when the pattern has to be horizontally and vertically convex. This and other related
problems, also discussed in [Woe96] show up in the area of discrete tomography.

Definition 2 (Cylinder Label problem (Z; R; C; n; m)).

Instance: Let Zn;m be a cylinder consisting ofn cyclic rows andm columns. LetRi

be the label of theith row and letri be the length of labelRi, 1 � i � n. LetCi be
the label of theith column and letci be the length of labelCi, 1 � i � m.

Problem: For each rowi setri consecutive fields ofZi;� to r, for each columnj setcj

consecutive fields ofZ�;j to c.

Our reduction is done from the following version of theN P-complete Three Parti-
tion problem [GJ79].

Problem 1 (Three Partition).

Instance: Positive integersa1; : : : a3k that are encoded in unary and that fulfill the two
conditions(i)

P3k
i=1 ai = k(2B + 1) for some integerB, and(ii)(2B + 1)=4 <

ai < (2B + 1)=2 for 1 � i � 3k.
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Problem: Does there exist a partition ofa1; : : : ; a3k into k triples such that the ele-
ments of every triple add up to exactly2B + 1?

Theorem 3. The Cylinder Label problem isN P-complete.

Proof: Cylinder Label problem 2 N P : The Cylinder Label problem is inN P since
it is easy to check whether a given solution solves the problem or not.

Transformation: Now let an instance of Tree Partition be given. From this instance we
construct a Cylinder Label problem consisting ofn = k(2B + 2) rows andm = 3k
columns. The vectorr defining the row label length is of the form:

(m;m − 1; : : : ; m − 1| {z }; m; m − 1; : : : ; m − 1| {z }; : : : )

(2B + 1)-times (2B + 1)-times

Since a row label of lengthm occupies the whole row, those rows with label length
m have no free space for column labeling. Therefore the rows with label lengthm
subdivide the rows ink blocks, each containing2B + 1 rows each of which has one
entry that is free for column labeling when the row is labeled. The vector defining the
column label length is of the form:

(a1; a2; : : : ; a3k)

The transformation clearly is polynomial.

The Tree Partition instance has a solution, the Cylinder Label instance has a
solution:
“)”: Let (x1; y1; z1); : : : ; (xk; yk; zk) be a partition ofa1; : : : ; a3k into k triples such
thatxi + yi + zi = 2B + 1, 1 � i � k. For eachi, (xi; yi; zi) = (af ; ag; ah), for some
indicesf ,g, andh, 1 � i; f; g; h � 3k. We now label the columnsf; g; andh among
themselves in thei-th block of rows. More precisely, in columnf we label the fields
Zf;(i−1)(2B+2)+2 = c; : : : ; Zf;(i−1)(2B+2)+1+caf

= c. In columng we label the fields
Zg;(i−1)(2B+2)+2+caf

= c; : : : ,Zg;(i−1)(2B+2)+1+caf
+1+cag

= c. In columnh we
label the fieldsZh;(i−1)(2B+2)+2+caf

+cag
= c; : : : ; Zh;(i−1)(2B+2)+1+caf

+cag +cah
=

c. It then follows that the rowsj(2B + 2) + 1 are free for row labeling, for0 � j � k.
Thus, we can label them with their labels of length3k = m. All other rows have exactly
one entry occupied by a column label. Since the rows are cyclic we can label each of
these rows with a label of length3k − 1.

“(”: Let Z be a solution of the Cylinder Label instance. Each row contains at most one
entry that is occupied by a column label. Each column labelai has length(2B +1)=4 <
ai < (2B + 1)=2, 1 � i � 3k. Therefore, exactly three columns are label in the rows
j(2B + 2) + 2; : : : ; (j + 1)(2B + 2), for 0 � j � k − 1. Furthermore the label length
of each triple sums up to3k and thus partitionsa1; : : : ; a3k into k triples. Thus solves
the Three Partition instance. 2



Labeling Downtown 121

6 Solvable Special Cases

In the following section we derive anO(nm) time algorithm for the special case where
no label is longer than half of its street length. We think that this case applies especially
to large downtown maps, where the label length is short in respect to the street length.
In Section 6.2 we solve the label problem when each vertical label is of equal length. In
many American cities the streets in one orientation (e.g. north-south) are simply called
1-st Avenue, 2-nd Avenue,: : : . These names have all the same label length and thus the
label problem can be solved with the algorithm in Section 6.2. Another solvable special
case is the following: We are given a quadratic map, where each label has one of two
label lengths. Such an instance has a solution if and only if no conflict occurred in the
PREPROCESSINGProcedure 1. Due to space limitations, the length of the algorithm,
and its proof we refer to the technical report of this paper for this special case [NW99].
The algorithms of the last two cases have runtimeO(nm(n + m)).

6.1 Half Size

Let (G; R; C; n; m) be a label problem. In this section we study the case where each
row label has length at mostb m

2 c and each column label has length at mostb n
2 c. We

show that the label problem is solvable in this case.

Algorithm 2 HALF SOLUTION (G; R; C; n; m)

1) label the rows1; : : : ; b n
2

c leftmost;
2) label the rowsb n

2
c + 1 � n rightmost;

3) label the columns1; : : : ; b m
2

c bottommost;
4) label the columnsb m

2
c + 1; : : : ; m topmost;

Theorem 4. Let (G; R; C; n; m) be a label problem. Letri � b m
2 c and letci � b n

2 c.
Then, Algorithm 2 computes a solution to Problem 1 inO(nm) time.

Proof: Take a look at Figure 3.

6.2 Constant Vertical Street Length

In this section we consider the special case of the label problem(G; R; C; n; m) where
all column labels have lengthl. This problem we denote with(G; R; C; n; m; l). We
show that we can decide whether the label problem(G; R; C; n; m; l) is solvable or
not. We further give a simple algorithm that labels a solvable instance correctly. All
results of this section are assignable for the constant row length case.

Theorem 5 (Constant Column Length).Let (G; R; C; n; m; l) be a label problem
with ci = l, 1 � i � n. The instance is solvable if and only if no conflict occurred in
thePREPROCESSINGProcedure 1.
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Fig.3. Solution of a typical half size label
problem according to Algorithm 2.
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Fig.4.Typical downtown map where the ver-
tical street names have constant length.

We assume thatl � b m
2 c. Otherwise, rowd n

2 e contains no fields that are free for
row labeling. The next lemma states that the preoccupied fields are symmetric to the
vertical central axis ofG.

Lemma 2. Let (G; R; C; n; m; l) be a successfully preprocessed label problem. After
the preprocessing each row has the form[aba], where

Gi;1 = ;; : : : ; Gi;a = ;; Gi;a+1 = x; : : : ; Gi;a+b = x; Gi;a+b+1 = ;; : : : ; Gi;m = ;
for x = r or x = c, m � b � 0 and2a + b = m.

Proof: Initially we haveGi;j = ; for 1 � i � n, 1 � j � m. Executing Rule 3.2 on
each rowi with lengthri > m

2 yieldsGi;m−ri+1 = r; : : : ; Gi;ri = r. Thus, allr-entries
of G are symmetric to the vertical mid axis ofG. Remember that each column has label
lengthl. Therefore, executing Rule 3.2 on each columni yields that for each entryGi;j

that is set toc the fieldsGi;j+1 = c; : : : ; Gi;m−j+1 = c, if 1 � m
2 ; andGi;m−j+1 =

c; : : : ; Gi;j−1 = c, if m
2 � i � m. Therefore, allc-entries ofG are symmetric to

the central vertical axis ofG. Thus, until now each rowi has the form[aba], where
Gi;1 = ;; : : : ; Gi;a = ;; Gi;a+1 = x; : : : ; Gi;a+b = x; Gi;a+b+1 = ;; : : : ; Gi;m = ;
for x; y 2 fr; cg, b � 0, 2a+b = m and1 � i � n. Assume that the repeated execution
of Rule 3.2 on rowi of form [aba] andx = c does change an entry ofGi;�. In this case
a < ri and it follows that the instance is not solvable. Therefore, the repeated execution
of Rule 3.2 on a column can not change the instance and the lemma follows. 2

Lemma 3. Let (G; R; C; n; m; l) be a successfully preprocessed label problem. Then
Algorithm 3 computes a feasible solution to(G; R; C; n; m; l) in O(nm(n + m)) time.

Proof: Since(G; R; C; n; m; l) is preprocessed successively it follows that each column
contains an interval of length at leastl that is free for column labeling. Assume that after
processing steps 2-3 there exists a rowi not containing an interval of lengthri that is
free for row labeling. We make a case distinction according to the length ofRi:
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Algorithm 3 CONSTANT COLUMN LENGTH(G; R; C; n; m; l)

1) if PREPROCESSING(G;R; C; n; m) f
2) label the columns1; : : : ; d m

2
e − 1 bottommost;

3) label the columnsd m
2

e; : : : ; m topmost;
4) label the rows1; : : : ; n in the free space;
5) g

Caseri > d m
2 e: We know that the fieldsGi;m−ri+1 = r; : : : ; Gi;ri = r were set in the

preprocessing. Furthermore, Lemma 2 yields that no other entry ofGi;� was set toc
in the preprocessing. Therefore, each columnG�;j with 1 � j < m − ri + 1 or ri +
1 � j � m contains either one interval of length at least2l that is free for column
labeling or two intervals each of length at leastl that is free for column labeling.
From the symmetry of the label problem and since the column labels of the columns
j with 1 � j < m − ri + 1 are labeled bottom most and the labelsj with ri + 1 �
j � m are labeled top most it follows that either the fieldsGi;1; : : : ; Gi;m−ri+1 are
free for row labeling or the fieldsGi;ri+1; : : : ; Gi;m. Thus,Gi;� contains an interval
of lengthri that is free for row labeling. Contradiction.

Caseri � d m
2 e: Lemma 2 yields that this row has the form[aba] with Gi;1 = ;; : : : ;

Gi;a = ;; Gi;a+1 = c; : : : ; Gi;a+b = c; Gi;a+b+1 = ;; : : : ; Gi;m = ;, b � 0 and
2a + b = m. Since the instance is solvable it follows thata � ri. With the same
arguments as above it follows that either the fieldsGi;1; : : : ; Gi;ri are free for row
labeling or the fieldsGi;m−ri+1; : : : ; Gi;m are free for row labeling. Contradiction.

The running time is dominated by the preprocessing and thusO(nm(n + m)). 2

See Figure 5 and 6 for an example. Figure 4 shows a typical downtown city map in
which all vertical streets have the same length.

����������
����������
����������
����������

��������������������������������������������������������������������������������������

��������������������������������������������������������������

����������������������������������������������������������������������������

����������������������������������������
����������������������������������������
����������������������������������������
����������������������������������������

����������������������������������������

����������������������������������������������
��������������������������

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

��
��
��
��
��
��
��

��
��
��
��
��
��
��

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

��
��
��
��
��
��
��

��
��
��
��
��
��
��

Fig.5. Matrix of a constant column length
problem after the successful preprocessing. En-
tries that are set in the preprocessing are col-
ored black and gray.
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Fig.6.Solution of the label problem of the left
figure.
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Abstract. In this paper, we analyze algorithms for the online dial-a-
ride problem with request sets that ful�ll a certain worst-case restriction:
roughly speaking, a set of requests for the online dial-a-ride problem is
reasonable if the requests that come up in a su�ciently large time period
can be served in a time period of at most the same length. This new
notion is a stability criterion implying that the system is not overloaded.
The new concept is used to analyze the online dial-a-ride problem for
the minimization of the maximal resp. average flow time. Under reason-
able load it is possible to distinguish the performance of two particular
algorithms for this problem, which seems to be impossible by means of
classical competitive analysis.

1 Introduction

It is a standard assumption in mathematics, computer science, and operations
research that problem data are given. However, many aspects of life are online.
Decisions have to be made without knowing future events relevant for the current
choice. Online problems, such as vehicle routing and control, management of call
centers, paging and caching in computer systems, foreign exchange and stock
trading, had been around for a long time, but no theoretical framework existed
for the analysis of online problems and algorithms.

Meanwhile, competitive analysis has become the standard tool to analyze
online-algorithms [4,6]. Often the online algorithm is supposed to serve the re-
quests one at a time, where a next request becomes known when the current
request has been served. However, in cases where the requests arrive at certain
points in time this model is not su�cient. In [3,5] each request in the request
sequence has a release time. The sequence is assumed to be in non-decreasing
order of release times. This model is sometimes referred to as the real time
model. A similar approach was used in [1] to investigate the online dial-a-ride
problem|OlDarp for short| which is the example for the new concept in this
paper.

Since in the real time model the release of a new request is triggered by a
point in time rather than a decision of the online algorithm we essentially do not
? Research supported by the German Science Foundation (grant 883/5-2)
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need a total order on the set of requests. Therefore, for the sake of convenience,
we will speak of request sets rather than request sequences.

In the problem OlDarp objects are to be transported between points in a
given metric space X with the property that for every pair of points (x; y) 2 X
there is a path p : [0; 1] ! X in X with p(0) = x and p(1) = y of length d(x; y).
An important special case occurs when X is induced by a weighted graph.

A request consists of the objects to be transported and the corresponding
source and target vertex of the transportation request. The requests arrive online
and must be handled by a server which starts and ends its work at a designated
origin. The server picks up and drops objects at their starts and destinations. It
is assumed that neither the release time of the last request nor the number of
requests is known in advance.

A feasible solution to an instance of the OlDarp is a schedule of moves (i.e.,
a sequence of consecutive moves in X together with their starting times) in X
so that every request is served and that no request is picked up before its release
time. The goal of OlDarp is to �nd a feasible solution with \minimal cost",
where the notion of \cost" depends on the objective function used. The focus of
this paper is the investigation of the notoriously di�cult task to minimize the
maximal or average flow time online.

Recall that an online-algorithm A is called c-competitive if there exists a
constant c such that for any request set � (or request sequence � if we are
concerned with the classical online model) the inequality A(�) � c�OPT(�) holds.
Here, X(�) denotes the objective function value of the solution produced by
algorithm X on input � and OPT denotes an optimal o�ine algorithm. Sometimes
we are dealing with various objectives at the same time. We then indicate the
objective obj in the superscript, as in Xobj (�).

Competitive analysis of OlDarp provided the following (see [1]):

{ There are competitive algorithms (IGNORE and REPLAN, de�nitions see
below) for the goal of minimizing the total completion time of the schedule.

{ For the task of minimizing the maximal (average) waiting time or the maxi-
mal (average) flow time there can be no algorithm with constant competitive
ratio. In particular, the algorithms IGNORE and REPLAN have an unbounded
competitive ratio.

We do not claim originality for the actual online-algorithms IGNORE and RE-
PLAN; instead we show a new method for their analysis. As the reader will see in
the de�nitions, both REPLAN and IGNORE are straight-forward online strategies
based on the ability to solve the o�ine version of the problem to optimality or a
constant-factor approximation thereof (with respect to the minimization of the
total completion time).

The �rst|to the best of our knowledge|occurrence of the strategy IGNORE
can be found in the paper by Shmoys, Wein, and Williamson [13]: They show a
fairly general result about obtaining competitive algorithms for minimizing the
total completion time in machine scheduling problems when the jobs arrive over
time: If there is a �-approximation algorithm for the o�ine version, then this
implies the existence of a 2�-competitive algorithm for the online-version, which
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is essentially the IGNORE strategy. The results from [13] show that IGNORE-
type strategies are 2-competitive for a number of online-scheduling problems.
The strategy REPLAN is probably folklore; it can be found also under di�erent
names like REOPT or OPTIMAL.

It should be noted that the corresponding o�ine-problems with release times
(where all requests are known at the start of the algorithm) are NP-hard to solve
for the objective functions of minimizing the average or maximal flow time|it is
even NP-hard to �nd a solution within a constant factor from the optimum [11].
The o�ine problem without release times of minimizing the total completion
time is polynomially solvable on special graph classes but NP-hard in general
[8,2,7,10].

If we are considering a continuously operating system with continuously ar-
riving requests (i.e., the request set may be in�nite) then the total completion
time is meaningless. Bottom-line: in this case, the existing positive results cannot
be applied and the negative results tell us that we cannot hope for performance
guarantees that may be relevant in practice, such as bounds for the maximal
or average flow time. In particular, the two algorithms IGNORE and REPLAN
cannot be distinguished by classical competitive analysis because it is easy to see
that no online-algorithm can have a constant competitiveness ratio with respect
to minimizing the maximal or average flow time.

The point here is that we do not know any notion from the literature to
describe what a particular set of requests should look like in order to allow for a
continuously operating system. In queuing theory this is usually modelled by a
stability assumption: the rate of incoming requests is at most the rate of requests
served. To the best of our knowledge, so far there has been nothing similar in the
existing theory of discrete online-algorithms. Since in many instances we have no
exploitable information about the distributions of requests we want to develop a
worst-case model rather than a stochastic model for stability of a continuously
operating system.

Our idea is to introduce the notion of �-reasonable request sets. A set of
requests is �-reasonable if|roughly speaking|requests released during a period
of time � � � can be served in time at most �. A set of requests R is reasonable
if there exists a � < 1 such that R is �-reasonable. That means, for non-
reasonable request sets we �nd arbitrarily large periods of time where requests
are released faster than they can be served|even if the server has the optimal
o�ine schedule. When a system has only to cope with reasonable request sets, we
call this situation reasonable load. Section 3 is devoted to the exact mathematical
setting of this idea.

We now present our main result on the OlDarp under �-reasonable which
we prove in Sects. 4 and 5.

Theorem 1. For the OlDarp under �-reasonable load, IGNORE yields a max-
imal and an average flow time of at most 2�, whereas the maximal and the
average flow time of REPLAN are unbounded.

The algorithms IGNORE and REPLAN have to solve a number of o�ine in-
stances of OlDarp, minimizing the total completion time, which is in general
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NP-hard, as we already remarked. We will show how we can derive results for
IGNORE when using an approximate algorithm for solving o�ine instances of
OlDarp (for approximatation algorithms for o�ine instances of OlDarp, re-
fer to [8,2,7,10]). For this we re�ne the notion of reasonable request sets again,
introducing a second parameter that tells us, how \fault tolerant" the request
set is. In other words, the second parameter tells us, how \good" the algorithm
has to be to show stable behavior. Again, roughly speaking, a set of requests is
(�,�)-reasonable if requests released during a period of time � � � can be served
in time at most �=�. If � = 1, we get the notion of �-reasonable as described
above. For � > 1, the algorithm is allowed to work \sloppily" (e.g., employ ap-
proximation algorithms) or have break-downs to an extent measured by � and
still show a stable behavior.

Note that our performance guarantee is with respect to the \reasonableness"
� of the input set|not with respect to an optimal o�ine solution. One might
ask whether IGNORE is competitive with respect to minimizing the maximal or
average flow time. This follows trivially from our main result if the length of a
single request is bounded from below; we leave it as an exercise for the reader to
show that without this assumption there can be no competitive online algorithm
for these objective functions|even under reasonable load.

The algorithms under investigation compute o�ine locally optimal schedules
with respect to the minimization of the total completion time in order to glob-
ally minimize the maximal or average flow times. This is of practical relevance
because minimizing the total completion time o�ine is easier than minimizing
the maximal or average flow time o�ine (see [11]). It is an open problem whether
locally optimal schedules minimizing the maximal or average flow time yield bet-
ter results. However, then the locally optimal schedules would be much harder
to compute. Thus, such algorithms would not be feasible in practice.

2 Preliminaries

Let us �rst sketch the problem under consideration. We are given a metric space
(X; d). Moreover, there is a special vertex o 2 X (the origin). Requests are
triples r = (t; a; b), where a is the start point of a transportation task, b its
end point, and t its release time, which is|in this context|the time where r
becomes known. A transportation move is a quadruple m = (t; a; b; R), where a
is the starting point and b the end point, and t the starting time, while R is the
set (possibly empty) of requests carried by the move. The arrival time of a move
is the sum of its starting time and d(a; b). A (closed) transportation schedule is
a sequence (m1; m2; : : :) of transportation moves such that

{ the �rst move starts in the origin o;
{ the starting point of mi is the end point of mi−1;
{ the starting time of mi carrying R is no earlier than the maximum of the

arrival time of mi and the release times of all requests in R.
{ the last move ends in the origin o.
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An online-algorithm for OlDarp has to move a server in X so as to ful�ll all
released transportation tasks without preemption (i.e., once an object has been
picked up it is not allowed to be dropped at any other place than its destination),
while it does not know about requests that come up in the future. In order to plan
the work of the server, the online-algorithm may maintain a preliminary (closed)
transportation schedule for all known requests, according to which it moves the
server. A posteriori, the moves of the server induce a complete transportation
schedule that may be compared to an o�ine transportation schedule that is
optimal with respect to some objective function (competitive analysis).

We are concerned with the following objective functions:

{ The total completetion time (or makespan) Acomp(�) of the solution pro-
duced by algorithm A on a request set � is the time need by algorithm A to
serve all requests in �.

{ The maximal resp. average flow time Amaxflow (�) resp. Aflow (�) is the max-
imal resp. average of the di�erences between the completion times produced
by A and the release times of the requests in �.

We start with some useful notation.

De�nition 1. The release time of a request r is denoted by t(r).
The o�ine version of r = (t; a; b) is the request

ro�ine := (0; a; b):

The o�ine version of R is the request set

Ro�ine :=
�
ro�ine : r 2 R

}
:

An important characteristic of a request set with respect to system load
considerations is the time period in which it is released.

De�nition 2. Let R be a �nite request set for OlDarp. The release span �(R)
of R is de�ned as

�(R) := max
r2R

t(r) − min
r2R

t(r):

Provably good algorithms exist for the total completion time and the weighted
sum of completion times. How can we make use of these algorithms in order to
get performance guarantees for minimizing the maximal (average) waiting (flow)
times? We suggest a way of characterizing request sets which we want to consider
\reasonable".

3 Reasonable Load

In a continuously operating system we wish to guarantee that work can be
accomplished at least as fast as it is presented. In the following we propose a
mathematical set-up which models this idea in a worst-case fashion. Since we are
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always working on �nite subsets of the whole request set the request set itself
may be in�nite, modeling a continuously operating system.

We start by relating the release spans of �nite subsets of a request set to the
time we need to ful�ll the requests.

De�nition 3. Let R be a request set for the OlDarp. A weakly monotone
function

f :
�

IR ! IR;
� 7! f(�);

is a load bound on R if for any � 2 IR and any �nite subset S of R with �(S) � �
the completion time OPTcomp(So�ine ) of the optimum schedule for the o�ine
version So�ine of S is at most f(�). In formula:

OPTcomp(So�ine ) � f(�):

Remark 1. If the whole request set R is �nite then there is always the trivial
load bound given by the total completion time of R. For every load bound f we
may set f(0) to be the maximum completion time we need for a single request,
and nothing better can be achieved.

A stable situation would be characterized by a load bound equal to the
identity on IR. In that case we would never get more work to do than we can
accomplish. If it has a load bound equal to a function id=�, where id is the
identity and where � � 0, then � measures the tolerance of the request set: An
algorithm that is by a factor � worse then optimal will still accomplish all the
work that it gets. However, we cannot expect that the identity (or any linear
function) is a load bound for OlDarp because of the following observation: a
request set consisting of one single request has a release span of 0 whereas in
general it takes non-zero time to serve this request. In the following de�nition
we introduce a parameter describing how far a request set is from being load-
bounded by the identity.

De�nition 4. A load bound f is (�,�)-reasonable for some �; � 2 IR if

�f(�) � � for all � � �

A request set R is (�,�)-reasonable if it has a (�,�)-reasonable load bound. For
� = 1, we say that the request set is �-reasonable.

In other words, a load bound is (�,�)-reasonable, if it is bounded from above
by 1=� � id(x) for all x � � and by the constant function with value 1=��
otherwise.

Remark 2. If � is su�ciently small so that all request sets consisting of two or
more requests have a release span larger than � then the �rst-come-�rst-serve
strategy is good enough to ensure that there are never more than two unserved
requests in the system. Hence, the request set does not require scheduling the
requests in order to provide for a stable system. (By \stable" we mean that the
number of unserved requests in the system does not become arbitrarily large.)
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In a sense, � is a measure for the combinatorial di�culty of the request set R.
Thus, it is natural to ask for performance guarantees for algorithms in terms of
this parameter. This is done for the algorithm IGNORE in the next section.

4 Bounds for the Flow Times of IGNORE

We are now in a position to prove bounds for the maximal resp. average flow
time in the OlDarp for algorithm IGNORE stated in Theorem 1. We start by
recalling the algorithm IGNORE from [1]

De�nition 5 (Algorithm IGNORE). Algorithm IGNORE works with an inter-
nal buffer. It may assume the following states (initially it is IDLE):

IDLE Wait for the next point in time when requests become available. Goto
PLAN.

BUSY While the current schedule is in work store the upcoming requests in a
bu�er (\ignore them"). Goto IDLE if the bu�er is empty else goto PLAN.

PLAN Produce a preliminary transportation schedule for all currently avail-
able requests R (taken from the bu�er) with (approximately) minimal total
completion time OPTcomp(Ro�ine) for Ro�ine . (Note: This yields a feasi-
ble transportation schedule for R because all requests in R are immediately
available.) Goto BUSY.

We assume that IGNORE solves o�ine instances of OlDarp employing a
�-approximation algorithm. Recall that a �-approximation algorithm is a poly-
nomial algorithm that always �nds a solution that is at most � times the optimum
objective value.

Let us consider the intervals in which IGNORE organizes its work in more
detail. The algorithm IGNORE induces a dissection of the time axis IR in the
following way: We can assume, w.l.o.g., that the �rst set of requests arrives at
time 0. Let �0 = 0, i.e., the point in time where the �rst set of requests is
released that are processed by IGNORE in its �rst schedule. For i > 0 let �i be
the duration of the time period the server is working on the requests that have
been ignored during the last �i−1 time units. Then the time axis is split into the
intervals

[�0 = 0; �0]; (�0; �1]; (�1; �1 + �2]; (�1 + �2; �1 + �2 + �3]; : : :

Let us denote these intervals by I0; I1; I2; : : :. Moreover, let Ri be the set of those
requests that come up in Ii. Clearly, the complete set of requests R is the disjoint
union of all the Ri.

At the end of each interval Ii we solve an o�ine problem: all requests to
be scheduled are already available. The work on the computed schedule starts
immediately (at the end of interval Ii) and is done �i+1 time units later (at the
end of interval Ii+1). On the other hand, the time we need to serve the schedule
is not more than � times the optimal completion time of Ri

o�ine . In other words:
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Lemma 1. For all i � 0 we have

�i+1 � � � OPTcomp(Ri
o�ine ):

Let us now prove the �rst statement of Theorem 1 in a slightly more general
version.

Theorem 2. Let � > 0 and � � 1. For all instances of OlDarp with (�; �)-
reasonable request sets, IGNORE employing a �-approximate algorithm for solving
o�ine instances of OlDarp yields a maximal flow time of no more than 2�.

Proof. Let r be an arbitrary request in Ri for some i � 0, i.e., r is released in Ii.
By construction, the schedule containing r is �nished at the end of interval Ii+1,
i.e., at most �i + �i+1 time units later than r was released. Thus, for all i > 0 we
get that

IGNOREmaxflow (Ri) � �i + �i+1:

If we can show that �i � � for all i > 0 then we are done. To this end, let
f : IR ! IR be a (�; �)-reasonable load bound for R. Then OPTcomp(Ri

o�ine) �
f(�i) because �(Ri) � �i.

By Lemma 1, we get for all i > 0

�i+1 � �OPTcomp(Ri
o�ine) � �f(�i) � maxf�i; �g:

Using �0 = 0 the claim now follows by induction on i.

The statement of Theorem 1 concerning the average flow time of IGNORE
follows from the fact that the average is never larger then the maximum.

Corollary 1. Let � > 0. For all �-reasonable request sets algorithm IGNORE
yields a average flow time no more than 2�.

5 A Disastrous Example for REPLAN

We �rst recall the strategy of algorithm REPLAN for the OlDarp. Whenever
a new request becomes available, REPLAN computes a preliminary transporta-
tion schedule for the set R of all available requests by solving the problem of
minimizing the total completion time of Ro�ine .

Then it moves the server according to that schedule until a new request
arrives or the schedule is done. In the sequel, we provide an instance of OlDarp
and a �-reasonable request set R such that the maximal and the average flow
time REPLANmaxflow (R) is unbounded, thereby proving the remaining assertions
of Theorem 1.

Theorem 3. There is an instance of OlDarp under reasonable load such that
the maximal and the average flow time of REPLAN is unbounded.



The Online Dial-a-Ride Problem under Reasonable Load 133
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Fig. 1. A sketch of a (2 2
3‘)-reasonable instance of OlDarp (‘ = 18�).

Proof. In Fig. 1 there is a sketch of an instance for the OlDarp. The metric
space is a path on four nodes a; b; c; d; the length of the path is ‘, the distances
are d(a; b) = d(c; d) = �, and hence d(b; c) = ‘ − 2�. At time 0 a request from a
to d is issued; at time 3=2‘− �, the remaining requests periodically come in pairs
from b to a and from c to d, resp. The time distance between them is ‘ − 2�.

We show that for ‘ = 18� the request set R indicated in the picture is 2 2
3‘-

reasonable. Indeed: it is easy to see that the �rst request from a to d does not
influence reasonableness. Consider an arbitrary set Rk of k adjacent pairs of
requests from b to a resp. from c to d. Then the release span �(Rk) of Rk is

�(Rk) = (k − 1)(‘ − 2�):

The o�ine version Rk
o�ine of Rk can be served in time

OPTcomp(Rk
o�ine ) = 2‘ + (k − 1) � 4�:

In order to �nd the smallest paramter � for which the request set Rk is
�-reasonable we solve for the integer k − 1 and get

k − 1 =
�

2‘

‘ − 6�

�
= 3:

Hence, we can set � to

� := OPTcomp(R4
o�ine ) = 2 2

3‘:

Now we de�ne

f :

8<
:

IR ! IR;

� 7!
�

� for � < �;
� otherwise:
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Fig. 2. The track of the REPLAN-server. Because a new pair of requests is issued
exactly when the server is still closer to the requests at the top all the requests
at the bottom will be postponed in an optimal preliminary schedule. Thus, the
server always returns to the top when a new pair of requests arrives.

By construction, f is a load bound for R4. Because the time gap after which
a new pair of requests occurs is certainly larger than the additional time we need
to serve it (o�ine), f is also a load bound for R. Thus, R is �-reasonable, as
desired.

Now: how does REPLAN perform on this instance? In Fig. 2 we see the track
of the server following the preliminary schedules produced by REPLAN on the
request set R.

The maximal flow time of REPLAN on this instance is realized by the flow
time of the request (3=2‘ − �; b; a), which is unbounded.

Moreover, since all requests from b to a are postponed after serving all the
requests from c to d we get that REPLAN produces an unbounded average flow
time as well.

In Fig. 3 we show the track of the server under the control of the IGNORE-
algorithm. After an initial ine�cient phase the server ends up in a stable oper-
ating mode. This example also shows that the analysis of IGNORE in Sect. 4 is
sharp.

6 Reasonable Load as a General Framework

We introduced the new concept of reasonable request sets, using as example the
problem OlDarp. However, the concept can be applied to any combinatorial
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Fig. 3. The track of the IGNORE-server.

online problem with (possibly in�nte) sets of time stamped requests, such as on-
line scheduling, e.g., as described by Sgall [12], or the Online Traveling Salesman
Problem, studied by Ausiello et al. [3].

The algorithms IGNORE and REPLAN represent general \online paradigms"
which can be used for any online problem with time-stamped requests. We notice
that the proof of the result that the average and maximal flow and waiting times
of IGNORE are bounded by 2� has not explicitly drawn on any speci�c property
of OlDarp|this result holds for all combinatorial online problems with requests
given by their release times.

The proof that the maximal flow and waiting time of a �-reasonable request
set is unbounded for REPLAN is equally applicable to the Online Traveling Sales-
man Problem by Ausiello et.al. [3]. We expect that the same is true for any \suf-
�ciently di�cult" online problem with release times|for very simple problems,
such as OlDarp on a zero dimensional space, the result trivially does not hold.

7 Conclusion

We have introduced the mathematical notion �-reasonable describing the com-
binatorial di�culty of a possibly in�nite request set for OlDarp. For reason-
able request sets we have given bounds on the maximal resp. average flow time
of algorithm IGNORE for OlDarp; in contrast to this, there are instances of
OlDarp where algorithm REPLAN yields an unbounded maximal and average
flow time. One key property of our results is that they can be applied in contin-
uously working systems. Computer simulations have meanwhile supported the
theoretical results in the sense that algorithm IGNORE does not delay individual
requests for an arbitraryly long period of time, whereas REPLAN has a tendency
to do so [9].
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While the notion of �-reasonable is applicable to minimizing maximal flow
time, it would be of interest to investigate an average analogue in order to prove
non-trivial bounds for the average flow times.
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Abstract. In the online traveling salesman problem requests for visits
to cities (points in a metric space) arrive online while the salesman is
traveling. The salesman moves at no more than unit speed and starts and
ends his work at a designated origin. The objective is to �nd a routing
for the salesman which �nishes as early as possible.
We consider the online traveling salesman problem when restricted to the
non-negative part of the real line. We show that a very natural strategy
is 3=2-competitive which matches our lower bound. The main contribu-
tion of the paper is the presentation of a \fair adversary", as an alterna-
tive to the omnipotent adversary used in competitive analysis for online
routing problems. The fair adversary is required to remain inside the con-
vex hull of the requests released so far. We show that on IR+

0 algorithms
can achieve a strictly better competitive ratio against a fair adversary
than against a conventional adversary. Speci�cally, we present an algo-
rithm against a fair adversary with competitive ratio (1+

p
17)=4 � 1:28

and provide a matching lower bound. We also show competitiveness re-
sults for a special class of algorithms (called diligent algorithms) that
do not allow waiting time for the server as long as there are requests
unserved.

1 Introduction

The traveling salesman problem is a well studied problem in combinatorial op-
timization. In the classical setting, one assumes that the complete input of an
instance is available for an algorithm to compute a solution. In many cases this
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o�ine optimization model does not reflect the real-world situation appropri-
ately. In many applications not all requests for points to be visited are known
in advance. Decisions have to be made online without knowledge about future
requests.

Online algorithms are tailored to cope with such situations. Whereas o�ine
algorithms work on the complete input sequence, online algorithms only see the
requests released so far and thus, in planning a route, have to account for future
requests that may or may not arise at a later time. A common way to evaluate
the quality of online algorithms is competitive analysis [3,5].

In this paper we consider the following online variant of the traveling sales-
man problem (called Oltsp in the sequel) which was introduced in [2]. Cities
(requests) arrive online over time while the salesman is traveling. The requests
are to be handled by a salesman-server that starts and ends his work at a des-
ignated origin. The objective is to �nd a routing for the server which �nishes as
early as possible (in scheduling theory this goal is usually referred to as mini-
mizing the makespan). In this model it is feasible for the server to wait at the
cost of time that elapses. Decisions are revocable, as long as they have not been
executed. Only history is irrevocable.

Previous Work. Ausiello et al. [2] present a 2-competitive algorithm for Oltsp
which works in general metric spaces. The authors also show that for general
metric spaces no deterministic algorithm can be c-competitive with c < 2. For
the special case that the metric space is IR, the real line, they give a lower bound
of (9 +

p
17)=8 � 1:64 and a 7=4-competitive algorithm. Just very recently Lip-

mann [7] devised an algorithm that is best possible for this case with competitive
ratio equal to the before mentioned lower bound.

Our Contribution. In this paper the e�ect of restricting the class of algorithms
allowed and restricting the power of the adversary in the competitive analysis
is studied. We introduce and analyze a new class of online algorithms which we
call diligent algorithms. Roughly speaking, a diligent algorithm never sits idle
while there is work to do. A precise de�nition is presented in Section 3 where we
also show that in general diligent algorithms are strictly weaker than algorithms
that allow waiting time. In particular we show that no diligent algorithm can
achieve a competitive ratio lower than 7=4 for the Oltsp on the real line. The
7=4-competitive algorithm in [2] is in fact a diligent algorithm and therefore best
possible within this restricted class of algorithms.

We then concentrate on the special case of Oltsp when the underlying met-
ric space is IR+

0 , the non-negative part of the real line. In Section 4 we show that
an extremely simple and natural diligent strategy is 3=2-competitive and that
this result is best possible for (diligent and non-diligent) deterministic algorithms
on IR+

0 . The main contribution is contained in Section 5. Here we deal with an
objection frequently encountered against competitive analysis concerning the un-
realistic power of the adversary against which performance is measured. Indeed,
in the Oltsp on the real line the before mentioned 7=4-competitive algorithm
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reaches its competitive ratio against an adversary that moves away from the
previously released requests without giving any information to the online al-
gorithm. We introduce a fair adversary that is in a natural way restricted in
the context of the online traveling salesman problem studied here. It should be
seen as a more reasonable adversary model. A fair adversary always keeps its
server within the convex hull of the requests released so far. We show that this
adversary model indeed allows for lower competitive ratios. For instance, the
above mentioned 3=2-competitive diligent strategy against the conventional ad-
versary is 4=3-competitive against the fair adversary. This result is best possible
for diligent algorithms against a fair adversary.

Diligent Algorithms General Algorithms

General Adversary LB = UB = 3=2 LB = UB = 3=2

Fair Adversary LB = UB = 4=3 LB = UB = (1 +
p

17)=4

Table 1. Overview of the lower bound (LB) and upper bound (UB) results for
the competitive ratio of deterministic algorithms for Oltsp on IR+

0 in this paper.

We also present a non-diligent algorithm with competitive ratio (1+
p

17)=4 �
1:28 < 4=3 competing against the fair adversary. Our result is the �rst one that
shows that waiting is actually advantageous in the Oltsp. The before mentioned
algorithm in [7] also uses waiting, but became known after the one presented in
this paper and has not been o�cially published yet. Such results are known al-
ready for online scheduling problems (see e.g. [6,4,8]) and, again very recently,
also for an online dial-a-ride problem [1]. Our competitiveness result is com-
plemented by a matching lower bound on the competitive ratio of algorithms
against the fair adversary. Table 1 summarizes our results for Oltsp on IR+

0 .

2 Preliminaries

An instance of the Online Traveling Salesman Problem (Oltsp) consists of a
metric space M = (X; d) with a distinguished origin o 2 M and a sequence � =
�1; : : : ; �m of requests. In this paper we are mainly concerned with the special
case that M is IR+

0 , the non-negative part of the real line endowed with the
Euclidean metric, i.e., X = IR+

0 = f x 2 IR : x � 0 g and d(x; y) = jx − yj. A
server is located at the origin o at time 0 and can move at most at unit speed.

Each request is a pair �i = (ti; xi), where ti 2 IR is the time at which
request �i is released (becomes known), and xi 2 X is the point in the metric
space requested to be visited. We assume that the sequence � = �1; : : : ; �m of
requests is given in order of non-decreasing release times. For a real number t
we denote by ��t and �<t the subsequence of requests in � released up to time t
and strictly before time t, respectively.
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It is assumed that the online algorithm does neither have information about
the time when the last request is released nor about the total number of requests.

An online algorithm for Oltsp must determine the behavior of the server
at a certain moment t of time as a function of all the requests in ��t (and
the current time t). In contrast, the o�ine algorithm has information about all
requests in the whole sequence � already at time 0. A feasible online/o�ine
solution is a route for the server which serves all requested points, where each
request is served not earlier than the time it is released, and which starts and
ends in the origin o.

The objective in the Oltsp is to minimize the total completion time (also
called the \makespan" in scheduling) of the server, that is, the time when the
server has served all requests and returned to the origin.

Let alg(�) denote the completion time of the server moved by algorithm alg
on the sequence � of requests. We use opt to denote the optimal o�ine algo-
rithm. An online algorithm alg for Oltsp is c-competitive, if there exists a con-
stant c such that for every request sequence � the inequality alg(�) � c �opt(�)
holds.

3 Diligent Algorithms

In this section we introduce a particular class of algorithms for Oltsp which we
call diligent algorithms. Intuitively, a diligent algorithm should never sit and wait
when it could serve yet unserved requests. A diligent server should also move
towards work that has to be done directly without any detours. To translate this
intuition into a rigorous de�nition some care has to be taken.

De�nition 1 (Diligent Algorithm). An algorithm alg for Oltsp is called
diligent, if it satis�es the following conditions:

1. If there are still unserved requests, then the direction of the server operated
by alg changes only if a new request becomes known, or the server is either
in the origin or at a request that has just been served.

2. At any time when there are yet unserved requests, the server operated by alg
either moves towards an unserved request or the origin at maximum (i.e.
unit) speed. The latter case is only allowed if the server operated by alg is
not yet in the origin.

We emphasize that a diligent algorithm is allowed to move its server towards
an unserved request and change his direction towards another unserved request
or to the origin at the moment a new request becomes known.

Lemma 1. No diligent online algorithm for Oltsp on the real line IR has com-
petitive ratio of less than 7=4.

Proof. Suppose that alg is a diligent algorithm for Oltsp on the real line.
Consider the following adversarial input sequence. At time 0 two requests �1 =
(0; 1=2) and �2 = (1=2; 0) are released. There will be no further requests before
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time 1. Thus, by the diligence of the algorithm the server will be at the origin
at time 1.

At time 1 two new requests at points 1 and −1, respectively, are released.
Since the algorithm is diligent, starting at time 1 it must move its server to
one of these requests at maximum, i.e., unit, speed. Without loss of generality
assume that this is the request at 1. alg’s server will reach this point at time 2.
Starting at time 2, alg will have to move its server either directly towards the
unserved request at −1 or towards the origin, which essentially gives the same
movement and implies that the server is at the origin at time 3. At that time,
the adversary issues another request at 1. Thus, alg’s server will still need at
least 4 time units to serve −1 and 1 and return at the origin. Therefore, he will
not be able to complete its work before time 7.

The adversary handles the sequence by �rst serving the request at −1, then
the two requests at 1 and �nally returns to the origin at time 4, yielding the
desired result. ut

This lower bound shows that the 7=4-competitive algorithm presented in [2],
which is in fact a diligent algorithm is best possible within the class of diligent
algorithms for the Oltsp on the real line.

4 The Oltsp on the Non-negative Part of the Real Line

We �rst consider Oltsp on IR+
0 when the o�ine adversary is the conventional

(omnipotent) opponent.

Theorem 1. No deterministic algorithm for Oltsp on IR+
0 has a competitive

ratio of less than 3=2.

Proof. At time 0 the request �1 = (0; 1) is released. Let T be the time that the
server operated by alg has served the request �1 and returned to the origin 0.
If T � 3, then no further request is released and alg is no better than 3=2-
competitive since opt(�1) = 2. Thus, assume that T < 3. In this case the
adversary releases a new request �2 = (T; T ). Clearly, opt(�1; �2) = 2T . On the
other hand alg(�1; �2) � 3T , yielding a competitive ratio of 3=2. ut

The following extremely simple strategy achieves a competitive ratio that
matches this lower bound (as we will show below):

Strategy mrin(\Move-Right-If-Necessary") If a new request is released and
the request is to the right of the current position of the server operated
by mrin, then the mrin-server starts to move right at full speed. The server
continues to move right as long as there are yet unserved requests to the
right of the server. If there are no more unserved requests to the right, then
the server moves towards the origin 0 at full speed.

It is easy to verify that Algorithm mrin is in fact a diligent algorithm. The
following theorem shows that the strategy has a best possible competitive ratio
for Oltsp on IR+

0 .
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Theorem 2. Strategy mrin is a diligent 3=2-competitive algorithm for the
Oltsp on the non-negative part IR+

0 of the real line.

Proof. We show the theorem by induction on the number of requests in the
sequence �. It clearly holds if � contains at most one request. The induction
hypothesis is that it holds for any sequence of m − 1 requests.

Suppose that request �m = (t; x) is the last request of � = �1; : : : ; �m−1; �m.
If t = 0, then mrin is obviously 3=2-competitive, so we will assume that t > 0.
Let f be the position of the request unserved by the mrin-server at time t
(excluding �m), which is furthest away from the origin.

In case x � f , mrin’s cost for serving � is equal to the cost for serving the
sequence consisting of the �rst m−1 requests of �. Since new requests can never
decrease the optimal o�ine cost, the induction hypothesis implies the theorem.

Now assume that f < x. Thus, at time t the request in x is the furthest
unserved request. mrin will complete its work no later than time t + 2x. The
optimal o�ine cost opt(�) is bounded from below by maxft+x; 2xg. Therefore,

mrin(�)
opt(�)

� t + x

opt(�)
+

x

opt(�)
� t + x

t + x
+

x

2x
=

3
2
:

ut
The result established above can be used to obtain competitiveness results

for the situation of the Oltsp on the real line when there are more than one
server, and the goal is to minimize the time when the last of its servers returns
to the origin 0 after all requests have been served.

Lemma 2. There is an optimal o�ine strategy for Oltsp on the real line with
k � 2 servers such that no server ever crosses the origin.

Proof. Omitted in this abstract. ut

Corollary 1. There is a 3=2-competitive algorithm for the Oltsp with k � 2
servers on the real line. ut

5 Fair Adversaries

The adversaries used in the bounds of the previous section are abusing their
power in the sense that they can move to points where they know a request
will pop up without revealing the request to the online server before reaching
the point. As an alternative we propose the following more reasonable adversary
that we baptized fair adversary. We show that we can obtain better competitive
ratios for the Oltsp on IR+

0 under this model. We will also see that under
this adversary model there does exist a distinction in competitiveness between
diligent and non-diligent algorithms. Recall that �<t is the subsequence of �
consisting of those requests with release time strictly smaller than t.
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De�nition 2 (Fair Adversary). An o�ine adversary for the Oltsp in the
Euclidean space (IRn; k:k) is fair, if at any moment t, the position of the server
operated by the adversary is within the convex hull of the origin o and the re-
quested points from �<t.

In the special case of IR+
0 a fair adversary must always keep its server in the

interval [0; F ], where F is the position of the request with the largest distance
to the origin 0 among all requests released so far. The following lower bound
result shows that the Oltsp on the real line against fair adversaries is still a
non-trivial problem.

Theorem 3. No deterministic algorithm for Oltsp on IR has competitive ratio
less than (5 +

p
57)=8 � 1:57 against a fair adversary.

Proof. Suppose that there exists a c-competitive online algorithm. The adver-
sarial sequence starts with two requests at time 0, �1 = (0; 1) and �2 = (0; −1).
Without loss of generality, we suppose that the �rst request that is served is �1.
At time 2 the online server can’t have served both requests. We distinguish two
main cases divided in some sub-cases.
Case 1: None of the requests has been served at time 2.

{ If at time 3 request �1 is still unserved, let t0 be the �rst time the server
crosses the origin after serving the request. Clearly, t0 � 4. At time t0 the
online server still has to visit the request in −1. If t0 > 4c − 2 the server can
not be c-competitive because the fair adversary can �nish the sequence at
time 4.
Thus, suppose that 4 � t0 � 4c − 2. At time t0 a new request �3 = (t0; 1)
is released. The online server can not �nish the complete sequence before
t0 + 4, whereas the adversary needs at t0 + 1. Therefore, c � t′+4

t′+1 and for
4 � t0 � 4c − 2 we have that

c � (4c − 2) + 4
(4c − 2) + 1

=
4c + 2
4c − 1

implying c � (5 +
p

57)=8.
{ If at time 3 the request �1 has already been served, the online server can not

be to the left of the origin at time 3 (given the fact that at time 2 no request
had been served). The adversary now gives a new request �3 = (3; 1). There
are two possibilities: either �2, the request in −1, is served before �3 or the
other way round.
If the server decides to serve �2 before �3 then it can not complete before
time 7. Since the adversary completes the sequence in time 4, the competitive
ratio is at least 7=4.
If the online server serves �3 �rst, then again, let t0 be the time that the server
crosses the origin after serving �3. As before, we must have 4 � t0 � 4c − 2.
At time t0 the fourth request �4 = (t0; 1) is released. The same arguments as
above apply to show that the algorithm is at least (5 +

p
57)=8-competitive.
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Case 2: One of the requests has been served at time 2 by the online server.
We assume without loss of generality that �1 has been served. At time 2 the
third request �3 = (2; 1) is released. In fact, we are back in the situation in
which at time 2 none of the two requests are served. In case the movements of
the online server are such that no further request is released by the adversary,
the latter will complete at time 4. In the other cases the last released requests
are released after time 4 and the adversary can still reach them in time. ut

For comparison, the lower bound on the competitive ratio for the Oltsp in IR
against an adversary that is not restricted to be fair is (9 +

p
17)=8 [2]. As men-

tioned before, only recently Lipmann [7] presented a (9 +
p

17)=8-competitive
algorithm against a non-fair adversary. He conjectures that a similar type of
algorithm will also be best possible against a fair adversary. In contrast, the
picture for the problem on the non-negative part of the real line is already com-
plete (see Theorems 5 and 6 for diligent algorithms and Theorems 4 and 7 for
non-diligent algorithms below).

Theorem 4. No deterministic algorithm for Oltsp on IR�0 has competitive
ratio of less than (1 +

p
17)=4 � 1:28 against a fair adversary.

Proof. Suppose that alg is c-competitive. At time 0 the adversary releases re-
quest �1 = (0; 1). Let T denote the time that the server operated by alg has
served this request and is back at the origin. For alg to be c-competitive, we
must have that T � c � opt(�1) = 2c, otherwise no further requests will be
released. At time T the adversary releases a second request �2 = (T; 1). The
completion time of alg becomes then at least T + 2.

On the other hand, starting at time 0 the fair adversary moves its server
to 1, lets it wait there until time T and then goes back to the origin 0 yielding
a completion time of T + 1. Therefore,

alg(�)
opt(�)

� T + 2
T + 1

� 2c + 2
2c + 1

= 1 +
1

2c + 1
;

given the fact that T � 2c. Since by assumption alg is c-competitive, we have
that 1 + 1=(2c + 1) � c, implying that c � (1 +

p
17)=4. ut

For diligent algorithms we can show a higher lower bound against a fair
adversary.

Theorem 5. No deterministic diligent algorithm for Oltsp on IR+
0 has com-

petitive ratio of less than 4=3 against a fair adversary.

Proof. Consider the adversarial sequence �1 = (0; 1), �2 = (1; 0), and �3 = (2; 1).
By its diligence the online algorithm will start to travel to 1 at time 0, back to 0
at time 1, arriving there at time 2. Then its server has to visit 1 again, so that
he will �nish no earlier than time 4. Obviously, the optimal o�ine solution is to
leave 1 not before time 2, and �nishing at time 3. ut
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We show now that the algorithm mrin presented before has a better com-
petitive ratio against the fair adversary than the ratio of 3=2 achieved against a
conventional adversary. In fact we show that the ratio matches the lower bound
for diligent algorithms proved in the previous theorem.

Theorem 6. Strategy mrin is a 4=3-competitive algorithm for the Oltsp on IR+
0

against a fair adversary.

Proof. Omitted in this abstract.

Thus, Algorithm mrin attains a best possible competitive ratio against the
fair adversary among all diligent algorithms. Given the lower bound for general
non-diligent algorithms in Theorem 4 we aim now at designing an online algo-
rithm that obtains better competitive ratios against a fair adversary. In view
of Theorem 5 such an algorithm will have to be non-diligent, i.e., incorporate
waiting times.

The problem with Algorithm mrin is that shortly after it starts to return
towards the origin from the furthest previously unserved request, a new request
to the right of its server arrives. In this case the mrin-server has to return to
a position it just left. Algorithm ws presented below attempts successfully to
avoid this pitfall.

Strategy ws(\Wait Smartly") The ws-server moves right if there are yet
unserved requests to the right of his present position. Otherwise, it takes
the following actions. Suppose it arrives at his present position, which is a
currently rightmost unserved request, s(t) at time t.
1. Compute the the optimal o�ine solution value opt(��t) for all requests

released up to time t.
2. Determine a waiting time W := � � opt(��t) − s(t) − t, with � =

(1 +
p

17)=4.
3. Wait at point s(t) until time t + W and then start to move back to the

origin 0.

We notice that when the server is moving back to the origin and no new
requests are released until time t + W + s(t), then the ws-server reaches the
origin 0 at time t + W + s(t) = � � opt(��t) having served all requests released
so far. If a new request is released at time t0 � W + t + s(t) and the request is
to the right of s(t0), then the ws-server starts to move to the right immediately
until it reaches the furthest unserved request.

Theorem 7. Algorithm ws is �-competitive with � = (1 +
p

17)=4 � 1:28 for
the Oltsp on IR+

0 against a fair adversary.

Proof. By the de�nition of the waiting time it is su�cient to prove that at any
point where a waiting time is computed this waiting time is non-negative. In
that case the server will always return at o before time � opt(�). This is clearly
true if the sequence � contains at most one request. We make the induction
hypothesis that it is also true for any sequence of at most m − 1 requests.
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Let � = �1; : : : ; �m be any sequence of requests and let �m =: (t; x) be the
request released last. If t = 0, then there is nothing left to show, so we will
assume for the remainder of the proof that t > 0.

We denote by s(t) and s�(t) the positions of the ws- and the fair adver-
sary’s server at time t, respectively. We also let rf = (tf ; f) be the furthest
(i.e. most remote from the origin) yet unserved request by ws at time t exclud-
ing the request �m. Finally, let rF = (tF ; F ) be the furthest released request
in �1; : : : ; �m−1. Obviously f � F . Again, we distinguish three di�erent cases
depending on the position of x relative to f and F .
Case 1: x � f
Since the ws-server has to travel to f anyway and by the induction hypothesis
there was a non-negative waiting time in f or s(t) (depending on whether s(t) >
f or s(t) � f) before request �m was released, the waiting time in f or s(t) can
not decrease since the optimal o�ine completion time can not decrease by an
additional request).
Case 2: f � x < F
If s(t) � x, then again by the induction hypothesis and the fact that the route
length of ws’s server does not increase, the possible waiting time at s(t) is non-
negative.

Thus we can assume that s(t) < x. The ws-server will now travel to point x,
arrive there at time t + d(s(t); x), and possibly wait there some time W before
returning to the origin, with

W = � opt(�) − (t + d(s(t); x)) − x:

Inserting the obvious lower bound opt(�) � t + x yields

W � (� − 1)opt(�) − d(s(t); x): (1)

To bound opt(�) in terms of d(s(t); x) consider the time t0 when the ws-
server had served the request at F and started to move left. Clearly t0 < t
since otherwise s(t) could not be smaller than x as assumed. Thus, the sub-
sequence ��t′ of � does not contain (t; x). By the induction hypothesis, ws is
�-competitive for the sequence ��t′ . At time t0 when he left F he would have
arrived in the origin at time �opt(��t′ ), i.e.,

t0 + F = � � opt(��t′): (2)

Notice that t � t0 + d(F; s(t)). Since opt(��t′ ) � 2F we obtain from (2) that

t � �2F − F + d(F; s(t)) = (2� − 1)F + d(s(t); F ): (3)

Since by assumption we have s(t) < x < F we get that d(s(t); x) � d(s(t); F )
and d(s(t); x) � F , which inserted in (3) yields

t � (2� − 1)d(s(t); x) + d(s(t); x) = 2�d(s(t); x): (4)

We combine this with the previously mentioned lower bound opt(�) � t + x to
obtain:

opt(�) � 2�d(s(t); x) + x � (2� + 1)d(s(t); x): (5)
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Using inequality (5) in (1) gives

W � (� − 1)(2� + 1)d(s(t); x) − d(s(t); x)
= (2�2 − � − 2)d(s(t); x)

=

 
9 +

p
17

4
− 1 +

p
17

4
− 2

!
d(s(t); x)

= 0:

This completes the proof for the second case.
Case 3: f � F � x
Starting at time t the ws-server moves to the right until he reaches x, and after
waiting there an amount W returns to 0, with

W = � opt(�) − (t + d(s(t); x)) − x: (6)

We will show that also in this case W � 0. At time t the adversary’s server still
has to travel at least d(s�(t); x) + x units. This results in

opt(�) � t + d(s�(t); x) + x:

Since the o�ine adversary is fair, its position s�(t) at time t can not be strictly
to the right of F .

opt(�) � t + d(F; x) + x: (7)

Insertion into (6) yields

W � (� − 1)opt(�) − d(s(t); F ) (8)

since F > s(t) by de�nition of the algorithm.
The rest of the arguments are similar to those used in the previous case.

Again that ws’s server started to move to the left from F at some time t0 < t,
and we have

t0 + F = � � opt(��t′): (9)

Since t � t0 + d(s(t); F ) and opt(��t′) � 2F we obtain from (9) that

t � �2F − F + d(s(t); F ) = (2� − 1)F + d(s(t); F ) � 2�d(s(t); F ):

We combine this with (7) and the fact that x � d(s(t); F ) to achieve

opt(�) � 2�d(s(t); F ) + d(F; x) + x � (2� + 1)d(s(t); F ):

Using this inequality in (8) gives

W � (� − 1)(2� + 1)d(s(t); F ) − d(s(t); F )
= (2�2 − � − 2)d(s(t); F )

=

 
9 +

p
17

4
− 1 +

p
17

4
− 2

!
d(s(t); F )

= 0:

This completes the proof. ut
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6 Conclusions

We introduced an alternative more fair performance measure for online algo-
rithms for the traveling salesman problem. The �rst results are encouraging.
On the non-negative part of the real line the fair model allows a strictly lower
competitive ratio than the conventional model with an omnipotent adversary.

Next to that we considered a restricted class of algorithms for the online
traveling salesman problems, suggestively called diligent algorithms. We showed
that in general diligent algorithms have strictly higher competitive ratios than
algorithms that sometimes leaves the server idle, to wait for possible additional
information. In online routing companies, like courier services or transporta-
tion companies waiting instead of immediately starting as soon as requests are
presented is common practice. Our results support this strategy.

It is still open to �nd a best possible non-diligent algorithm for the problem on
the real line against a fair adversary. However, it is very likely that an algorithm
similar to the best possible algorithm presented in [7] against a non-fair adversary
will appear to be best possible for this case.

We notice here that for general metric spaces the lower bound of 2 on the
competitive ratio of algorithms in [2] is established with a fair adversary as
opponent. Moreover, a diligent algorithm is presented which has a competitive
ratio that meets the lower bound.

We hope to have encouraged research into ways to restrict the power of
adversaries in online competitive analysis.

Acknowledgement: Thanks to Maarten Lipmann for providing the lower
bound in Theorem 3.
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Abstract. We present a practically e�cient algorithm for the internal
sorting problem. Our algorithm works in-place and, on the average, has a
running-time of O(n log n) in the length n of the input. More speci�cally,
the algorithm performs n log n + 3n comparisons and n log n + 2:65n
element moves on the average.
An experimental comparison of our proposed algorithm with the most
e�cient variants of Quicksort and Heapsort is carried out and its results
are discussed.

Keywords: In-place sorting, heapsort, quicksort, analysis of algorithms.

1. Introduction

The problem of sorting an initially unordered collection of keys is one of the most
classical and investigated problems in computer science. Many di�erent sorting
algorithms exist in literature. Among the comparison based sorting methods,
Quicksort [7, 17, 18] and Heapsort [4, 21] turn out, in most cases, to be the most
e�cient general-purpose sorting algorithms.

A good measure of the running-time of a sorting algorithm is given by the
total number of key comparisons and the total number of element moves per-
formed by it. In our presentation, we mainly focus our attention on the number of
comparisons, since this often represents the dominant cost in any reasonable im-
plementation. Accordingly, to sort n elements the classical Quicksort algorithm
performs 1:386n logn − 2:846n + 1:386 logn key comparisons on the average
and O(n2) key comparisons in the worst-case, whereas the classical Heapsort
algorithm, due to Floyd [4], performs 2n logn + �(n) key comparisons in the
worst-case.

Several variants of Heapsort are reported in literature. One of the most
e�cient is the Bottom-Up-Heapsort algorithm discussed by Wegener in [19],
which performs n logn + f(n)n key comparisons on the average, where f(n) 2
[0:34::0:39], and no more than 1:5n logn+O(n) key comparisons in the worst-
case. In [9, 10], Katajainen uses a median-�nding procedure to reduce the num-
ber of comparisons required by Bottom-Up-Heapsort, completely eliminating
the sift-up phase. This idea has been further re�ned by Rosaz in [16]. It is to
be noted, though, that the algorithms described in [9, 10, 16] are mostly of

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 150{162, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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theoretical interest only, due to the overhead introduced by the median-�nding
procedure.

This paper tries to build a bridge between theory and practice. More speci�-
cally, our goal is to produce a practical sorting algorithm which couples some of
the theoretical ideas introduced in the algorithms cited above with the e�cient
strategy used by Quicksort.

Compared to Quicksort, our proposed algorithm, called QuickHeapsort, works
\in-place", i.e. no stack is needed for recursion. Moreover, its average number
of comparisons is shown to be less than n log n + 3n. Its behavior is also ana-
lyzed from an experimental point of view by comparing it to that of Heapsort,
Bottom-Up-Heapsort, and some variants of Quicksort. The results show that
QuickHeapsort has a good practical behavior especially when key comparison
operations are computationally expensive.

The paper is organized as follows. In Section 2 we introduce a variant of the
Heapsort algorithm which does not work in-place, just to present the main idea
upon which QuickHeapsort is based. The QuickHeapsort algorithm is fully de-
scribed and analyzed in Section 3. An experimental session with some empirical
results aiming at evaluating and comparing its e�ciency in practice is discussed
in Section 4. Section 5 concludes the paper with some �nal remarks.

2. A Not In-Place Variant of the Heapsort Algorithm

In this section we illustrate a variant of the Heapsort algorithm, External-
Heapsort, which uses an external array to store the output. For this reason,
External-Heapsort is mainly of theoretical interest and we present it just to intro-
duce the main idea upon which the QuickHeapsort algorithm, to be described in
the next section, is based. External-Heapsort sorts n elements in �(n log n) time
by performing at most nblog nc+2n key comparisons, and at most nblognc+4n
element moves in the worst-case.

We begin by recalling some basic concepts about the classical binary-heap
data structure. A max-heap is a binary tree with the following properties:

1. it is heap-shaped : every level is complete, with the possible exception of the
last one; moreover the leaves in the last level occupy the leftmost positions;

2. it is max-ordered : the key value associated with each non-root node is not
larger than that of its parent.

A min-heap can be de�ned by substituting the max-ordering property with the
dual min-ordering one. The root of a max-heap (resp. min-heap) always contains
the largest (resp. smallest) element of the heap. We refer to the number of
elements in a heap as its size; the height of a heap is the height of the associated
binary tree.

A heap data structure of size n can be implicitly stored in an array A[1::n]
with n elements without using any additional pointer as follows. The root of the
heap is the element A[1]. Left and right sons (if they exist) of the node stored
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into A[i] are, respectively, A[2i] and A[2i+1], and the parent of the node stored
into A[i] (with i > 1) is A[b i

2 c].
In all Heapsort algorithms, the input array is sorted in ascending order, by

�rst building a max-heap and then by performing n extractions of the root
element. After each extraction, the element in the last leaf is �rstly moved into
the root and subsequently moved down along a suitable path until the max-
ordering property is restored.

Bottom-Up-Heapsort works much like the classical Heapsort algorithm. The
only di�erence lies is the rearrangement strategy used after each max-extraction:
starting from the root and iteratively moving down to the child containing the
largest key, when a leaf is reached it climbs up until it �nds a node x with a key
larger than the root key. Subsequently, all elements in the path from x to the
root are shifted one position up and the old root is moved into x.

The algorithm External-Heapsort, whose pseudo-code is shown in Fig. 1,
takes the elements of the input array A[1::n] and returns them in ascending
sorted order into the output array Ext[1::n].

External-Heapsort starts by constructing a heap and successively performs n
extractions of the largest element. Extracted elements are moved into the output
array in reverse order. After each extraction, the heap property is restored by
a procedure similar to the bottom-phase of Bottom-Up-Heapsort. Speci�cally,
starting at the root of the heap, the son with the largest key is chosen and it
is moved one level up. The same step is iteratively repeated until a leaf, called
special leaf, is reached. At this point the value −1 is stored into the special leaf
key �eld.1 The path from the root to the special leaf is called a special path.

Notice that no sift-up phase is executed and that the length of special paths
does not decrease during the execution of the algorithm.

External-Heapsort makes use of the procedure Build-Heap and the function
Special-Leaf. Build-Heap rearranges the input array A[1::n] into a classical max-
heap, e.g., by using the standard heap-construction algorithm by Floyd [4]. The
function Special-Leaf, whose pseudo-code is also shown in Fig. 1, assumes that
the value contained in the root of the heap has already been removed.

Correctness of the algorithm follows by observing that if a node x contains
the key −1 than the whole sub-tree rooted at x contains −1’s. It is easy to
check that the max-ordering property is ful�lled at each extraction.

We proceed now to the analysis of the number of key comparisons and el-
ements moves performed by External-Heapsort both in the worst and in the
average case.2

Many variants for building heaps have been proposed in the literature [1, 6,
13, 19, 20], requiring quite involved implementations. Since our goal is to give
a practical and e�cient general-purpose sorting algorithm, we simply use the

1 We assume that a key value −1, smaller than all keys occurring in A[1::n], is avail-
able.

2 In the average-case analysis we make use of the assumption that all permutations
are equally likely.
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External-Heapsort

PROCEDURE External-Heapsort (Input Array A, Integer n; Output Array Ext)
Var Integer j; l;

Begin
Build-Heap (A; n);
For j := n downto 1 do

Ext[j] := A[1];
l := Special-Leaf (A; n);
Key(A[l]) := −1;

End for;
End;

FUNCTION Special-Leaf (Input Array A, Integer n) : Integer
Var Integer i;

Begin
i := 2;
While i < n do

If Key(A[i]) < Key(A[i + 1]) then i := i + 1; End if;
A[b i

2
c] := A[i];

i := 2i;
End while;
If i = n then

A[ i
2
] := A[n];

i := 2i;
End if;
Return i

2
;

End;

Fig. 1. Pseudo-code of External-Heapsort algorithm

classical heap-construction procedure due to Floyd [4, 11]. In such a case we
need the following partial results [2, 11, 15]:

Lemma 1. In the worst-case, the classical heap-construction algorithm builds a
heap with n elements by performing at most 2n key comparisons and 2n element
moves. 2

Lemma 2. On the average, constructing a full-heap, i.e. a heap of size n =
2l − 1; l > 0, with the classical algorithm requires 1:88n key comparisons and
1:53n element moves. 2

The number of key comparisons and element moves performed by the Special-
Leaf function obviously depends only on the size of the input array, so that worst-
and average-case values coincides for it.
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Lemma 3. Given a heap of size n, the Special-Leaf function performs exactly
blog nc or blog nc − 1 key comparisons and the same number of element moves.

2

The preceding lemmas yield immediately the following result.

Theorem 1. External-Heapsort sorts n elements in �(n log n) worst-case time
by performing fewer than nblog nc + 2n key comparisons and nblognc + 4n ele-
ment moves.3 Moreover, on the average, H

[c]
avg(n) key comparisons and H

[m]
avg(n)

element moves are performed, where

nblognc + 0:88n � H
[c]
avg(n) � nblog nc + 1:88n;

nblognc + 0:53n � H
[m]
avg(n) � nblog nc + 3:53n:

2

In the following, we will also use a min-heap variant of the External-Heapsort
algorithm. In particular, special paths in min-heaps are obtained by following
the children with smallest key and the value −1 is replaced by +1. Obviously,
the same complexity analysis can be carried out for the min-heap variant of
External-Heapsort.

3. QuickHeapsort

In this section, a practical and e�cient in-place sorting algorithm, called Quick-
Heapsort, is presented. It is obtained by a mix of two classical algorithms:
Quicksort and Heapsort. More speci�cally, QuickHeapsort combines the Quick-
sort partition step with two adapted min-heap and max-heap variants of the
External-Heapsort algorithm presented in the previous section, where in place
of the in�nity keys �1, only occurrences of keys in the input array are used.

As we will see, QuickHeapsort works in place and is completely iterative, so
that additional space is not required at all.

The computational complexity analysis of the proposed algorithm reveals
that the number of key comparisons performed is less than n log n + 3n on the
average, with n the size of the input, whereas the worst-case analysis remains
the same of classical Quicksort. From an implementation point of view, Quick-
Heapsort preserves Quicksort e�ciency, and it has in many cases better running
times than Quicksort, as the experimental Section 4 illustrates.

Analogously to Quicksort, the �rst step of QuickHeapsort consists in choosing
a pivot, which is used to partition the array. We refer to the sub-array with the
smallest size as heap area, whereas the largest size sub-array is referred to as
work area. Depending on which of the two sub-arrays is taken as heap-area, the

3 As will be clear in the next section, it is convenient to count the assignment of −1
to a node as an element move.



QuickHeapsort, an E�cient Mix of Classical Sorting Algorithms 155

adapted max-heap or min-heap variant of External-Heapsort is applied and the
work area is used as an external array. At the end of this stage, the elements
moved in the work area are in correct sorted order and the remaining unsorted
part of the array can be processed iteratively in the same way.

A detailed description of the algorithm follows.

1. Let A[1::n] be the input array of n elements to be sorted in ascending order.
A pivot M , of index m, is chosen in the set fA[1]; A[2]; : : : ; A[n]g. As in
Quicksort, the choice of the pivot can be done in a deterministic way (with
or without sampling) or randomly. The computational complexity analysis
of the algorithm is influenced by the choice adopted.

2. The array A[1::n] is partitioned into two sub-arrays, A[1::Pivot − 1] and
A[Pivot + 1::n], such that A[Pivot ] = M , the keys in A[1::Pivot − 1] are
larger than or equal to M , and the keys in A[Pivot + 1::n] are smaller than
or equal to M .4 The sub-array with the smallest size is assumed to be the
heap area, whereas the other one is treated as the work area (if the two
sub-arrays have the same size, a choice can be made non-deterministically).

3. Depending on which sub-array is taken as heap area, the adapted max-heap
or min-heap variant of External-Heapsort is applied using the work area as
external array. Moreover occurrences of keys contained in the work area are
used in place of the in�nity values �1.
More precisely, if A[1::Pivot −1] is the heap area, then the max-heap version
of External-Heapsort is applied to it using the right-most region of the work
area as external array. In this case, at the end of the stage, the right-most
region of the work area will contain the elements formerly in A[1::Pivot − 1]
in ascending sorted order.
Similarly, if A[Pivot + 1::n] is the heap area, then the min-heap version of
External-Heapsort is applied to it using the left-most region of the work area
as external array. In this case, at the end of the stage, the left-most region
of the work area will contain the elements formerly in A[Pivot + 1::n] in
ascending sorted order.

4. The element A[Pivot ] is moved in the correct place and the remaining part
of A[1::n], i.e. the heap area together with the unused part of the work area,
is iteratively sorted.

Correctness of QuickHeapsort follows from that of the max-heap and min-
heap variants of External-Heapsort, by observing that assigning to a special leaf
a key value taken in the work area is completely equivalent to assigning the key
value −1, in the case of the max-heap variant, or the key value +1, in the case
of the min-heap variant.

Complexity results in the average case are summarized in the theorem below.
For simplicity, the results have been obtained only in the case in which pivots
are chosen deterministically and without sampling, e.g. always the �rst element
of the array is chosen.

4 Observe that Quicksort partitions the array in the reverse way.
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Lemma 4. Let H(n) = n log n + �n and f1(n); f2(n) be functions of type �n +
o(n) for all n 2 N, with �; � 2 R. The solution to the following recurrence
equations, with initial conditions C(1) = 0 and C(2) = 1:

C(2n) =
1
2n

[(2n + 1) � C(2n − 1) − C(n − 1) + H(n − 1) + f1(n)] ; (1)

C(2n + 1) =
1

2n + 1
[2(n + 1) � C(2n) − C(n) + H(n) + f2(n)] ; (2)

for all n 2 N, is:

C(n) = n log n + (� + � − 2:8854)n + o(n):

Proof. Among the reasonable solutions, we posit the trial solution:

C(n) = an log n + bn + c log n with a; b; c 2 R: (3)

In several of the calculations we need to manipulate expressions of the form
log(m + t) with m 2 N; m > 1 and t = �1. The expansion of the natural
logarithm for small x 2 R to second order (we do not need any further here),
ln(1+x) = x− x2

2 , gives ln(m+t) = ln[m�(1+ t
m )] = lnm+ t

m − t2

2m2 . Multiplying
by s = 1=(ln 2) � 1:4427, we get:

log(m + t) = log m +
st

m
− s

2m2
:

Using such expansion in the de�nition of H(n) and in (3), we get:

H(n − 1) = n log n + �n − log n − (� + s) +
s

2n
; (4)

C(n − 1) = an log n + bn + (c − a) log n − (as + b) + s
a − 2c

2n
; (5)

C(2n − 1) = 2an logn + 2(a + b)n + (c − a) log n +

+ (c − a − b − as) + s
a − 2c

4n
; (6)

where the lowest order terms are not considered.
Let S = s(c − 1

2a + 1); substituting (4), (5) and (6) into equation (1) and
simplifying, we �nd the following:

(1 − a)n log n + (� + � − b − 2as)n − log n + (c − a − � − S) +
S

2n
+ o(n) = 0:

Examining the leading coe�cients in such equality, we get the asymptotic con-
sistency requirements:

a = 1; b = � + � − 2s:

Such constraints are similarly obtained expanding equation (2).
Clearly, the missing requirement about c, simply means the posited solution

does not have the exact functional form. The two leading terms of the solution
are surprisingly precise, indeed by numerical computation, solution (3) tracks
the behavior of C(n) fairly well for an extended range of n.
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Theorem 2. QuickHeapsort sorts n elements in-place in O(n log n) average-
case time. Moreover, on the average, it performs no more than n log n + 3n key
comparisons and n log n + 2:65n element moves.

Proof. First, we estimate the average number of key comparisons.
Let Havg(n) (resp. H 0

avg(n)) be the average number of key comparisons to
sort n elements with the adapted max-heap (resp. min-heap) version of External-
Heapsort (see the beginning of Section 3). Plainly, we have Havg(i) = H 0

avg(i) =
0 with i = 0; 1.

Let C(n) be the average number of key comparisons to sort n elements with
QuickHeapsort. We have C(1) = 0 and, for all n 2 N:

C(2n) = p(2n) +
1
2n

2
4 nX

j=1

[Havg(j − 1) + C(2n − j)]+

+
2nX

j=n+1

[H 0
avg(2n − j) + C(j − 1)]

3
5 ;

C(2n + 1) = p(2n + 1) +
1

2n + 1

2
4 nX

j=1

[Havg(j − 1) + C(2n + 1 − j)]+

+ [Havg(n) + C(n)] +
2n+1X

j=n+2

[H 0
avg(2n + 1 − j) + C(j − 1)]

3
5 :

To compute the total average number of key comparisons we add the number of
comparisons p(m) = m+1 needed to partition the array of size m to the average
number of comparisons needed to sort the two sub-arrays obtained. The index j
denotes all the possible choices (uniformly distributed) for the pivot. Obviously
H 0

avg(n) = Havg(n), so by simple indices manipulation, we obtain the following
recurrence equations:

(2n) � C(2n) = (2n) � p(2n) + 2
nX

j=1

[Havg(j − 1) + C(2n − j)] ; (7)

(2n + 1) � C(2n + 1) = (2n + 1) � p(2n + 1) + [Havg(n) + C(n)] +

+ 2
nX

j=1

[Havg(j − 1) + C(2n + 1 − j)] : (8)

They depend on the previous history but can be reduced to semi-�rst order
recurrences. Let (80) be the equation obtained from (8) by substituting the index
n with n − 1. Subtracting equation (7) from (80) and from (8) we obtain the
following equations:

(2n) � C(2n) = (2n + 1) � C(2n − 1) − C(n − 1) + Havg(n − 1) + f1(n);
(2n + 1) � C(2n + 1) = (2n + 2) � C(2n) − C(n) + Havg(n) + f2(n);
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where f1(n) = (2n) �p(2n)−(2n−1) �p(2n−1) = 4n and f2(n) = (2n+1) �p(2n+
1) − (2n) � p(2n) = 4n + 2. By using Lemma 4 and the upper bound in Theorem
1, it can be shown that the recurrence equation satis�es C(n) � n log n + 3n.

Analogous recurrence equations can be written to get the average number of
element moves. In such a case, the function Havg(n) (resp. H 0

avg(n)) denotes the
average number of element moves to sort n elements with the adapted max-heap
(resp. min-heap) version of External-Heapsort; whereas p(m) is three times the
average number q(m) of exchanges used during the partitioning stage of a size
m array.

If the chosen pivot A[1] is the k-th smallest element in the array of size
m, q(m) is the number of keys among A[2]; : : : ; A[k] which are smaller than the
pivot. There are exactly t such keys with probability p

(m)
k;t =

(
m−k

t

�(
k−1

k−1−t

�
=
(
m−1
k−1

�
.

Averaging on t and k, we get:

q(m) =
1
m

mX
k=1

k−1X
t=0

h
t � p

(m)
k;t

i
=

=
1
m

mX
k=1

"
m − k(
m−1
k−1

� k−1X
t=0

�
m − k − 1

t − 1

��
k − 1

k − 1 − t

�#
=

1
6
(m − 2);

where the last equality is obtained by two applications of Vandermonde’s con-
volution.

From p(m) = 1
2 (m − 2), we get f1(n) = 2n − 3

2 and f2(n) = 2n − 1
2 . Thus,

Lemma 4 and the upper bound in Theorem 1 yield immediately that the average
number of element moves is no more than n log n + 2:65n.

4. Experimental Results

In this section we present some empirical results concerning the performance
of our proposed algorithm. Speci�cally, we will compare the number of basic
operations and the timing results of both QuickHeapsort (QH) and its variant
clever-QuickHeapsort (c-QH) (which implements the median of three elements
strategy) with those of the following comparison-based sorting algorithms:

{ the classical Heapsort algorithm (H), implemented with a trick which saves
some element moves;

{ the Bottom-Up-Heapsort algorithm (BU), implemented with bit shift oper-
ations, as suggested in [19];

{ the iterative version of Quicksort (i-Q), implemented as described in [3];
{ the Quicksort algorithm (Q), implemented with bounded stack usage, as

suggested in [5];
{ the very e�cient LEDA [12] version of clever-Quicksort (c-Q), where the

median of three elements is used as pivot.
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Our implementations have been developed in standard C (GNU C compiler
ver. 2.7) and all experiments have been carried out on a PC Pentium (133 MHz)
32MB RAM with the Linux 2.0.36 operating system.

The choice to use C, rather than C++ extended with the LEDA library is
motivated by precise technical reasons. In order to get running-times indepen-
dent of the implementation of the data type <array> provided by the LEDA
library, we preferred to implement all algorithms by simply using C arrays, and
accordingly by suitably rewriting the source code supplied by LEDA for Quick-
sort.

Observe that all implementation tricks, as well as the various policies to
choose the pivot, used for Quicksort can be applied to QuickHeapsort too.

For each size n = 10i; i = 1::6, a �xed sample of 100 input arrays has been
given to each sorting algorithm; each array in such a sample is a randomly gen-
erated permutation of the keys 1::n. For each algorithm, the average number
of key comparisons executed, E[Cn], is reported together with its relative stan-
dard deviation, �[Cn]=n, normalized with respect to n. Analogously, E[An] and
�[An]=n refers to the number of element moves. Experimental results are shown
in Table 1.

They con�rm pretty well the theoretical results hinted at in the previous
section. Notice that most of the numbers quoted in Table 1 about Heapsort
and Quicksort are in perfect agreement with the detailed experimental study of
Moret and Shapiro [14].

We are mainly interested in the number of key comparisons since these rep-
resent the dominant cost, in terms of running-times, in any reasonable imple-
mentation. Observe that, in agreement with intuition, the improvement of c-Q
relative to Q (in terms of number of key comparisons) is more sensible than
that of c-QH relative to QH. With the exception of BU, when n is large enough
c-QH executes the smallest number of key comparisons, on the average; more-
over, according to theoretical results, QH always beat both Q and i-Q. It is also
interesting to note that H and BU are very stable, in the sense that they present
a small variance of the number of key comparisons.

In Table 2, we report the average running times required by each algorithm
to sort a �xed sample of 10 randomly chosen arrays of size n = 10i, with i = 4::6.

Such results depend on the data type of the keys to be ordered (integer
or double) and the type of comparison operation used (either built-in or via a
user-de�ned function cmp). In particular, six di�erent cases are considered. In
the �rst two cases, the comparison operation used is the built-in one. In the
third and fourth case, a simple comparison function cmp1 is used. Finally, in the
last two cases, two computationally more expensive comparison functions cmp2

and cmp3 are used (but only with keys of type integer), to simulate situations in
which the cost of a comparison operation is much higher than that of an element
move.5 The function cmp2 (resp. cmp3) has been obtained from a simple function

5 For instance, such situations arise when the array to sort contains pointers to the
actual records. A move is then just a pointer assignment, but a comparison involves
at least one level of indirection, so that comparisons become the dominant factor.
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n = 10 n = 102

E[Cn] �[Cn]=n E[An] �[An]=n E[Cn] �[Cn]=n E[An] �[An]=n

H 39 (.21) 73 (.17) 1030 (.08) 1078 (.07)
BU 35 (.21) 73 (.17) 709 (.08) 1078 (.07)
i-Q 63 (.96) 43 (.64) 990 (.61) 685 (.26)
Q 41 (.63) 27 (.32) 868 (.64) 500 (.19)

c-Q 28 (.19) 37 (.53) 638 (.29) 617 (.20)
QH 39 (.48) 54 (.39) 806 (.58) 847 (.23)

c-QH 29 (.20) 60 (.51) 714 (.22) 870 (.22)

n = 103 n = 104

E[Cn] �[Cn]=n E[An] �[An]=n E[Cn] �[Cn]=n E[An] �[An]=n

H 16848 (.031) 14074 (.024) 235370 (.010) 174198 (.007)
BU 10422 (.021) 14074 (.024) 137724 (.006) 174198 (.007)
i-Q 14471 (.605) 9146 (.106) 194279 (.878) 114419 (.092)
Q 13297 (.609) 7285 (.095) 179948 (.654) 95807 (.072)

c-Q 10299 (.355) 8543 (.102) 142443 (.401) 109141 (.065)
QH 11881 (.630) 11838 (.202) 152789 (.664) 152155 (.201)

c-QH 11135 (.333) 11959 (.182) 146643 (.323) 152909 (.121)

n = 105 n = 106

E[Cn] �[Cn]=n E[An] �[An]=n E[Cn] �[Cn]=n E[An] �[An]=n

H 3019638 (.0031) 2074976 (.0025) 36793760 (.0010) 24048296 (.0008)
BU 1710259 (.0024) 2074976 (.0025) 20401466 (.0007) 24048296 (.0008)
i-Q 2421867 (.7037) 1374534 (.0689) 28840152 (.6192) 16068733 (.0649)
Q 2249273 (.6828) 1189502 (.0726) 27003832 (.5389) 14212076 (.0635)

c-Q 1816706 (.3367) 1328265 (.0546) 22113966 (.2962) 15649667 (.0497)
QH 1869769 (.6497) 1854265 (.2003) 21891874 (.6473) 21901092 (.1853)

c-QH 1799240 (.3254) 1866359 (.1675) 21355988 (.3282) 21951600 (.1678)

Table 1. Average number of key comparisons and element moves (sample size
= 100).

cmp1 by adding one call (resp. two calls) to the function log of the C standard
mathematical library.

For each case considered, an approximation of the average times required by
a single key comparison tc and by a single element move tm is also reported.

Table 2 con�rms the good behaviour of all Quicksort variants i-Q, Q, c-
Q; moreover, we can see that BU su�ers from higher overhead due to internal
bookkeeping. In most cases the running-times of QH and c-QH are between those
of the variants of Heapsort, H and BU, and those of the variants of Quicksort,
Q, i-Q, and c-Q.

For each trial, the best running time (represented as boxed value in Table
2) is always achieved by a \clever" algorithm, namely either c-Q or c-QH. In
particular, when each key comparison operation is computationally expensive,
c-QH turns out to be the best algorithm, on the average, in terms of running
times.
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Integer Double cmp1 (Double)
tc = 0:05�sec , tm = 0:06�sec tc = 0:05�sec , tm = 0:07�sec tc = 0:3�sec , tm = 0:07�sec

n= 104 105 106 104 105 106 104 105 106

H 0.05 0.75 12.37 0.10 1.40 20.35 0.14 1.96 27.28
BU 0.09 1.25 18.80 0.13 1.83 25.88 0.15 2.00 27.62
i-Q 0.04 0.40 4.81 0.07 0.80 9.74 0.10 1.25 15.10
Q 0.03 0.37 4.54 0.06 0.74 8.92 0.09 1.12 13.49

c-Q 0.03 0.33 4.08 0.05 0.69 8.34 0.08 0.99 11.99
QH 0.05 0.64 10.43 0.08 1.10 16.85 0.10 1.42 19.96

c-QH 0.04 0.65 10.48 0.08 1.11 16.92 0.10 1.38 20.05

cmp1 (Integer) cmp2 (Integer) cmp3 (Integer)
tc = 0:19�sec , tm = 0:06�sec tc = 2:9�sec , tm = 0:06�sec tc = 4:7�sec , tm = 0:06�sec

n= 104 105 106 104 105 106 104 105 106

H 0.10 1.35 19.16 0.54 7.04 88.29 1.00 12.92 159.66
BU 0.11 1.52 21.23 0.37 4.72 58.94 0.64 8.09 98.42
i-Q 0.07 0.85 10.12 0.42 5.44 64.96 0.79 10.24 120.69
Q 0.07 0.80 9.60 0.40 4.93 59.53 0.74 9.20 110.29

c-Q 0.05 0.68 8.30 0.35 4.42 53.82 0.64 8.22 99.24
QH 0.08 0.99 13.99 0.37 4.57 54.57 0.66 8.17 95.11

c-QH 0.07 0.98 13.98 0.34 4.22 52.15 0.61 7.63 91.58

Table 2. Average running times in seconds (sample size = 10).

Cache performance has considerably less influence on the behaviour of sorting
algorithms than does paging performance (cf. [14], Chap. 8); for such reason, we
believe that we can ignore completely possible negative e�ects due to caching.

Concerning virtual memory problems, i.e. demand paging, all Quicksort al-
gorithms show good locality of reference, whereas Heapsort algorithms, and also
QuickHeapsort algorithms, tend to use pages that contain the top of the heap
heavily, and to use in a random manner pages that contain the bottom of the
heap (cf. [14]). Such observation allows us to conclude that an execution of c-Q
cannot be more penalized than an execution of c-QH by delays due to paging
problems. Hence, we can reasonably conclude that the success of c-QH is not
due to paging performance.

5. Conclusions

We presented QuickHeapsort, a new practical \in-place" sorting algorithm ob-
tained by merging some characteristics of Bottom-Up-Heapsort and Quicksort.
Both theoretical analysis and experimental tests con�rm the merits of Quick-
Heapsort.

The experimental results obtained show that it is convenient to use clever-
QuickHeapsort when the input size n is large enough and each key comparison
operation is computationally expensive.
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Triangulations without Minimum-Weight Drawing1

Cao An Wang2, Francis Y. Chin3, and Boting Yang2

2 Department of Computer Science, Memorial University of Newfoundland, St. John's,
Newfoundland, Canada A1B 3X5
wang@garfield.cs.mun.ca

3 Department of Computer Science and Information Systems, The University of Hong Kong,
Pokfulam Road, Hong Kong

chin@csis.hku.hk

Abstract. It is known that some triangulation graphs admit straight-line
drawings realizing certain characteristics, e.g., greedy triangulation, minimum-
weight triangulation, Delaunay triangulation, etc..  Lenhart and Liotta [12] in
their pioneering paper on “drawable” minimum-weight triangulations raised an
open problem: ‘Does every triangulation graph whose skeleton is a forest admit
a minimum-weight drawing?’  In this paper, we answer this problem by
disproving it in the general case and even when the skeleton is restricted to a
tree or, in particular, a star.

Keywords:  Graph drawing, Minimum-weight triangulation.

1 Introduction

Drawing of a graph on the plane is a pictorial representation commonly used in many
applications.  A “good” graph drawing has some basic characteristics [4], e.g.,
planarity, straight-line edges, etc.  One of the problems facing graph drawing is where
to place the graph vertices on the plane, so as to realize these characteristics.  For
example, the problem of Euclidean minimum spanning tree (MST) realization is to
locate the tree vertices such that the minimum spanning tree of these vertices is
isomorphic to the given tree.  However, not all trees have a MST realization, it can be
shown easily that there is no MST realization of any tree with a vertex of degree 7 or
more.  In fact, the MST realization of a tree with maximum vertex degree 6 is NP-
complete [6].
Recently, researchers have paid a great deal of attention to the graph drawing of
certain triangulations.  A planar graph G=(E,V) is a triangulation, if all faces of G are
bounded by exactly three edges, except for one which may bounded by more than
                                                          
1This work is supported by NSERC grant OPG0041629 and RGC grant HKU 541/96E.
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three edges, and this face is called the outerface. A minimum-weight triangulation
realization of G=(E,V) is to place V in the plane so that the minimum weight
triangulation of V, (MWT(V)), is isomorphic to G. An excellent survey on drawability
and realization for general graphs can be found in [2] and a summary of results related
to our work can be found in the following table.

GRAPH REALIZATION RESULT

1 Planar Graph Straight-line drawing Always possible [8]

2 Tree Minimum spanning tree Maximum vertex degree

≤ 5 polynomial time

= 6 NP-complete [6]

> 6 non-drawable [15]

3 Triangulation Delaunay triangulation Drawable and non-drawable
conditions [5]

4 Maximal
Outerplanar Graph

Minimum-weight
triangulation

Linear time algorithm and
non-drawable condition [11]

5 Triangulation Minimum-weight
triangulation

Non-drawable condition [12]

6 Maximal
Outerplaner Graph

Maximum-weight
triangulation

Non-drawable condition [17]

7 Caterpillar Graph Inner edges of Maximum-
weight triangulation of a
convex point set

Linear time [17]

Table 1

(1) Every planar graph has a straight-line drawing realization [8].
(2) Monma and Suri [15] showed that a tree with maximum vertex degree of more

than six does not admit a straight-line drawing of minimum spanning tree.  Eades
and Whitesides [6] proved that the realization of Euclidean minimum spanning
trees of maximum vertex degree six is NP-hard.

(3) Dillencourt [5] presented a necessary condition for a triangulation admitting a
straight-line drawing of Delaunay triangulation and also a condition for non-
drawability.

(4) Lenhart and Liotta [11] studied the minimum-weight drawing for a maximal
outerplanar graph, and discovered a characteristic of the minimum-weight
triangulation of a regular polygon using the combinatorial properties of its dual
trees.  With this characteristic, they devised a linear-time algorithm for the
drawing.

(5) Lenhart and Liotta [12] further demonstrated some examples of ‘non-drawable’
graphs for minimum-weight realizations, and also proved that if any graph
contains such non-drawable subgraph, then it is not minimum-weight drawable.

(6) Wang, et. al. studied the maximum-weight triangulation and graph drawing, a
simple condition for non-drawability of a maximal outerplanar graph is given in
[17].
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(7) A caterpillar is a tree such that all internal nodes connect to at most 2 non-leaf
nodes.  Wang, et. al. [17] showed that caterpillars are always linear-time realizable
by the inner edges of  maximum-weight triangulation of a convex point set.

In this paper, we investigate the open problem raised by Lenhart and Liotta [12] to
determine whether or not every triangulation whose ‘skeleton’ is a forest admits a
minimum-weight drawing.  The skeleton of a triangulation graph is the remaining
graph after removing all the boundary vertices and their incident edges on the
outerface. Intuitively, the answer to this open problem seems to be affirmative by
adapting the same idea in the drawing of wheel graphs or k-spined graphs [12]. That
is, one can stretch the vertices of a tree in the forest-skeleton arbitrarily far apart from
each other as well as from other trees. In this manner, all the vertices in the forest-
skeleton would be “isolated” from each other. The edges of the trees would be
minimum-weight and the edges connecting the removed vertices would also be
minimum-weight in hoping that the “long distance” will make such a localization.
However, this intuition turns out to be false as the removed part of the graph plays an
indispensable role in the MWT. As matter of a fact, there exist some minimum-weight
non-drawable triangulations whose skeleton is a forest or a tree.  It is worth noting
that the proof of some graphs being ‘non-drawable’ is similar to the proof of a lower
bound of a problem, which requires some non-trivial observation. In Section 3, we
derive a combinatorial non-drawability sufficient condition for any minimum weight
triangulation.  Then we apply this condition to show that some triangulations with
forest skeletons are not minimum-weight drawable. In Section 4, we further disprove
the conjecture by showing the existence of a tree-skeleton triangulation, in particular,
a star-skeleton triangulation which is not minimum-weight drawable. In Section 5, we
conclude our work.

2 Preliminaries

Definition 1:  Let S be a set of points in the plane.  A triangulation of S, denoted by
T(S), is a maximal set of non-crossing line segments with their endpoints in S.

The weight of a triangulation T(S) is given by ω(T(S)) = )(
)(

j
STss

i ssd
ji

∑
∈

, where d(sisj)

is the Euclidean distance between si and sj of S.  A minimum-weight triangulation of
S, denoted by MWT(S), is defined as, for all possible T(S), ω(MWT(S))  = min
{ω(T(S))}.   !

Property 1:  (Implication property)

A triangulation T(S) is called k-gon local minimal or simply k-minimal, denoted by
Tk(S), if any k-gon extracted from T(S) is a minimum-weight triangulation for this k-
gon.  Let ‘a ! b’ denote ‘a implies b’ and a contains b.  Then following implication
property holds:

MWT(S)  ! Tn-1(S) ! " !T4(S) ! T(S).  !
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Figure 1(a) illustrates an example which is 4-minimal but not 5-minimal.  Note in the
figure that every quadrilateral has a minimum-weight triangulation but not the
pentagon abdef.  So Figure 1(a) is a T4 but not T5 nor MWT.  On the other hand, Figure
1(b) gives the MWT of the same vertex set.

Figure 1:  4-minimal but not minimum

Definition 2:  Let e be an internal edge of any triangulation. Then, e is a diagonal of
a quadrilateral inside the triangulation, say abcd with e = (a, c).  Angles ∠ abc and
∠ cda are called facing angles w.r.t. e.  Note that each internal edge of a triangulation
has exactly two facing angles (Figure 2).  !

Property 2:  Let ∆abc be a triangle in the plane and d be an internal vertex in ∆abc.
Then, at most one of ∠ adb, ∠ bdc, and ∠ cda can be acute.  !

Lemma 1:  Let abcd denote a quadrilateral with diagonal (a, c) and with two obtuse
facing angles, ∠ abc and ∠ cda.  If such a quadrilateral always exists in any drawing
of a given triangulation, then this triangulation is minimum-weight non-drawable, in
particular, 4-minimal non-drawable.

Figure 2:  For the proof of Lemma 1

(a):  T4  (b):  MWT

c
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Proof:  Since both facing angles ∠ abc and ∠ cda of edge (a, c) are greater than 90°,
the quadrilateral abcd must be convex (refer to Figure 2).  Then, edge (b, d) lies inside
abcd and (b, d) < (a, c), quadrilateral abcd is not 4-minimal.  Since such a
quadrilateral always exists in any drawing of the triangulation by the premise, the
triangulation is not a 4- minimal, nor minimum-weight drawable.  !

3 Forest-Skeleton Triangulations

In this section, we shall give a combinatorial sufficient condition for a triangulation to
be minimum-weight non-drawable.  With the condition, we can prove that there exists
a forest-skeleton which is minimum-weight non-drawable, thus, disprove the
conjecture by Lenhart and Liotta [12].

3.1 Non-drawable Condition for Minimum-Weight Triangulations

In the following, we shall provide a combinatorial sufficient condition for a
triangulation to be 4-minimal non-drawable.

N4o-Condition:  Let G be a triangulation such that

(1) G contains a simple circuit C with non-empty set V of internal vertices.

(2) Inside C, let V’ denote the subset of V such that each element in V’ is of
degree three; each element in V” = V − V’ is of degree more than three; and
let f be the number of faces after the removal of vertices in V’ and their
incident edges. Then, G satisfies the following conditions:

(i)  V” > 1, and

(ii) f  <  V’  + ( V”−  1)/2.  !

It is easy to see that no two vertices in V’ are adjacent to each other and thus  V’≤  f.
Figure 3 gives a subgraph which satisfies the N4o-Condition,  V’ =11,  V” =4, and
f = 12  <  V’  + ( V”−  1)/2  = 12.5.

Lemma 2:  Let G be a triangulation.  If G satisfies the N4o-Condition, then G is 4-
minimal non-drawable.

Proof:  Let Gc denote the portion of G enclosed by C.  Let G’c denote the remaining
graph of Gc after the removal of V’ (the vertices of degree three) as well as their
incident edges.    In G’c, let f, e, and n denote the number of faces, the number of
edges, and the number of vertices, respectively; let f’ denote the number of faces
originally not containing any vertex of V’; let e’ denote the number of edges not lying
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on C; and let nc denote the number of vertices on C.  Since all faces in Gc are triangles,

we have f = 
3

)(2 cc nne +−
.  Together with  Euler formula on Gc,  f − e + n = 1, we

have that

e  =  3n − 3 − nc   ,    f  =  2n − 2 − nc  ……….  (1).

By part (ii) of N4o-Condition, f <  V’  + ( V”−  1)/2.  As f = f’ +  V’ ,  f’ +  V’ <
 V’ + ( V”−  1)/2.  Then, f’ < ( V”−  1)/2, or 2f’ <  V”  − 1.  Note that  V”  = n
− nc, we have

2f’ < n − nc −1  ……. (2).

As e − nc = e’ , we have by (1) and (2) that

f  + 2 f’ < e’  ……….  (3).

Note that an edge of G’c not on C can be regarded as the diagonal of a quadrilateral in
Gc. As every diagonal has two facing angles and G’c contains e’ internal edges, there
are exactly 2e’ facing angles. Moreover, G’c contains f faces, f − f’ of them have a
white node inside and thus each of these faces contributes at most one acute facing
angle (Property 2). On the other hand, each of the f’ faces contributes at most three
acute facing angles.  Thus, the total number of acute facing angles for these e’ interior
edges in Gc is at most f − f’ + 3f’ (= f’ + 2f’).  By (3), the number of internal edges is
greater than the number of acute facing angles in Gc.  Thus, at least one of the e’
internal edges (diagonals) is not associated with an acute facing angle and must have
two obtuse facing angles. By Lemma 1, Gc cannot admit a 4-minimal drawing.  !

By Property 1 and Lemma 2, we have

Theorem 1:  Let G be a triangulation.  If G satisfies the N4o-Condition, then G is
minimum-weight non-drawable.  !

Note that Theorem 1 is applicable to any triangulation GT by treating the hull of GT as
the circuit C stated in the N4o-Condition.  Refer to Figure 3.

3.2 A Minimum-Weight Non-drawable Example for a Forest-Skeleton
Triangulation

We shall construct a triangulation whose skeleton is a forest and which satisfies the
N4o-Condition.  Then, the non-drawable claim follows from Theorem 1, which
answers the open problem that not all triangulations with a forest-skeleton are
minimum-weight drawable.
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Figure 3:  An example of a 4-optimal non-drawable triangulation.  The darken vertices are of
degree more than three and  the white vertices are of degree three.  The sizes of V’ and V” are
11 and 4 respectively, n = 10, e  = 21, f = 12, nc  = 6, f’ = 1, e’ = 15.

Theorem 2:  There exists a triangulation with a forest-skeleton which is not
minimum-weight drawable.

Proof:  The triangulation shown in Figure 4 has a forest-skeleton (the darken edges).
It contains a simple cycle CG = (v1, v2, v3, v4).  Inside CG,  V” = 2, i.e., {v11, v12};
 V’ = 6, i.e., {v5, v6, v7, v8, v9, v10}; f = 6 (the number of faces after the removal of
V’).  Thus, part (1) of N4o-Condition:  V”  > 1 is satisfied and part  (2) of N4o-
Condition: f <  V’+  ( V”−  1)/2 is also satisfied.  Then, G is not minimum-weight
drawable by Theorem 1.  !

Figure 4:  A non-drawable forest-skeleton triangulation
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4 Tree-Skeleton Triangulation

In this section, we shall show that there exist tree-skeleton triangulations which are
minimum-weight non-drawable further disproving the claim in [12]. Let us consider a
triangulation in the plane with two adjacent triangles, ∆abc and ∆bcd, each of which
has an internal vertex with degree 3, as shown in Figure 5.  As agreed previously,
each of the internal degree-3 vertices can contribute at most one acute angle.  In the
following, we shall prove that if the only acute angle in ∆abc, ∠ aeb, and that in ∆cbd,
∠ bfd, are facing edge (a,b)  and edge (b,d) respectively, then by Lemma 1, the
triangulation with these two adjacent triangles is not minimum-weight drawable. This
is because e and f will be on the quadrilateral bfce and edge (e,f) crosses edge (b,c)
and  is shorter than edge (b,c).

Figure 5:  An non-drawable case

Let us consider a convex polygon P with n ≥ 13 vertices.  We shall show that P has at
least 3 consecutive inner angles with degree > 90°.

Lemma 3: Any convex polygon cannot have more than 4 acute inner angles.

Proof:  If the convex n-gon has 5 or more acute angles, then the sum of angles is no
more than 180° (n-5) + 5 × 90° = 180° n – 900°  + 450° = 180° n  – 450°  = 180° (n-2)
–90°  < 180°(n-2).  This contradicts the fact that the sum of inner angles of a convex
n-gon must be 180°(n-2).  !

Lemma 4:  If P is a convex polygon with n  ≥ 13 vertices, then P has at least 3
consecutive obtuse inner angles.

Proof:  The proof is by contradiction.  Assume P has at most 2 consecutive obtuse
inner angles, then there must exist at least 5 acute inner angles to separate the other
obtuse inner angles in P for n ≥ 13. This contradicts Lemma 3.  !
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Figure 6:  A  non-drawable tree-/star-skeleton triangulation

Theorem 3:  There exists a tree-skeleton (star-skeleton) triangulation which does not
admit a minimum-weight drawing.

Proof: Refer to Figure 6. By Lemma 4, P contains at least three consecutive obtuse
inner angles. Without loss of generality, let ∠ a’, ∠ b’, and ∠ a’bb’ be three
consecutive obtuse inner angles of P.  In order for P to be drawable, the region
caa’bb’d must also be drawable. It follows that edges (a,b), (b,d), and (b,c) must be
drawable. Note that ∠ aeb and ∠ bfd must be acute since ∠ a’  and ∠ b’ are already
obtuse. Then, the angle ∠ bec  in triangle ∆abc and the angle ∠ bfc in triangle ∆bcd
must be obtuse by Property 2. Then, edge (b,c) cannot be an edge in any minimum-
weight drawing. As the graph is a star-skeleton triangulation and star is a subclass of
tree, the theorem also applies to the tree-skeleton triangulations.  !

5 Conclusion

In this paper, we investigated the minimum-weight drawability of triangulations.  We
show that triangulations with forest-skeletons or even with tree-/star-skeleton are not
minimum-weight drawable, disproving the conjecture by [12].  Furthermore, we
found that in addition to wheel graph and k-spined graph, a subclass of star-skeleton
graph, regular star-graph is minimum-weight drawable.  It will be sketched out in the
following appendix.

Appendix: Drawable Triangulation with Minimum-Weight

In this section, we shall show that some special triangulation, namely, regular star
skeleton graph, admits a minimum-weight drawing.

b
’
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Definition 3: There exist only three types of edges in a triangulation whose skeleton
is a forest , namely, (1) skin-edge (simply, s-edge): both vertices of the edge are on
the hull, (2) tree-edge (simply, t-edge): both vertices of the edge are not on the hull,
and (3) bridge-edge (simply, b-edge): one vertex of the edge is on the hull and the
other is not. A base skin-edge is the most `inner' layer of s-edges. A graph G is a
regular star skeleton graph, denoted by RSSG, if G has a star skeleton, G contains
only base skin, and all the b-edges of a branch on the same side are connected to the
vertex of its neighboring b-edge.

By the definition, an RSSG can always be decomposed into a wheel and several k-
spined triangles, where k can be different for different triangles. Each k-spined
triangle consists of two fans, and the apex of a fan is a vertex of b-edge in the wheel
and the boundary of the fan is a branch of the star-skeleton. We shall give a high-level
description of the algorithm.

Algorithm: The algorithm first identifies if G is an RSSG. If it is, then label the b-
edges and t-edges for the wheel and the fans of this RSSG. For a given resolution of
the drawing, we can determine the size of a fan that is a function of the number of
radial edges, k, and the distance δ between the apex and its closest boundary vertex.
Now, the algorithm will draw a wheel. During the arrangement of its radial edges, we
take the size of the attached fans into a count. There are two types of drawings for
fans: FAN1 and FAN2.
FAN1: Let v be the apex of a fan and (v1, v2, ..., vk) be the sequence of vertices on its
boundary (the interior vertices of the (k-1)-spined triangle. The drawing is similar to
that in [12] (refer to Lemma 7 of [12]).
FAN2: The apex v' lies on the opposite side of the apex v along (v1, v2, ..., vk). Since all
the edges in FAN2 are stable edges, they belong to MWT(S) [15].

Theorem 4. Graph RSSG is minimum-weight drawable.

Proof Sketch: We shall prove that each edge of the drawing belongs to the MWT of
this point set. There are three types of edges in the drawings: the base s-edges, the b-
edges, and the t-edges. The s-edges obviously belong to the MWT of this point set
since all these edges are on the convex hull of this point set. Let us consider b-edges
and t-edges. By our algorithm and by Lemma 7 in [12], all individual fans belong to
their own MWTs respectively. We can show that they also belong to the final MWT by
proving all the b-edges separating them belong to MWT(S) (using the local replacing
argument [16]).
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Abstract. Given a boolean 2CNF formula F , the Max2Sat problem
is that of �nding the maximum number of clauses satis�able simultane-
ously. In the corresponding decision version, we are given an additional
parameter k and the question is whether we can simultaneously satisfy
at least k clauses. This problem is NP -complete. We improve on known
upper bounds on the worst case running time of Max2Sat, implying
also new upper bounds for Maximum Cut. In particular, we give exper-
imental results, indicating the practical relevance of our algorithms.
Keywords: NP -complete problems, exact algorithms, parameterized
complexity, Max2Sat, Maximum Cut.

1 Introduction

The (unweighted) Maximum Satis�ability problem (MaxSat) is to assign val-
ues to boolean variables in order to maximize the number of satis�ed clauses
in a CNF formula. Restricting the clause size to two, we obtain Max2Sat.
When turned into \yes{no" problems by adding a goal k representing the num-
ber of clauses to be satis�ed, MaxSat and Max2Sat are NP -complete [7].
E�cient algorithms for MaxSat, as well as Max2Sat, have received consid-
erable interest over the years [2]. Furthermore, there are several papers which
deal with Max2Sat in detail, e.g., [3,4,6]. These papers present approximation
and heuristic algorithms for Max2Sat. In this paper, by way of contrast, we
introduce algorithms that give optimal solutions within provable bounds on the
running time. The arising solutions for Max2Sat are both fast and exact and
show themselves to be interesting not only from a theoretical point of view, but
also from a practical point of view due to the promising experimental results we
have found.

The following complexity bounds are known for Max2Sat: There is a de-
terministic, polynomial time approximation algorithm with approximation fac-
tor 0:931 [6]. On the other hand, unless P = NP , the approximation factor
cannot be better than 0:955 [9]. With regard to exact algorithms, research so
far has concentrated on the general MaxSat problem [1,12]. As a rule, the al-
gorithms which are presented there (as well as our own) are based on elaborate
case distinctions. Taking the case distinctions in [12] further, Bansal and Ra-
man [1] have recently presented the following results: Let jF j be the length of
the given input formula and K be the number of clauses in F . Then MaxSat

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 174{186, 2000.
c© Springer-Verlag Berlin Heidelberg 2000
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can be solved in times O(1:3413KjF j) and O(1:1058jF j). The latter result implies
that, using jF j = 2K, Max2Sat can be solved in time O(1:2227K), this being
the best known result for Max2Sat so far. Moreover, Bansal and Raman have
shown that, given the number k of clauses which are to be satis�ed in advance,
MaxSat can be solved in O(1:3803kk2 + jF j) time.

Our main results are as follows: Max2Sat can be solved in times
O(1:0970jF j), O(1:2035K), and O(1:2886kk + jF j), respectively. In addition, we
show that if each variable in the formula appears at most three times, then
Max2Sat, still NP -complete, can be solved in time O(1:2107kjF j). In reference
to modi�cations of our algorithms done in [8], we �nd that Maximum Cut in
a graph with n vertices and m edges can be solved in time O(1:3197m). If re-
stricted to graphs with vertex degree at most three, it can be solved in time
O(1:5160n), and, if restricted to graphs with vertex degree at most four, in time
O(1:7417n). In addition, the same algorithm computes a Maximum Cut of size
at least k in time O(m + n + 1:7445kk), improving on the previous time bounds
of O(m + n + 4kk) [11] and O(m + n + 2:6196kk) [12].

Aside from the theoretical improvements gained by the new algorithms we
have developed, an important contribution of our work is also to show the prac-
tical signi�cance of the results obtained. Although our algorithms are based on
elaborate case distinctions which show themselves to be complicated upon anal-
ysis, they are relatively easy to apply when dealing with the number of cases
the actual algorithm has to distinguish. Unlike what is known for the general
MaxSat problem [1,12], we thereby have for Max2Sat a comparatively small
number of easy to check cases, making our implementation practical. Moreover,
analyzing the frequency of how often di�erent rules are applied, our experiments
also indicate which rules might be the most valuable ones. Our algorithms can
compete well with heuristic ones, such as the one described by Borchers and
Furman [3].

Independent from our work, Hirsch [10] has simultaneously developed up-
per bounds for the Max2Sat problem. He presents an algorithm with bounds
of O(1:0905jF j) with respect to the formula length jF j and O(1:1893K) with
respect to the number of clauses K, which are better than the bounds shown
for our algorithms. Moreover, he points out that his algorithm also works for
weighted versions of Max2Sat. On the other hand, however, he does not give
any bound with respect to k, the number of satis�able clauses. His analysis is
simpler than ours, as he makes use of a result by Yannakakis [15]. The algo-
rithm itself, however, seems much more complex and is not yet accompanied by
an implementation. The reduction step of Hirsch’s algorithm has a polynomial
complexity, as a maximum flow computation has to be done, and it would be
interesting to see whether this will turn out to be e�cient in practice.

Due to the lack of space, we omitted several details and refer to [8] for more
material.
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2 Preliminaries and Transformation Rules

We use primarily the same notation as in [1,12]. We study boolean formulas in
2CNF, represented as multisets of sets (clauses). A subformula, i.e., a subset
of clauses, is denoted closed if it is a minimal subset of clauses allowing no
variable within the subset to occur outside of this subset as well. A clause that
contains the same variable positively and negatively, e.g., fx; �xg, is satis�ed by
every assignment. We will not allow for these clauses here, and assume that
such clauses are always replaced by a special clause >, denoting a clause that
is always satis�ed. We call a clause containing r literals simply an r-clause.
Its length is therefore r. A formula in 2CNF is one consisting of 1- and 2-
clauses. We assume that 0-clauses do not appear in our formula, since they are
clearly unsatis�able. The length of a clause is its cardinality, and the length of
a formula is the sum of the lengths of its clauses. Let l be a literal occurring
in a formula F . We call it an (i; j)-literal if the variable corresponding to l
occurs exactly i times as l and exactly j times as �l. Analogously, we obtain
(i+; j)-, (i; j+)-, and (i+; j+)-literals by replacing \exactly" with \at least" at the
appropriate positions, and get (i−; j)-, (i; j−)- and (i−; j−)-literals by replacing
\exactly" with \at most". Following Bansal and Raman [1], we call an (i; j)-
literal an (i; j)[p1; : : : ; pi][n1; : : : ; nj]-literal if the clauses containing l are of
length p1 � : : : � pi and those containing �l are of length n1 � : : : � nj . For a
literal l and a formula F , let F [l] be the formula originating from F by replacing
all clauses containing l with > and removing �l from all clauses where it occurs.
We say ~x occurs in a clause C if x 2 C or �x 2 C. We write #~x for the number
of occurrences of ~x in the formula. Should variable ~x and variable ~y occur in the
same clause, we call this instance a common occurrence and write #~x~y for the
number of their common occurrences in the formula. In the same way, we write
#xy for the number of common occurrences of literals x and y.

As with earlier exact algorithms for MaxSat [1,12], our algorithms are re-
cursive. They go through a number of transformations and branching rules,
where the given formula is simpli�ed by assigning boolean values to some care-
fully selected variables. The fundamental di�erence between transformation and
branching rules is that when the former has been given a formula, it is replaced
by one simpler formula, whereas in the latter a formula is replaced by at least
two simpler formulas. The asymptotic complexity of the algorithm is governed
by the branching rules. We will use recurrences to describe the size of the cor-
responding branching trees created by our algorithms. Therefore, we will apply
one of the transformation rules whenever possible, as they avoid a branching of
recursion.

In the rest of this section, we turn our attention to the transformation rules.
Our work here follows that of [12] closely, as the �rst 4 rules have also been
used there. Their correctness is easy to check.

1. Pure Literal Rule: Replace F with F [l] if l is a (1+; 0)-literal.
2. Dominating 1-Clause Rule: If �l occurs in i clauses and l occurs in at least i

1-clauses of F , then replace F with F [l].
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3. Complementary 1-Clause Rule: If F = ffxg; f�xgg[G, then replace F with G,
increasing the number of satis�ed clauses by one.

4. Resolution Rule: If F = ffx; l1g; f�x; l2gg[G and G does not contain ~x, then
replace F with ffl1; l2gg [ G, increasing the number of satis�ed clauses by
one.

5. Almost Common Clauses Rule: If F = ffx; yg; fx; �ygg [ G, then replace F
with fxg [ G, increasing the number of satis�ed clauses by one.

6. Three Occurrence Rules: We consider two subcases:
(a) If x is a (2; 1)-literal, F = ffx; yg; fx; yg; f�x; �ygg [ G, and G does not

contain ~x, then replace F with G, increasing the number of satis�ed
clauses by three.

(b) If x is (2; 1)-literal, and either F = ffx; yg; fx; yg; f�x; l1gg [ G or F =
ffx; yg; fx; l1g; f�x; �ygg[G, then replace F with ffy; l1gg[G or ff�y; l1gg[
G, respectively, increasing the number of satis�ed clauses by two.

The Almost Common Clauses Rule was introduced by Bansal and Raman [1].
In the rest of this paper, we will call a formula reduced if none of the above trans-
formation rules can be applied to it. The correctness of many of the branching
rules that we will present relies heavily on the fact that we are dealing with
reduced formulas.

3 A Bound in the Number of Satis�able Clauses

Theorem 1 For a 2CNF formula F , it can be computed in time O(jF j +
1:2886kk) whether or not at least k clauses are simultaneously satis�able.

Theorem 1 is of special interest in so-called parameterized complexity theory [5].
The corresponding bound for formulas in CNF is O(jF j + 1:3803kk2) [1]. In
this expression 1:3803k gives an estimation of the branching tree size. The time
spent in each node of the tree is O(jF j), which for CNF formulas is shown to
be bounded by k2[11]. For 2CNF formulas, however, we can improve this factor
for every node of the tree from k2 to k: Note that the case where k � d K

2 e with
K as the number of clauses is trivial, since for a random assignment, either this
assignment or its inverse satisfy d K

2 e clauses. For k > d K
2 e, however, Max2Sat

formulas have jF j = O(k).
Before sketching the remaining proof of Theorem 1, we give a corollary. Con-

sider a 2CNF input formula in which every variable occurs at most three times.
This problem is also NP -complete [13], but we can improve our upper bounds by
excluding some of the cases necessary for general 2CNF formulas, thus obtaining
a better branching than in Theorem 1. We omit details.

Corollary 2 For a 2CNF formula F where every variable occurs at most three
times, it can be computed in time O(jF j + 1:2107kk) whether or not at least k
clauses are simultaneously satis�able.
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We now sketch the proof of Theorem 1. We present algorithm A with the given
running time. As an invariant of our algorithm, observe that the subsequently
described branching rules are only applied if the formula is reduced, that is, there
is no transformation rule to apply. The idea of branching is based on dividing the
search space, i.e. the set of all possible assignments, into several parts, �nding an
optimal assignment within each part, and then taking the best of them. Carefully
selected branchings enable us to simplify the formula in some of the branches.
Observe that the subsequent order of the steps is important. In each step, the
algorithm always executes the applicable branching rule with the lowest possible
number:

RULE 1: If there is a (9+; 1)-, (6+; 2)-, or (4+; 3+)-literal x, then we branch
into F [x] and F [�x]. The correctness of this rule is clear. In the worst case, a
(4; 3)-literal, by branching into F [x], we may satisfy 4 clauses and by branching
into F [�x], we may satisfy 3 clauses. We describe this situation by saying that
we have a branching vector (4; 3), which expresses the corresponding recurrence
for the search tree size, solvable by standard methods (cf. [1,12]). Solving the
corresponding recurrence for the branching tree size, we obtain here the branch-
ing number 1:2208. This means that were we always to branch according to a
(4; 3)-literal, the branching tree size would be bounded by 1:2208k. It is easy to
check that branching vectors (9; 1) and (6; 2) yield better (i.e., smaller) branching
numbers.

RULE 2: If there is a (2; 1)-literal x, such that F = ffx; yg; fx; zgg [ G and
y occurs at least as often in F as z, then branch as follows: If both y and z are
(2; 1)-literals, branch into F [x] and F [�x]. We can show a worst case branching
vector of (4; 5) in these situations. Otherwise, i.e., if one of y and z is not (2; 1),
then branch into F [y] and F [�y]. The correctness is again obvious. However, the
complexity analysis (i.e., analysis of the branching vectors) is signi�cantly harder
in this case. Keep in mind that the formula is reduced, meaning that we may
exclude all cases where a transformation rule would apply.

First, we distinguish according to the number of common occurrences of
~x and ~y: Assuming that there are three common occurrences we either have
clauses fx; yg, fx; �yg, clauses fx; yg, f�x; yg, or clauses fx; yg, fx; yg, f�x; �yg. In
the �rst two cases, the Almost Common Clause Rule applies (cf. Section 2), and
in the latter case, the �rst of the Three Occurrence Rules applies. Analogously,
assuming two common occurrences, either the Almost Common Clause Rule or
the second of the Three Occurrence Rules applies. Hence, because the formula
is reduced, we can neglect these cases.

It remains to consider only one common occurrence of ~x and ~y. We make the
following observation: By satisfying y, we reduce literal x to occurrence two and
the Resolution Rule applies, eliminating ~x and satisfying one additional clause.
On the other hand, satisfying �y leaves a unit occurrence of x and the Dominating
1-Clause Rule applies, eliminating ~x from the formula and satisfying the two x-
clauses. Now we consider each possible occurrence pattern for literal y. If y occurs
at least four times, it is a (3+; 1)-, (1; 3+)-, or a (2+; 2+)-literal, and using the
given observation, in the worst cases we obtain branching vectors (4; 3), (2; 5),
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or (3; 4). If y occurs only three times, it is a (2; 1)- or (1; 2)-literal. We then
take a literal z into consideration as well. We know from the way in which y was
chosen that the literal z is also of occurrence three. We consider all combinations
of y and z, which are either (2; 1)- or (1; 2), and also cover a possible common
occurrence of ~y and ~z in one clause. Branching as speci�ed, we in the worst case
obtain a branching vector (2; 6), namely when both y and z are (1; 2) and there
is no common clause of y and z. We omit the details here.

Summarizing, for RULE 2, the worst observed branching vector is (2; 5),
which corresponds to the branching number 1:2365.

RULE 3: If there is a (3+; 3+)- or (4+; 2)-literal x, then branch into F [x]
and F [�x]. Trivially we get the branching vectors (3; 3) and (4; 2), implying the
branching numbers 1:2600 and 1:2721.

RULE 4: If there is a (c; 1)-literal x with c 2 f3; 4; 5; 6; 7; 8g, then choose a
literal y occurring in a clause fx; yg and branch into F [y] and F [�y]. Again, this
is clearly correct.

With regard to the complexity analysis, we observe that by satisfying �y, a
unit occurrence of x arises and the Dominating 1-Clause Rule applies, satisfying
all x-clauses. Having reached RULE 4, we know that all literals in the formula
occur at least four times, as the 3-occurrences are eliminated by RULE 2. We
consider di�erent possible cases for y, namely y being a (3+; 1)-, (1; 3+)-, or
(2+; 2+)-literal, and we consider all possible numbers of common occurrences of
~x and ~y. Using the given observation, we can show a branching vector of (1; 6)
in the worst case, namely for a (3; 1)-literal x, a (1; 3)-literal y, and #~x~y = 1.
This corresponds to the branching number 1:2852. Again, we omit the details.

RULE 5: By this stage, there remain only (2; 2)-, (3; 2)-, or (2; 3)-literals
in the formula. RULE 5 deals with the case that there is a (2; 2)-literal x. Our
branching rule now is more involved. We choose a literal y occurring in a clause
fx; yg and a literal z occurring in a clause f�x; zg. For ~x having at least two
common occurrences with ~y or ~z, we branch into F [x] and F [�x]. If this is not
the case but ~y and ~z have at least two common occurrences, we branch into F [y]
and F [�y]. It remains that #~x~y = 1, #~x~z = 1, and #~y~z � 1. If ~y and ~z have a
common occurrence in a clause fy; zg, we branch into F [y], F [�yz], and F [�y�z]. If
not, i.e. there is no clause fy; zg, we branch into F [yz], F [�yz], F [y�z], and F [�y�z].
It is easy to verify that we have covered all possible cases.

Regarding the complexity analysis, we �rst make use of the following: When-
ever two literals being (2; 2) or (3; 2) have at least two common occurrences, we
can take one of them and branch setting it true and false. In the worst case, this
results in the branching vector (2; 5) with branching number 1:2366.

Thus, we are only left with situations in which #~x~y = 1, #~x~z = 1, and
#~y~z � 1. For these cases, we consider all arrangements of ~x, ~y and ~z possible,
with x being (2; 2), y being (2+; 2+) and z being (2+; 2+). We obtain \good"
branching numbers of 1:2886 for vectors as, such as (5; 6; 5; 6) in most cases
by branching into F [yz], F [�yz], F [y�z], and F [�y�z]. Only for a possible common
occurrence of ~y and ~z in a clause fy; zg would the branching number be worse.
We avoid this by branching into F [y], F [�yz], and F [�y�z] instead. Here, we study
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in more detail what happens in the single subcases: Setting y true in the �rst
subcase of the branching, we satisfy two y-clauses. By setting y false and z true in
the second subcase, we directly eliminate two �y- and two z-clauses. Consequently,
the Dominating Unit Clause Rule now applies for x and satis�es two additional
clauses. In total, we satisfy six clauses in the second subcase. Setting y and z
false in the third subcase, we satisfy two �y- and two �z-clauses. In addition, there
arise unit clauses for x and �x such that the Complementary 1-Clause Rule and
then the Resolution Rule apply, satisfying two additional clauses. Summarizing
these considerations, the resulting branching vector is (2; 6; 6) with branching
number 1:3022.

For our purpose, this vector is still not good enough. However, we observe
that in the �rst branch ~x, is reduced to occurrence three, meaning that in this
branch the next rule that will be applied will undoubtly be RULE 2. We recall
that RULE 2 yields the branching vector (2; 5), and possibly even a better one.
Combining these two steps, we obtain the branching vector (4; 7; 6; 6) and the
branching number 1:2812.

Note that in RULE 5, we have the real worst case of the algorithm, namely
for the situation of #~x~y = #~x~z = #~y~z = 1 and ~y and ~z having their common
occurrence in a clause f�y; �zg. For this situation, we can �nd no branching rule
improving the branching number 1:2886.

RULE 6: When this rule applies, all literals in the formula are either (3; 2)
or (2; 3). We choose a (3; 2)-literal x. The branching instruction is now primarily
the same as in RULE 5 above. However, it is now possible that there is no literal
z occurring in a clause f�x; zg, as the two �x-occurrences may be in unit clauses.
In this case, i.e. for two �x-unit clauses, we branch into F [y] and F [�y]. Having two
or more common occurrences for a pair of ~x, ~y, and ~z, we branch as in RULE 5.
For the remaining cases, i.e. #~x~y = 1, #~x~z = 1, and #~y~z � 1, we branch into
F [y], F [�yz], and F [�y�z].

The complexity analysis works analogously to RULE 5. For #~x~y = 1, #~x~z =
1, and #~y~z � 1 we test all possible arrangements of ~x, ~y, and ~z with x being
(3; 2) and y and z being either (3; 2) or (2; 3). The worst case branching vector
in these situations, when branching into F [y], F [�yz], and F [�y�z], is (2; 9; 5) and
yields the branching number 1:2835. Again, we omit the details.

4 A Bound in the Formula Length

Compare Theorem 3 with the O(1:1058jF j) time bound for MaxSat [1]. Observe
that when the exponential bases are close to 1, even small improvements in the
exponential base can mean signi�cant progress.

Theorem 3 Max2Sat can be solved in time O(1:0970jF j).

We sketch the proof of Theorem 3, presenting Algorithm B with the given run-
ning time. For the most part, it is equal to Algorithm A, sharing the branching
instructions of RULEs 1 to 4. Taking up ideas given in [1], we replace RULE 5
and 6 with new branching instructions RULE 50, 60, 70, and 80.
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For the rules known from Algorithm A, it remains to examine their branching
vectors with respect to formula length. As the analysis is in essence the same
as that of the proof for Theorem 1, we omit the details once again, while only
stating that the worst case branching vector with respect to formula length for
RULEs 1 to 4 is (7; 8) (branching number 1:0970), and continue with the new
instructions:

RULE 50: Upon reaching this rule, all literals in the formula are of type
(2; 2), (3; 2), or (2; 3). RULE 50 deals with the case that there is a (3; 2)-literal
x, which is not (3; 2)[2; 2; 2][1; 2].

If x is a (3; 2)[2; 2; 2][2; 2]-literal, we branch into F [x] and F [�x]. Counting the
literals eliminated in either branch, we easily obtain a branching vector of (8; 7).

If x is (3; 2)[2; 2; 2][1; 1]-literal with clauses fx; y1g, fx; y2g, and fx; y3g in
which some of y1, y2, and y3 may be equal, we branch into F [�x] and F [x �y1 �y2 �y3].
This is correct, as should we want to satisfy more clauses by setting x to true
than by setting x to false, all y1, y2 and y3 must be falsi�ed. We easily check
that if all y1, y2, and y3 are equal, we obtain a branching vector of (10; 10).
For at least two literals of y1, y2, and y3 being distinct, we eliminate in the
�rst subcase eight literals, namely the literals in the satis�ed x-clauses and the
falsi�ed �x-literals. In the second subcase, we eliminate ~x, having �ve occurrences
and two variables having at least four occurrences. This gives a branching vector
of (8; 13), corresponding to the branching number 1:0866.

If x is ultimately a (3; 2)[1; 2; 2][2; 2]-literal with clauses f�x; z1g, f�x; z2g in
which z1 and z2 may be equal, we branch into F [x] and F [�x �z1 �z2]. The correctness
is shown as in the previous case. In the �rst branch, we directly eliminate eight
literals. In the second branch, we eliminate literal x having �ve occurrences and
at least one literal having four or �ve occurrences. This gives a branching vector
of (7; 9), corresponding to the branching number 1:0910.

By using these branching instructions we obtain for RULE 50 the worst case
branching vector (8; 7) in terms of formula length, namely for a (3; 2)[2; 2; 2][2; 2]-
literal x. This corresponds to the branching number 1:0970 and will turn out to
be the overall worst case in our analysis of the algorithm.

RULE 60: Upon reaching this rule, all remaining literals in the formula are
either (2; 2), (3; 2)[2; 2; 2][1; 2], or (2; 3)[1; 2][2; 2; 2]. RULE 60 deals with the case
that there is a (2; 2)[2; 2][1; 2]-literal x, i.e. a (2; 2)-literal having a unit occurrence
of �x. As this rule is similar to RULE 50, we omit the details here and claim a
worst case branching vector of (5; 12) corresponding to the number 1:0908.

RULE 70 eliminates all remaining (3; 2)-literals, namely those of type
(3; 2)[2; 2; 2][1; 2]. We select literals y1, y2, y3, and z from clauses fx; y1g, fx; y2g,
fx; y3g, and f�x; zg. If there is a variable ~y which equals at least two of the
variables ~y1, ~y2, ~y3, and ~z, we branch into subcases F [y] and F [�y]. Otherwise,
i.e. all variables ~y1, ~y2, ~y3, and ~z are distinct, we branch into subcases F [y1�x],
F [y1x �y2 �y3z], and F [ �y1]. The analysis of this rule is omitted here, as it is in large
extent analogous to the �nal RULE 80, which we will study in more detail.

RULE 80 applies to the (2; 2)[2; 2][2; 2]-literals, which are the only literals
remaining in the formula. Consider clauses fx; y1g, fx; y2g, f�x; z1g, and f�x; z2g.
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In the case where there is a variable ~y which equals two of the variables ~y1,
~y2, ~z1, or ~z2, i.e. ~y has two or more common occurrences with ~x, we branch
into F [y] and F [�y]. We can easily see how to obtain a branching vector of (8; 8)
and the branching number 1:0906, as setting a value for ~y implies a value for ~x.
Therefore, we proceed to the case of distinct variables ~y1, ~y2, ~z1, and ~z2.

First, we discuss the correctness of the subcases. The correctness of the sub-
cases F [y1�x], F [y1x], F [ �y1x] and F [ �y1�x] is obvious. Now assume in the second
branch that a partner of �x, e.g. z1, would be falsi�ed. Then, in comparison to
the �rst branch, we would lose the now falsi�ed clause f�x; z1g, but could, in the
best case, gain one additional x-clause. On the other hand, assume that y2 would
be satis�ed. Then in the second branch, as compared with the �rst one, we can
not gain any additional x-clause, but could lose some �x-clauses. This shows that
in the second branch, we can neglect the considered assignments, as they do
not improve the result obtained in the �rst branch. Analogously, we obtain the
additional assignments in the fourth branch and, therefore, branch into subcases
F [y1�x], F [y1x �y2z1z2], F [ �y1x], and F [ �y1�xy2 �z1 �z2]. Knowing that all literals in the
formula are (2; 2)[2; 2][2; 2], we obtain the vector (11; 20; 11; 20).

As this vector does not satisfy our purpose, we further observe that in branch
F [y1�x] and in branch F [ �y1x], there are undoubtly literals reduced to an occur-
rence of three or two. These literals are either eliminated due further reduction,
or give rise to a RULE 2 branching in the next step. We check that the worst
case branching vector in RULE 2 is (7; 10). Combining these steps, we are now
able to give a worst case branching vector for RULE 80 of (18; 21; 20; 18; 21; 20),
corresponding to the branching number 1:0958.

This completes our algorithm and its analysis in terms of formula length.
Omitting some details, we have shown a worst case branching number of 1:0970
in all branching subcases, which justi�es the claimed time bound.

For MaxSat in terms of the number of clauses, the upper time bound
O(1:3413K jF j) is known [1]. Setting jF j = 2K in Theorem 3, we obtain:

Corollary 4 Max2Sat can be solved in time O(1:2035K).

Using this algorithm we can also solve the Maximum Cut problem, as we
can translate instances of the Maximum Cut problem into 2CNF formulas [11].
In fact, these formulas exhibit a special structure and we can modify and even
simplify the shown algorithm, in order to obtain better bounds on formulas hav-
ing this special structure. As shown in [8] on 2CNF formulas generated from
Maximum Cut instances, Max2Sat can be solved in time O(1:0718jF j) and
O(jF j + 1:2038k), where k is the maximum number of satis�able clauses in the
formula. This implies the bounds for Maximum Cut shown in Theorem 5. Ob-
serve for part (2) that Maximum Cut, when restricted to graphs of vertex degree
at most three, is NP-complete [7].

Theorem 5 1. For a graph with n vertices and m edges the Maximum Cut
problem is solvable in O(1:3197m) time.
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2. If the graph has vertex degree at most three, then Maximum Cut can be
solved in time O(1:5160n). If the graph has vertex degree at most four, then
Maximum Cut can be solved in time in O(1:7417n).

3. We can compute in time O(m+n+k �1:7445kk) whether there is a maximum
cut of size k.

5 Experimental Results

Here we indicate the performance of our algorithms A (Section 3) and B (Sec-
tion 4), and compare them to the two-phase heuristic algorithm for MaxSat
presented by Borchers and Furman [3]. The tests were run on a Linux PC with an
AMD K6 processor (233 MHz) and 32 MByte of main memory. All experiments
are performed on random 2CNF-formulas generated using the MWFF package
from Bart Selman [14]. We take di�erent numbers of variables and clauses into
consideration and, for each such pair, generate a set of 50 formulas. As results,
we give the average for these sets of formulas. If at least one of the formulas in a
set takes longer than 48 hours, we do not process the set and indicate this in the
table by \not run". Our algorithms are implemented in JAVA. This gives credit
to the growing importance of JAVA as a convenient and powerful programming
language. Furthermore, our aim is to show how the algorithms limit the expo-
nential growth in running time, being e�ective independent of the programming
language. The algorithm of Borchers and Furman is coded in C. Coding a sim-
ple program for Fibonacci recursion in C and JAVA and running it in the given
environment, we found the C program to be faster by a factor of about nine.
Due to the di�erent performance of the programming languages, it is di�cult
to only compare running times. As a fair measure of performance we, therefore,
also provide the size of the scanned branching tree, as it is responsible for the
exponential growth of the running time. More precisely, for the branching tree
size we count all inner nodes, where we branch towards at least two subcases.

There is almost no di�erence in the performance between algorithms A and B;
therefore they are not listed separately. This is plausible, as in the processing of
random formulas, the \bad" case situations in whose handling our algorithms
di�er, are rare. On problems of small size, the 2-phase-EPDL (Extended Davis-
Putnam-Loveland) algorithm of Borchers and Furman [3] has smaller running
times despite its larger branching trees. One reason may also be the di�erence
in performance of JAVA and C. Nevertheless, with a growing problem size our
algorithm does a better job in keeping the exponential growth of the branching
tree small, which also results in signi�cantly better running times, see Table 1.

In order to gain insight into the performance of our rules, we collected some
statistics on the application of the transformation and branching rules. For al-
gorithm B, we examine which rules apply how often during a run on random
formulas. First, we consider the transformation rules. Note that at one point,
several transformation rules could be applicable to a formula. Therefore, for judg-
ing the results, it is important to know the sequence in which the application
of transformation rules is tested. We show the results in Table 2, with the rules



184 Jens Gramm and Rolf Niedermeier

Algorithm B 2-Phase-EDPL
n m Tree Time Tree Time

25 100 16 0.77 961 0.27
200 108 1.78 37 092 1.93
400 385 5.41 514 231 43.72
800 752 12.59 2 498 559 9:16.51

50 100 6 0.70 69 0.48
200 320 4.48 611 258 27.11
400 18 411 3:45.80 not run {

100 200 36 1.14 10 872 2.14
400 91 039 23:50.09 not run {

200 400 1 269 21.87 not run {

Table 1. Comparison of average branching tree sizes (Tree) and average running
times (Time), given in minutes:seconds, of our Algorithm B and the 2-phase-
EDPL by Borchers and Furman. Tests are performed on 2CNF formulas with
di�erent numbers of variables (n) and clauses (m).

Variables 25 50
Clauses 100 200 400 800 100 200 400

Search Tree Size 16 108 385 752 6 320 18 411

Almost Common Cl. 10 38 102 235 4 76 1 421
Pure Literals 26 82 111 99 34 658 11 476

Dominating 1-Clause 123 704 1 844 2 839 42 3387 134 425
Complementary 1-Clause 40 571 2 831 6 775 4 1173 128 030

Resolution 22 57 54 30 25 726 10 821
Three Occurrences 1 0 1 4 7 0 1 35
Three Occurrences 2 6 25 51 47 2 86 2 810

Table 2. Statistics about the application of transformation rules in algorithm
B on random formulas.

being in the order in which they are applied. Considering the shown and addi-
tional data, we �nd application pro�les being characteristic for variable/clause
ratios. We observe for formulas having a higher ratio, i.e. with fewer clauses
for a �xed number of variables, that the Dominating 1-Clause Rule is the rule
which is applied most often. With lower ratio, i.e. when we have more clauses
for the same number of variables, the Complementary 1-Clause Rule gains in
importance.

Besides the transformation rules, we also study the frequency in which the
single branching rules are applied. Recall that algorithm B has a list of eight
di�erent cases with corresponding branching rules. We show the results col-
lected during runs on random formulas in Table 3. We observe that the most
branching steps occur with RULE 1 or RULE 2. The other rules are used in
less than one percent of the branchings. It is reasonable that in formulas with
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Variables 25 50
Clauses 100 200 400 800 100 200 400

Tree Size 15.26 107.4 384.4 751.18 5.26 319.36 18 410.38

RULE 1 10.62 102.32 381.76 749.42 0.88 217.36 18 300.02
RULE 2 4.02 3.54 1.18 0.32 4.34 100.12 97.54
RULE 3 0.5 0.9 0.94 0.64 0 1.44 11.14
RULE 4 0.08 0.44 0.26 0.36 0.04 0.34 1.22
RULE 5′ 0.04 0.12 0.16 0.26 0 0.08 0.3
RULE 6′ 0 0.06 0.1 0.16 0 0.02 0.16
RULE 7′ 0 0.02 0 0 0 0 0
RULE 8′ 0 0 0 0.02 0 0 0

Table 3. Statistics on the application of branching rules in algorithm B on
random formulas having n variables and m clauses. Recall that each result is the
average on 50 formulas to understand that we give non-integer values. Thereby
we even see the application of very rare rules.

a high variable/clause ratio, i.e. fewer clauses, we have more variables with an
occurrence of three. Therefore, the rule applied most while processing these for-
mulas is RULE 2. As the variable/clause ratio shifts down, i.e. when we have
more clauses for the same number of variables, there necessarily are more vari-
ables with a large number of occurrence in the formula. Consequently, RULE 1
becomes dominating.

Considering our statistics, we can roughly conclude: Some of the transforma-
tion rules are, in great part, responsible for the good practical performance of
our algorithms, as they help to decrease the search tree size. The less frequent
transformation rules and the rather complex set of branching rules, on the other
hand, are mainly important for guaranteeing good theoretical upper bounds.

6 Open Questions

There remains the option of investigating exact algorithms for other versions
of Max2Sat, for example, Max3Sat. Furthermore, n being the number of
variables, can Max2Sat be solved in less than 2n steps? Regarding Hirsch’s
recent theoretical results [10], it seems a promising idea to combine our algorithm
with his, in order to improve the upper bounds for Max2Sat even further.
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Abstract. In this paper, we propose an improved algorithm for dynam-
ically maintaining the widest k-dense corridor as proposed in [6]. Our
algorithm maintains a data structure of size O(n2), where n is the num-
ber of points present on the floor at the current instant of time. For each
insertion/deletion of points, the data structure can be updated in O(n)
time, and the widest k-dense corridor in the updated environment can
be reported in O(kn + nlogn) time.

1 Introduction

Given a set S of n points in the Euclidean plane a corridor C is de�ned as an
open region bounded by parallel straight lines ‘0 and ‘00 such that it intersects the
convex hull of S [3]. The width of the corridor C is the perpendicular distance
between the bounding lines ‘0 and ‘00. The corridor is said to be k-dense if C
contains k points in its interior. The widest k-dense corridor through S is a
k-dense corridor of maximum width [1]. See Figure 1 for illustration.

The widest empty corridor problem was �rst proposed by [3] in the context of
robot motion planning where the objective was to �nd an widest straight route
avoiding obstacles. They also proposed an algorithm for this problem with time
and space complexities O(n2) and O(n) respectively. The widest k-dense corri-
dor problem was introduced in [1] along with an algorithm of time and space
complexities O(n2logn) and (n2) respectively. Here the underlying assumption
is that the robot can pass through (or in other words, can tolerate collission
with) a speci�ed number (k) of obstacles. In [4], the space complexity of the
widest k-dense corridor problem was improved to O(n). In the same paper, they
have suggested an O(nlogn) time and O(n2) space algorithm for maintaining the
widest empty corridor where the set of obstacles is dynamically changing. How-
ever, the dynamic problem for general k (� 0), was posed as an open problem.
In [6], both the static and dynamic versions for the k-dense corridor problem are
studied. The time and space complexities of their algorithm for the static version
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Fig. 1. Two types of corridors

of the problem are O(n2) and O(n2) respectively. For the dynamic version, their
algorithm is the pioneering work. Maintaining an O(n2) size data structure they
proposed an algorithm which reports the widest k-dense corridor after the inser-
tion and deletion of a point. The time complexity of their algorithm is O(Klogn),
where O(K) is the combinatorial complexity of (� k)-level of an arrangement of
n half-lines, each of them belongs to and touching the same side of a given line.
They proved that the value of K is O(kn) in the worse case.

In this paper, we improve the time complexity of the dynamic version of the
widest k-dense corridor problem. Given O(n2) space for maintaining the data
structure, our algorithm can update the data structure and can report the widest
k-dense corridor in O(K+nlogn) time. As it is an online algorithm, this reduction
in the time complexity is de�nitely important.

2 Geometric Preliminaries

Throughout the paper, we assume that the points in S are in general position,
i.e., no three points in S are collinear, and the lines passing through each pair
of points have distinct slope. Theorem 1, stated below, characterizes a widest
corridor among the points S.

Theorem 1. [1,3,4,6] Let C� be the widest corridor with bounding lines ‘0 and
‘00. Then C� must satisfy the following conditions :

(A) ‘0 touches two distinct points pi and pj of S and ‘00 touches a single point
pm of S, or

(B) ‘0 and ‘00 contain points pi and pj respectively, such that ‘0 and ‘00 are per-
pendicular to the line through pi and pj.

From now onwards, a k-dense corridor satisfying conditions (A) and (B) will be
referred to as type-A and type-B corridors respectively (see Figure 1).
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2.1 Relevant Properties of Geometric Duality

We follow the same tradition [1,3,4,6] of using geometric duality for solving this
problem. It maps (i) a point p = (a; b) to the line D(p) : y = ax − b in the dual
plane, and (ii) a non-vertical line ‘ : y = mx − c to the point D(‘) = (m; c) in
the dual plane. Needless to say, a point p is below (resp., on, above) a line ‘ in
the primal plane if and only if D(p) is above (resp., on, below) D(‘) in the dual
plane. A line passing through two points p and q in the primal plane, corresponds
to the point of intersection of the lines D(p) and D(q) in the dual plane, and
vice versa.

For the k-dense vertical corridors, we can not apply geometric duality theory, and
so we apply the vertical line sweep technique. We maintain a balanced binary leaf
search tree, say BB(�) tree, with the existing set of points in the primal plane.
Here each point in S appears at the leaf level, and is attached with the width of
the widest k-dense vertical corridor with its left boundary passing through that
point. At each non-leaf node, we attach the width of the widest vertical k-dense
corridor in the subtree rooted at that node. It can be easily shown that for each
insertion/deletion of a point, the necessary updates in this data structure and
the reporting of widest k-dense vertical corridor can be done in O(k+logn) time.
Below, we concentrate on studying the properties of the non-vertical corridors.

Consider the two bounding lines ‘0 and ‘00 of a corridor C in the primal plane,
which are mutually parallel. The corresponding two points, D(‘0) and D(‘00)
in the dual plane, will have the same x-coordinate. Thus a corridor C will be
represented by a vertical line segment joining D(‘0) and D(‘00) in the dual plane,
and will be denoted by D(C). The width of C is jy(D(‘0))−y(D(‘00))jp

1+(x(D(‘0)))2
, and will be

referred as the dual distance between the points D(‘0) and D(‘00). Here x(p) and
y(p) denote the x- and y-coordinates of the point p respectively.

Let H = fhi = D(pi) j pi 2 Sg be the set of lines in the dual plane corresponding
to the n points of S in the primal plane. Let p be a point inside the corridor C. In
the dual plane, the points D(‘0) and D(‘00) will lie in the opposite sides of the line
D(p). Now, we have the following observation, which is the direct implication of
Theorem 1. The dual of a k-dense corridor is characterized in Observation 2.

Observation 1 Let C be a corridor bounded by a pair of parallel lines ‘0, ‘00.

Now, if C is a type-A corridor, ‘0 passes through pi and pj, and ‘00 passes
through pm. This implies that D(‘0) corresponds to a vertex of A(H), which
is the point of intersection of hi and hj (denoted by hi

T
hj), and D(‘00)

corresponds to a point on hm satisfying x(D(‘0)) = x(hi

T
hj).

If C is a type-B corridor, ‘0 and ‘00 pass through the two points pi and pj

respectively. This implies, D(‘0) and D(‘00) will correspond to the two points
on hi and hj respectively, satisfying x(D(‘0)) = x(D(‘00)) = −(1=x(hi

T
hj)).
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Thus, A non-vertical type-A corridor may uniquely correspond to a vertex of
A(H), and a non-vertical type-B corridor may also uniquely correspond to an
edge of A(H), on which its upper end point lies.

Observation 2 A corridor C is said to be k-dense if and only if there are exactly
k lines of H that intersect the vertical line segment D(C), representing the dual
of the corridor C, and will be commonly referred to as a k-stick.

Thus, recognizing a widest k-dense non-vertical corridor in the primal plane is
equivalent to �nding a k-stick in the dual plane having maximum dual length.

3 Widest Non-vertical k-Dense Corridor

We now explain an appropriate scheme for maintaining the widest non-vertical
k-dense corridor dynamically. Let A(H) denote the arrangement of the set of
lines H [2]. The number of vertices, edges and faces in A(H) are all O(n2). In
the dynamic scenario, we need to suggest an appropriate data structure which
can be updated for insertion/deletion of points, and the widest k-dense corridor
can be reported e�ciently in the changed scenario. As the deletion is symmetric
to insertion, we shall explain our method for insertion of a new point in S only.

3.1 Data Structures

We dynamically maintain the following data structure which stores the arrange-
ment of the lines in H . It is de�ned using the concept of levels as stated below.

Fig. 2. Demonstration of levels in an arrangement of lines

De�nition 1. [2] A point � in the dual plane is at level � (0 � � � n) if there
are exactly � lines in H that lie strictly below �. The �-level of A(H) is the
closure of a set of points on the lines of H whose levels are exactly � in A(H),
and is denoted as L�(H). See Figure 2 for an illustration.
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Clearly, L�(H) is a polychain from x = −1 to x = 1, and is monotone in-
creasing with respect to x-axis. The vertices on L�(H) is precisely the union of
vertices of A(H) at levels �−1 and �. The edges of L�(H) are the edges of A(H)
at level �. In Figure 2, a demonstration of levels in the arrangement A(H) is
shown. Here the thick chain represents L1(H). Among the vertices of L1(H),
those marked with empty (black) circles are appearing in level 0 (2) also. Each
vertex of the arrangement A(H) appears in two consecutive levels, and each edge
of A(H) appears in exactly one level. We shall store L�(H), 0 � � � n in a data
structure as described below.

level-structure

It is an array of size n, called primary structure, whose �-th element is com-
posed of the following �elds :

level-id : an integer containing the level-id �.
left-prt : pointing to the left most node of the secondary structure T�.
root-ptr : pointing the root node of the secondary structure T�.
list-ptr : pointing to a linear link list, called TEMP-list, whose each element is

a tuple (‘; r) of pointers. The TEMP-list data structure will be explained
after de�ning the secondary structure.

The secondary structure at a particular level �, denoted as T�, is organized
as a height balanced binary tree (AVL-tree). The nodes of this tree correspond
to the vertices and edges at level � in left to right order. In addition, each node
is attached with the following information.

Two integer �elds, called LEN and MAX, are attached with each node. The
LEN-�eld contains the dual length of the k-stick attached to it. Here we ex-
plicitly mention that, if a node corresponds to a vertex of the arrangement,
it de�nes at most one k-stick, but if it corresponds to an edge, more than
one k-sticks may be de�ned by that edge. In that case, the LEN-�eld will
contain the length of the one having maximum length among them. A node
(corresponding to an edge) de�ning no k-stick will contain a value 0 in its
LEN-�eld. The MAX-�eld contains the maximum value of the LEN �elds
among all the nodes in the subtree rooted at that node. This actually indi-
cates the widest one among all the k-dense corridors stored in the subtree
rooted at that node.

Apart from its two child pointers, each node of the tree has three more pointers.
parent pointer : It helps in traversing the tree from a node towards its root.

The parent pointer of the root node points to the corresponding element
of the primary structure.

neighbor-pointer : It helps the constant time access of the in-order successor
of a node.

self-indicator : As an element representing a vertex appears in the secondary
structure (T ) of two consecutive levels, each of them is connected with
the other using this pointer.
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By Observation 1 and succeeding discussions, a type-A k-dense corridor corre-
sponds to a vertex of the arrangement. A vertex v 2 A(H) appearing in levels,
say � and � + 1, may correspond to at most two k-sticks (corresponding to two
di�erent type-A k-dense corridors), whose one end point is positioned at vertex
v, and their other end points lie on some edge at levels �−k −1 (if �−k −1 > 0)
and � + k + 2 (if � + k + 2 < n) respectively, and are attached to the vertex v
appearing in the corresponding levels. An edge e appearing at level � stores at
most one k-stick which is de�ned by it and another edge in (� − k − 1)-th level
and appears vertically below it.

TEMP-list : After the addition of a new point p in S, its dual line h = D(p)
is inserted in A(H) to get an updated arrangement A(H 0), where H 0 = H

S
h.

This may cause rede�ning the k-sticks of some vertices and edges of A(H 0).

In order to store this information, we use a linear link list at each level � of the
primary structure. Each element of this list is a tuple (‘; r). Here ‘ and r points
to two elements (vertex/edge) at level �, and the tuple (‘; r) represents a set of
consecutive elements (vertices/edges) in T� such that the k-sticks de�ned by all
the vertices and edges in that set has been rede�ned due to the appearance of
the new line h in the dual plane. Note that,

The list attached to a particular level, say �, of the arrangement may contain
more than one tuple after computing the k-sticks at all the vertices and
edges of A(H) a�ected by the inclusion of h. In that case, the set of elements
represented by two distinct tuples, say (‘1; r1) and (‘2; r2) in that list must
be disjoint, i.e., r1 < ‘2. Moreover, the elements represented by r1 and ‘2

must not be consecutive in T�.

L-list : We shall use another temporary linear link list (L) during the processing
of an insertion/deletion of a line h in the arrangement A(H). This contains the
intersection points of h with the lines in H in a left to right order.

3.2 Updating the Primary Structure

We �rst compute the leftmost intersection point of the newly inserted line h with
the existing lines in H by comparing all the lines. Let the intersection point be �
and the corresponding line be hi. In order to �nd the edge e� 2 A(H) on which
� lies, we traverse along the line hi from its left unbounded edge towards right
using the neighbor-pointers and self-indicators.

Next, we use parent pointers from the edge e� upto the root of T�� and �nally, the
parent pointer of the root points to the primary structure record corresponding
to the level ��. The level of the left unbounded edge e on the newly inserted
line h in the updated structure A(H 0) will be � (= �� or (�� + 1)) depending on
whether h intersects e� from below or from above.

We replace the old primary structure by a new array of size n + 1, and insert
a new level corresponding to the left unbounded edge e in appropriate place.
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Moreover, the list ptr for all the levels are initialized to NULL. It is easy to see
that the updating of the primary structure requires O(n) time.

Our updating of the secondary structure will be guided by two pointers, P1 and
P2, which will initially contain the edges at the T�−1 and T�+1 which are just
below and above � respectively.

3.3 Updating the Secondary Structure

Let the level of e (the unbounded portion of h to the left of �) be � in A(H 0),
and the edge e�(2 A(H)), which is intersected by h, be at level �� (= � − 1 or
� +1). In this subsection, we describe the creation of the new edges and vertices
generated due to the inclusion of h in A(H).

The portions of h to the left and right of � are denoted as e and e0 respectively,
and the portions of e� to the left and right of the point � by e�

left and e�
right

respectively. Note that, the vertex � appears in both the levels � and ��. Next,
we do the following changes in the secondary structure for the inclusion of the
new vertex � and its adjacent edges in the label-structure. Refer to Figure 3.

e
e*right

e*left

v̂

e’

θ-th level

θ*-th level
(θ* = θ - 1)

α

Fig. 3. Processing a new vertex of A(H 0)

e and the vertex � are added in T�.
e�

left remains in its previous level ��, so e� is replaced by e�
left in T�� .

e�
right goes to level �. So, �rst of all e�

right is added to T�.
Let v̂ be the vertex at the right end of e� (recently modi�ed to e�

left) in T�� .
The tree T�� is split into two height balanced trees, say TR and TL, where
TR contains all the elements (vertices and edges) in that level to the right of
v̂ including itself, and TL contains all the elements in the same level to the
left of e�

left and including itself. This requires O(logn) time [5].
Next we concatenate TR to the right of e�

right in T�. The neighbor-pointer of
e�

right is immediately set to point v̂, and the parent-pointers of the a�ected
nodes are appropriately adjusted. This can be done in O(logn) time [5].

Finally, the vertex � is added in TL as the right most element, and TL is
renamed as T�� . Note that a portion of e0 will be the right neighbor of the



194 Subhas C. Nandy, Tomohiro Harayama, and Tetsuo Asano

vertex � in T�� . Now, if we have already considered all the n newly generated
vertices, the right end of e0 will be unbounded. In that case, e0 is added in
T�� as the rightmost element, and its neighbor pointer and parent pointer are
appropriately set. Otherwise, the right end of e� is yet to be de�ned, and its
addition in T�� is deferred until the detection of the next intersection.

In the former case, the updating of the secondary structure is complete. But in
the later case, we proceed with e0, the portion of h to the right of �. First of all,
we set e to e0. Now, (i) if �� = � − 1, then P2 is set to e�

right and P1 needs to
be set to an appropriate edge in level � − 2, and (ii) if �� = � + 1, then P1 is set
to e�

right and P2 needs to be set to an appropriate edge in level � + 2. Finally,
the current level � is set to ��, and proceed to detect next intersection.

Now two important things need to be mentioned.

� For all newly created edges/vertices, we set the width of the k-dense corridor
to 0. They will be computed afresh after the update of the level-structure.

� During this traversal, we create L with all the newly created edges and
vertices on h in a left-to-right order. The edges are attached with their
corresponding levels. As the newly created vertices appear in two consecutive
levels, they show their lower levels in the L list.

Lemma 1. The time required for constructing A(H 0) from the existing A(H) is
O(nlogn) in the worst case. ut

3.4 Computing the New k-Dense Corridors

We now describe the method of computing all the k-sticks which intersect the
newly inserted line h. The L list contains the pieces of the line h separated by
the vertices in (A(H 0) − A(H)), which will guide our search process. We process
edges in the L list one by one from left to right. For each edge e 2 L, we locate
all the vertices and edges of A(H 0) whose corresponding k-sticks intersect e.

We proceed with an array of pointers P of size 2k + 3, indexed by −(k +
1) : : : 0 : : : (k + 1). Initially, P (0) points to the leftmost edge in the L list. If
its level in the level-structure is � then P (−1) : : : P (−k − 1) will point to the
leftmost edges at levels (� − k − 1) : : : (� − 1), and P (1) : : : P (k + 1) will point to
the leftmost edges at levels (� + 1) : : : (� + k + 1) in the level-structure.

While processing an edge e 2 L (not the left-most edge), P (0) points to the edge
e; P (−1) : : : P (−k − 1) point to k + 1 edges below the left end vertex of e and
P (1) : : : P (k + 1) point to k + 1 edges above the left end vertex of e. At the end
of the execution of edge e, if e is not right unbounded, we set P (0) to the next
edge of e in L and proceed. Otherwise, our search stops.

In order to evaluate all the k-sticks intersecting e and having its bottom end at
level i (i = � − k − 1; : : : ; �), we need to consider the pair of levels (i; i + k + 1).
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Consider a x-monotone polygon bounded below (resp. above) by the x-monotone
chain of edges and vertices at level i (resp. i+ k +1) and by two vertical lines at
the end points of e (see Figure 4). This can easily be detected using the pointers
P (i − �) and P (i+ k+1 − �). The LEN-�elds of all the edges and vertices in the
above two x-monotone chains are initialized to zero. We draw vertical lines at
each vertex of the upper and lower chains, which split the polygon into a number
of vertical trapezoids.

l 
i + k + 1

r
i + k + 1

level  i + k + 1

level  i

v1

w
1

v2

w2l i
r

i

h

e
The dark line represents
the edge e in the figure

Fig. 4. Computation of type-A and type-B corridors while processing an edge
e 2 L

Each of the vertical lines drawn from the convex vertices de�nes a type-A k-
stick. Its dual distance is put in the corresponding node of Ti or Ti+k+1.

In order to compute the type-B k-sticks, consider each of the vertical trapezoids
from left to right. Let � = v1v2w2w1 be such a trapezoid whose v1w1 and
v2w2 are two vertical sides, I denote the x-range of �. Let v1v2 be a portion
of an edge e�, which in turn lies on a line h� 2 H 0, and w1w2 lies on h�� 2 H 0.
We compute −1=x(h� T

h��) and check whether it lies in I. If so, the vertical
line at x = −1=x(h� T

h��), bounded by v1v2 and w1w2, indicates a type-
B k-stick corresponding to the edge e�. We compute its dual distance; this
newly computed k-stick replaces the current one attached with e� provided
the dual length of the newly computed k-stick is greater than the LEN-�eld
attached with e� in the data structure Ti.

Let ‘i and ri (resp. ‘i+k+1 and ri+k+1) denote the edges at level i (resp. i+k+1),
which are intersected by the vertical lines at the left and right end points of the
edge e(2 L) respectively. Note that, the de�nition of k-sticks for the edges and
vertices of the i-th level between ‘i and ri may have changed due to the presence
of e 2 A(H 0). So, we need to store the tuple (‘i; ri) in the TEMP-list attached
to level i of the primary structure. But, before storing it, we need to check the
last element stored in that list, say (‘�; r�). If the neighbor pointer of r� points
to ‘i in Ti (the secondary structure at level i), then (‘�; ri) is a continuous set of
elements in level i which are a�ected due to the insertion of h. So, the element
(‘�; r�) is updated to (‘�; ri); otherwise, (‘�; r�) is added in the TEMP-list. We
store (‘i+k+1; ri+k+1) in the TEMP-list attached to level i+k+1 of the primary
structure in a similar way.
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Next, we may proceed by setting P (0) to the next edge e0 of L list. Each of the
pointers P (i); i = −k − 1; : : : ; k + 1, excepting P (0), need to point to an edge
either at level (i+ � − 1) or at level (i+ � +1) which lies just below or above the
current edge pointed by P (i) in the level-structure, depending on whether e0 lies
at level � − 1 or � +1 in the level structure. From the adjacencies of vertices and
edges in the level-structure, this can be done in constant time for each P (i).

Theorem 2. The time required for computing the k-sticks intersecting the line
h in A(H 0) is O(nk).

Proof : Follows from the above discussions, and the fact that the complexity of
the � k-levels of n half-lines lying above (below) the newly inserted line h in the
arrangement A(H 0) is O(nk). [6] ut

3.5 Location of Widest k-Dense Corridor

The TEMP-list for a level, say �, created in the earlier subsection, is used to
update the MAX-�eld of the nodes of the tree T�, by considering its elements
in a sequential manner from left to right. Let the tuple (‘; r) be an entry of the
TEMP-list at the level �. Let q be the common predecessor of the set of nodes
represented by the tuple (‘; r). Let PIN be a path from the root of T� to the
node q, and PL and PR be two paths from q to ‘ and q to r respectively. In T�,
the MAX-�elds of all the nodes in the interval (‘; r), and the set of nodes in PIN ,
PL and PR may be changed. So, they need to be inspected in order to update
the MAX-�elds of the nodes in T�. Now we have the following lemma.

Lemma 2. For each entry (‘; r) of the TEMP-list of a level, say �, the number
of nodes of T� which need to be visited to update the MAX-�elds is O(logn + �),
where � is the number of consecutive vertices and edges of the arrangement at
level � represented by (‘; r). ut

In order to count the total number of elements attached to the TEMP-list at
all the levels let us consider a n � n square grid M whose rows represent the n
levels of the arrangement and its each column represents an edge on h in left to
right order (See Figure 5). Consider the shaded portion of the grid; observe that
its i-th column spans from row � − k − 1 to � + k + 1, where � is the level of ei

in A(H 0). This corresponds to the levels which are a�ected by ei. The shaded
region is bounded by two x-monotone chains. Now, let us de�ne a horizontal
strip as a set of consecutive cells on a row which belong to the shaded portion
of the grid. A horizontal strip which spans from the �rst to the last column of
the grid, is referred to as long strip. The strips which are not long, are called
short strips. Note that, each strip attached to a row represents an element of
the TEMP-list attached to the corresponding level. It is easy to observe that the
number of such short strips is O(n), and the number of such long strips may be
at most 2k − 3 in the worst case. Now we have the following lemma.
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Fig. 5. Grid M estimating the number of elements in the TEMP list

Lemma 3. In order to update the MAX-�eld of the nodes of the secondary struc-
ture, the tree traversal time for an entry of any of the TEMP-lists is O(�+logn)
if the corresponding strip is short, and is O(�) if the strip is long, where �, the
length of the strip, is the number of nodes represented by the corresponding entry
of the TEMP-list.

Proof : For the short strips, the result follows from Lemma 2. For the long strips,
all the nodes of the corresponding tree is a�ected. So, � subsumes O(logn). ut
Finally, the roots of the trees at all levels need to be inspected to determine the
widest k-dense corridor.

3.6 Complexity

Theorem 3. Addition of a new point requires

(a) O(nlogn) time for updating the data structure.
(b) O(nk) time to compute the k-dense corridors containing that point.
(c) O(nk + nlogn) time to traverse the trees attached to di�erent levels of the

secondary structure for reporting the widest k-dense corridor. ut

As we are preserving all the vertices and edges of the arrangement of the dual
lines in our proposed level-structure, the space complexity is O(n2), where n is
the number of points on the floor at the current instant of time.
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Abstract. The problem of reconstructing a discrete set from its X-rays
in a �nite number of prescribed directions is NP-complete when the
number of prescribed directions is greater than two. In this paper, we
consider an interesting subclass of discrete sets having some connectivity
and convexity properties and we provide a polynomial-time algorithm
for reconstructing a discrete set of this class from its X-rays in directions
(1, 0), (0, 1) and (1, 1). This algorithm can be easily extended to contexts
having more than three X-rays.

keywords: algorithms, combinatorial problems, discrete tomography,
discrete sets, X-rays.

1 Introduction

A discrete set is a �nite subset of the integer lattice ZZ2 and can be represented
by a binary matrix or a set of unitary squares. A direction is a vector of the Eu-
clidean plane. If u is a direction, we denote the line through the origin parallel
to u by lu. Let F be a discrete set; the X-ray of F in direction u is the function
XuF , de�ned as: XuF (x) = jF \(x+ lu)j for x 2 u?, where u? is the orthogonal
complement of u (see Fig. 1). The function XuF is the projection of F on u?

counted with multiplicity. The inverse problem of reconstructing a discrete set
from its X-rays is of fundamental importance in �elds such as: image processing
[17], statistical data security [14], biplane angiography [16], graph theory [1] and
reconstructing crystalline structures from X-rays taken by an electron micro-
scope [15]. An overview on the problems in discrete tomography and a study
of the complexity can be found in [12] and [7]. Many authors have studied the
problem of determining a discrete set from its X-rays in both horizontal and
vertical directions. Some polynomial algorithms that reconstruct some special
sets having some convexity and/or connectivity properties, such as horizontally
and vertically convex polyominoes [3,4], have been determined.
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Fig. 1. X-rays in the directions u1 = (1; 0); u2 = (0; 1) and u3 = (1; 1).

In this paper, we study the reconstruction problem with respect to three
directions: (1; 0); (0; 1) and (1; 1). We denote the X-rays in these directions
by H; V and D, respectively. The basic question is to determining if, given
H 2 INm; V 2 INn and D 2 INn+m−1, a discrete set F whose X-rays are (H; V; D)
exists. Let fu1; : : : ; ukg be a �nite set of prescribed directions. The general prob-
lem can be formulated as follows:
Consistency(u1; : : : ; uk)
Instance: k vectors X1; : : : ; Xk:
Question: is there F such that XuiF = Xi for i = 1; : : : ; k?
Gardner, Gritzmann and Prangenberg [8] proved that Consistency((1; 0); (0; 1);
(1; 1)) is NP-complete in the strong sense. Then, by means of this result and two
lemmas, they proved that the problem Consistency(u1; : : : ; uk) is NP-complete
in the strong sense, for k � 3.

In this paper, we determine a class of discrete sets for which the problem
is solvable in polynomial time. These sets are hex-connected and convex in the
horizontal, vertical and diagonal directions. They can be represented by a set
of hexagonal cells. By exploiting the new geometric properties of these struc-
tures, we can provide an algorithm which �nds a solution in O(n5), where we
assume n = m. The algorithm can be easily extended to contexts having more
than three X-rays and can reconstruct some discrete sets that are convex in the
directions of the X-rays. We wish to point out that the question of determining
when planar convex bodies can be reconstructed from their X-rays was raised by
Hammer [6,11] in 1963. The discrete analogue of this question raised by Gritz-
mann [10] in 1997 is an open problem. We believe that our algorithm can be
considered to be an initial approach to this problem in so far as it reconstructs
a discrete set which is convex in the directions of the X-rays.

2 De�nitions and Preliminaries

We now wish to examine an interesting class of discrete sets for which the prob-
lem can be solved in polynomial time. We introduce some de�nitions which allow
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us to characterize this class. Let us take the triangular lattice made up of direc-
tions: (1; 0); (0; 1) and (1; 1) into consideration. A point Q = (i; j) of this lattice
has 6 neighbours and can be represented by a hexagonal cell (see Fig. 2).

j

i
Q

Fig. 2. The 6-neighbours of Q = (i; j).

De�nition 1. If F is a discrete set, a 6-path from P to Q in F is a sequence
P1; : : : ; Ps of points in F , where P = P1; Q = Ps and Pt is a 6-neighbour of
Pt−1, for t = 2; : : : ; s.

It can be noted that the sequence with s = 1 is also a 6-path.

De�nition 2. F is hex-connected if, for each pair of F points, there is a 6-path
in F that connects them.

Finally,

De�nition 3. A hex-connected set is horizontally, vertically and diagonally con-
vex if all its rows, columns and diagonals are hex-connected.

We denote the class of hex-connected and horizontally, vertically and diagonally
convex sets by F . An element of this class corresponds to a convex polyomino
with hexagonal cells. Fig. 3 shows a hex-connected discrete set and a discrete set
of F with its corresponding hexagonal convex polyomino. This class of hexagonal
polyominoes was studied by some authors in enumerative combinatorics [5,18].

3 The Reconstruction Algorithm

Let us now consider the reconstruction problem applied to class F . Given H =
(h1; : : : ; hm); V = (v1; : : : ; vn) and D = (d1; : : : ; dn+m−1), we want to establish
the existence of a set F 2 F such that X(1;0)F = H; X(0;1)F = V; X(1;1)F = D.
A necessary condition for the existence of this set is:

mX

i=1

hi =
nX

j=1

vj =
n+m−1X

k=1

dk: (3.1)
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Fig. 3. a) A hex-connected set. b) A set of F . c) Its corresponding hexagonal
convex polyomino.

Without loss of generality, we can assume that hi 6= 0 for i = 1; : : : ; m, and
vj 6= 0 for j = 1; : : : ; n. From this assumption and the de�nition of F , it follows
that there are two integers l1 and l2 such that:

1 � l1 � l2 � n + m − 1;

dk 6= 0 for k = l1; : : : ; l2; (3.2)
dk = 0 for k = 1; : : : ; l1 − 1; l2 + 1; : : : ; n + m − 1;

this in turn means that F is contained in the discrete hexagon:

A = f(i; j) 2 IN2 : 1 � i � m; 1 � j � n; l1 � i + j − 1 � l2g:

A is the smallest discrete hexagon containing F . We wish to point out that
the X-ray vector components are numbered starting from the left-upper corner
(see Fig. 3b)). We call bases of F the points belonging to the boundary of A
(see Fig. 3c)). Our aim is to determine which points of A belong to F . Let
Q = (i; j) 2 A; this point de�nes the following six zones (see Fig. 4):

+ -1ji

m

1
1

j n

A

F

Q
i

(Q)1

2

3

Z6(Q)

Z5(Q)
4(Q)

Z (Q)

Z (Q)
Z

1

2l

l

Z

Fig. 4. The six zones determined by Q = (i; j).
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Z1(Q) = f(r; c) 2 A : r � i and c � jg;

Z2(Q) = f(r; c) 2 A : j � c and r + c � i + jg;

Z3(Q) = f(r; c) 2 A : r � i and i + j � r + cg;

Z4(Q) = f(r; c) 2 A : i � r and j � cg;

Z5(Q) = f(r; c) 2 A : c � j and i + j � r + cg;

Z6(Q) = f(r; c) 2 A : i � r and r + c � i + jg
Each zone contains Q. Moreover, from the de�nition of the class F , it follows
that, if Q does not belong to F , there are two consecutive zones which do not
contain any point of F . For example, the point Q in Fig. 4 does not belong to F ,
and the intersection between F and Z5(Q) [ Z6(Q) is the empty set. By setting
�Zk(Q) = Zk(Q) [ Zk+1(Q), with k = 1; : : : ; 5, and �Z6(Q) = Z6(Q) [ Z1(Q), we

obtain:

Property 1. Let Q be a point of the smallest discrete hexagon A containing a
discrete set F of F . The point Q 2 F if and only if �Zk(Q) \ F 6= ;, for each
1 � k � 6.

We can determine some F points just by referring to the geometry of A. Let
I1 = (l2 − n + 1; n); I2 = (l1; 1); J1 = (1; l1); J2 = (m; l2 − m + 1); K1 =
(m; 1); K2 = (1; n). These points are the vertices of A as shown in Fig. 5. Let
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jJ

2
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j 2
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1

1
2

2

Q2

Q

Fig. 5. The points Q1 and Q2 belonging to every discrete set of F contained in
hexagon A.

it; jt and kt be the row, column and diagonal index containing It; Jt and Kt,
respectively, with t = 1; 2. Note that, i2 = j1 = l1, i1 = l2 −n+1, j2 = l2 −m+1,
k1 = m and k2 = n. The hexagon illustrated in Fig. 5 is such that: i1 > i2; j1 <
j2 and k1 > k2. Since A is the smallest discrete hexagon containing F , then the
sides I2J1 and J1K2 contain at least a base of F . So, if Q = (i; j) 2 A is such
that i � i2 or k � k2, with k = i + j − 1, then �Z1(Q) \ F 6= ; (see Fig. 5). We
proceed in the same way for the other �ve pairs of consecutive sides:
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i � i1 or j � j1 ) �Z2(Q) \ F 6= ;;

j � j2 or k � k2 ) �Z3(Q) \ F 6= ;;

i � i1 or k � k1 ) �Z4(Q) \ F 6= ;;

i � i2 or j � j2 ) �Z5(Q) \ F 6= ;;

j � j1 or k � k1 ) �Z6(Q) \ F 6= ;;

where k = i + j − 1. The points Q1 = (i2; j1) and Q2 = (i1; j2) verify these six
inequalities and so, by Property 1, Q1 and Q2 belong to F . Fig. 6 illustrates
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Fig. 6. The six con�gurations of hexagon A.

the six allowed con�gurations of A and the points Q1 and Q2 belonging to each
discrete set of F contained in A. We can divide these con�gurations into three
groups:

a. if i2 � i1; j1 � j2, then Q1 = (i2; j1) and Q2 = (i1; j2) (see Fig. 6a));
b. if j2 � j1; k2 � k1, then Q1 = (k1 − j2 + 1; j2) and Q2 = (k2 − j1 + 1; j1)

(see Fig. 6b));
c. if i1 � i2; k1 � k2, then Q1 = (i2; k1 − i2 + 1) and Q2 = (i1; k2 − i1 + 1) (see

Fig. 6c)).

We refer to these con�gurations as case a, case b and case c. We notice that, if
i1 = i2, j1 = j2 and k1 = k2, we �nd one point (Q1 = Q2) of F , and if i1 = i2

or j1 = j2 or k1 = k2, we �nd more than two F points.
Let us now determine a 6-path from Q1 to Q2 made up of F points. In case a,
Q1 = (i2; j1) and the two points P1 = (i2 + 1; j1) and P2 = (i2; j1 + 1) adjacent
to Q1 are such that:

�Zk(P1) \ F 6= ;, for k = 1; 2; 3; 4; 6, and �Zk(P2) \ F 6= ;, for k = 1; 3; 4; 5; 6,

(see Fig. 6a)). From Property 1, we can deduce that:
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if �Z5(P1) \ F 6= ;, then P1 2 F , and if �Z2(P2) \ F 6= ;, then P2 2 F .

We prove that P1 2 F or P2 2 F . Let us onsider the following cumulated sums
of the row, column and diagonal X-rays:

H0 = 0; Hk =
Pk

i=1 hi; k = 1; : : : ; m;

V0 = 0; Vk =
Pk

i=1 vi; k = 1; : : : ; n;

Dl1−1 = 0; Dk =
Pk

i=1 di; k = l1; : : : ; l2;

and denote the common total sums of the row, column and diagonal X-rays by
S. We have that:

Lemma 1. Let Q = (i; j) be a point of hexagon A containing a discrete set F
of F .

{ If Hi � S − Di+j−1, then �Z1(Q) \ F 6= ;:

{ If Hi � Vj−1, then �Z2(Q) \ F 6= ;:

{ If S − Di+j−2 � Vj−1, then �Z3(Q) \ F 6= ;:

{ If S − Di+j−2 � Hi−1, then �Z4(Q) \ F 6= ;:

{ If Vj � Hi−1, then �Z5(Q) \ F 6= ;:

{ If Vj � S − Di+j−1, then �Z6(Q) \ F 6= ;:

Proof. We denote the �rst j columns and the �rst i − 1 rows of the set F by
Cj and Ri−1, respectively. If �Z5(Q) \ F = ;, then Cj � Ri−1 and so Vj < Hi−1

(see Fig 7). Therefore, if Vj � Hi−1, then �Z5(Q) \ F 6= ;: We obtain the other

i -1

1
1

m A

n

i

-1i

j

R

jC

Q

Z (Q)5

Fig. 7. A point Q 62 F and �Z5(Q) \ F = ;.

statements in the same way.

Theorem 1. There exists a 6-path from Q1 to Q2 made up of F points.
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Proof. By lemma 1 and the previous discussion:

ifVj1 � Hi2 ; thenP1 = (i2 +1; j1) 2 Fand ifHi2 � Vj1 ; thenP2 = (i2; j1 +1) 2 F

Since Vj1 � Hi2 or Hi2 � Vj1 , we have P1 2 F or P2 2 F . We can repeat the same
operation on the two points adjacent to the point Pk 2 F (with k = 1 or k = 2)
determined in the previous step. We wish to point out that if Vj1 = Hi2 , then
P1 2 F and P2 2 F . In this case, �Zk(i2 + 1; j1 + 1) \ F 6= ;, for each 1 � k � 6.
So (i2 + 1; j1 + 1) 2 F and we repeat the operation on its two adjacent points.
We perform this procedure until it determines a point P 2 F which belongs to
the row or the column containing Q2 = (i1; j2) (i.e., P = (i1; j) or P = (i; j2)).
Every point Q between P and Q2 = (i1; j2) is such that �Zk(Q) \F 6= ;, for each
1 � k � 6 and so Q 2 F . By means of this procedure, we are able to �nd a
6-path from Q1 to Q2 made up of F points.

For example, if H = (1; 4; 5; 7; 9; 7; 5; 3; 2) and V = (1; 3; 3; 4; 6; 4; 6; 5; 4; 3; 3; 1),
we obtain the 6-path from Q1 to Q2 shown in Fig. 8. We treat the other two cases
in the same way. From Lemma 1, it follows that we have to use the cumulated
sums Vj and S − Di+j−1 in case b, and Hi and S − Di+j−1 in case c.

jV

Hi

1B

B2B2

Q1

Q2

1B

R1

R2

α=β=F10

17

26

33

38

5

1

41

1 39 42 434 7 11 17 2721 32 36

1

2

6-path

1

H

4
5

7

9

7

5

3

2
1 3 3 3 34 6 4 6 5 4 1

43 3 2 3 2 3 2 2

3

4

1

5

0

0

5

00 1
D

V
(b)(a)

43

P

P

P

Fig. 8. a) The 6-path from Q1 to Q2 made up of F points. b) The discrete set
� = � = F 2F .

Let us now take the bases into consideration. Each side of hexagon A contains
at least one base of F . Let B1 and B2 be a base of the sides I2J1 and a base of
I1J2, respectively. In case a, Bi and Qi, with i = 1 or i = 2, de�ne a discrete
rectangle Ri such that: if Q 2 Ri, then �Zk(Q) \ F 6= ;, for each 1 � k � 6 and
so Q 2 F (see Fig. 8). Notice that Ri can degenerate into a discrete segment
when Bi and Qi belong to the same row or column. Therefore, we obtain a
hex-connected set made up of F points and connecting two opposite sides of
A. Unfortunately, we do not usually know the positions of the bases and so our
algorithm chooses a pair of base-points (B1; B2) belonging to two opposite sides
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of A, and then attempts to construct a discrete set F of F whose X-rays are
equal to H; V and D. If the reconstruction attempt fails, the algorithm chooses
a di�erent position of the base-points (B1; B2) and repeats the reconstruction
operations. More precisely, the algorithm determines Q1, Q2 and the 6-path from
Q1 to Q2; after that it chooses:
- a point B1 2 I2J1 and a point B2 2 I1J2 in case a, or
- a point B1 2 K1J2 and a point B2 2 K2J1 in case b, or
- a point B1 2 I2K1 and a point B2 2 I1K2 in case c,
and then reconstructs the rectangle Ri de�ned by Qi and Bi, with i = 1; 2. I
then uses the same reconstruction procedure described in the algorithm de�ned
in [3], that is, it performs the �lling operations in the directions (1; 0); (0; 1)
(1; 1) and, if necessary, links our problem to the 2-Satis�ability problem which
can be solved in linear time [2].

We now describe the main steps of this reconstruction procedure. We call any
set � such that � � F , a kernel, and we call any set �, such that F � � � A,
a shell. Assuming that � is the reconstructed hex-connected set from B1 to B2

and � is hexagon A, we perform the �lling operations that expand � and reduce
�. These operations take advantage of both the convexity constraint and vectors
H; V; D, and they are used iteratively until � 6� � or � and � are invariant with
respect to the �lling operations.
If we obtain � 6� �, there is no discrete set of F containing B1 and B2 and having
X-rays H; V; D. Therefore, the algorithm chooses another pair of base-points and
performs the �lling operations again.
If � = �, then � = F and so there is at least one solution to the problem
(the algorithm reconstructs one of them). For example, by performing the �lling
operations on the hex-connected set from B1 to B2 in Fig 8, we obtain � = �,
and � is a discrete set having X-rays H; V; D.
Finally, if we obtain � � �, then � − � is a set of \indeterminate" points and
we are not yet able to say that a set F having X-rays H; V; D exists. Therefore,
we have to perform another operation to establish the existence of F . At �rst,
� is a hex-connected set from B1 to B2, where B1 to B2 belong to two opposite
sides of A; therefore by performing the �lling operations, we obtain:

- � has at least one point in each diagonal of A in case a;
- � has at least one point in each row of A in case b;
- � has at least one point in each column of A in case c.

Assume that we have case b: there is at least one point of � in each row of A,
and so by the properties of the �lling operations (see [3]), the length of the i-th
row of � is smaller than 2hi for each 1 � i � m. If we are able to prove that:

I) the length of the j-th column of � is equal to, or less than, 2vj for each
1 � j � n;

II) the length of the k-th diagonal of � is equal to, or less than, 2dk for each
1 � k � n + m − 1,

there is a polynomial transformation of our reconstruction problem to the 2-
Satis�ability problem. We �rst prove (I) and (II), and we then outline the main
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Fig. 9. The kernel, the shell and the set of the indeterminate points.

idea of the reduction to 2-Satis�ability problem de�ned in [3]. By the proper-
ties of �lling operations, the indeterminate points follow each other into two
sequences, one on the left side of � and the other on its right side. If (i; j) is
an indeterminate point of the left sequence, then (i; j + hi) belongs to the right
sequence (see Fig. 9) and these ponts are related to each other; let us assume
that there is a discrete set F of F having X-rays equal to H; V; D, then:

{ if (i; j) 2 F , then (i; j + hi) 62 F ,
{ if (i; j) 62 F , then (i; j + hi) 2 F .

As a result, the number of indeterminate points belonging to F is equal to the
number of indeterminate points not belonging to F . This means that, in order to
the conditions given by horizontal X-ray be satis�ed, half of the indeterminate
points have to be in F . If there is at least a j such that j-th column of � is larger
than 2vj, the number of its indeterminate points belonging to F has to be less
than the number of its indeterminate points not belonging to F . Therefore, less
than half of the indeterminate points are in F . We got a contradiction and so �
satis�es (I). By proceeding in the same way, we prove that � satis�es (II).
Consequently, we can reduce our problem to a 2-Satis�ability problem. We prove
the same result for the cases a and c in the same way. Therefore, the algorithm
solves the problem for all H; V; D instances.

We can summarize the reconstruction algorithm as follows.

Input: Three vectors H 2 INm, V 2 INn and D 2 INn+m−1;
Output: a discrete set of F such that X(1;0)F = H; X(0;1)F = V; X(1;1)F = D
or a message that there is no a set like this;
1. check if H; V and D satisfy conditions (3.1)and (3.3);
2. compute the points Q1 and Q2;
3. compute the cumulated sums Hi; Vj ; Dk, for i = 1; : : : ; m; j = 1; : : : ; n and
k = 1; : : : ; n + m − 1;
4. compute the 6-path from Q1 to Q2;
5. repeat
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5.1. choose a pair of base-points (B1; B2) belonging to two
opposite sides of A;
5.2. compute the rectangles R1 and R2;
5.3. � := R1 [ R2[ the 6-path from Q1 to Q2 ;
5.4. � := A;
5.5. repeat

5.5.1. perform the �lling operations;
until � 6� � or �; � are invariants;

5.7. if � = � then F = � is a solution;
5.8. if � � � then reduce our problem to 2SAT;

until there is a discrete set of F having X-rays equal to H; V; D or all the
base-point pairs have been examined.

We now examine the complexity of the algorithm described. Determining the
hex-connected set from B1 to B2 (i.e., Q1, Q2, the 6-path from Q1 to Q2, and
the rectangles R1 and R2) involves a computational cost of O(nm). In [13], the
author proposes a simple procedure for performing the �lling operations whose
computational cost is O(nm(n + m)). This procedure gives a kernel and a shell
invariant with respect to the �lling operations. If we obtain � � �, the algorithm
transforms our problem into a 2-Satis�ability problem and solves it in O(nm)
time. In case of failure, that is, when there is no discrete set of F containing
B1 and B2 and having X-rays H; V; D, the algorithm chooses another pair of
base-points and performs the �lling operations again. At most, it has to check
all the possible base-point pairs, that is O((n + m)2) pairs. Consequently, the
algorithm decides if there is a discrete set of F having X-rays H; V; D; if so, the
algorithm reconstructs one of them in O(nm(n + m)3) time.

Theorem 2. Consistency((1; 0); (0; 1); (1; 1)) on F can be solved in
O(nm(n + m)3) time.

Remark 1. The algorithm can be easily extended to contexts having more than
three X-rays and can reconstruct discrete sets convex in the directions of the X-
rays. This means that Consistency((1; 0); (0; 1); (1; 1); u4; : : : ; uk) on the class of
connected sets, which are convex in all the directions (1; 0); (0; 1); (1; 1); u4;: : :; uk,
is solvable in polynomial time.
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Abstract. We consider a new method to retrieve keys in a static table.
The keys of the table are stored in such a way that a binary search can
be performed more e�cently. An analysis of the method is performed
and empirical evidence is given that it actually works.

Keywords: binary searching, static dictionary problem.

1 Introduction

The present paper was motivated by some obvious observations concerning bi-
nary searching when applied to static sets of strings; by following the directions
indicated by these observations, we obtained some improvements that reduce
execution time for binary searching of 30 − 50%, and also more for large tables.

Let us consider the set of the zodiac names

S = fcapricorn; acquarius; pisces; aries; taurus; gemini; cancer; leo;

virgo; libra; scorpio; sagittariusg
and consider the problem of �nding out if identi�er x belongs or does not belong
to S: To do this, we can build a lexicographically ordered table T with the names
in S and then use binary searching to establish whether x 2 S; or not (see Table
1(a)). What is �ne in binary searching is that, if the program is properly realized,
the number of character comparisons is taken to a minimum. For instance, the
case of aries is as follows: 1 comparison (a against l) is used to compare aries
and the median element leo; 1 comparison (a against c) is used to distinguish
aries from cancer; 2 comparisons (ar against ac) are used for aries against
acquarius. After that, the searched string is compared to the whole item aries.

The problem here is that we do not know in advance how many characters
have to be used in each string-to-string comparison; therefore, every string com-
parison requires a (comparatively) high number of housekeeping instructions,
which override the small number of character comparisons and make the match-
ing procedure relatively time consuming.

The aim of this paper is to show that the housekeeping instructions can be al-
most eliminated by arranging the elements in a suitable way. First of all we have
to determine the minimal number of characters able to distinguish the elements
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Table 1. Two table’s structures for zodiac names

(a) (b): s=1

1 acquarius 1 a cquarius
2 aries 1 c ancer
3 cancer 2 l e o

4 capricorn 1 l ibra
5 gemini 1 p isces

6 leo 5 capr i corn
7 libra 1 s agittarius

8 pisces 1 t aurus
9 sagittarius 2 s c orpio

10 scorpio 1 a ries
11 taurus 1 g emini

12 virgo 1 v irgo

of the set: in the previous example the �rst three characters are su�cient to
univocally distinguish strings in S and this is not casual. In fact, if we have a set
S containing n strings on the alphabet � with j�j = �; what we are expecting
is that dlog� ne characters actually distinguish the elements in S: The problem
is that in general these characters can be in di�erent positions and we have to
determine, string by string, where they are. What we wish to show here is that
for any given set S, it is relatively easy to �nd out whether the elements in S can
be distinguished using a small amount of characters. In that case, we are then
able to organize the set S in a table T such that a modi�ed binary searching can
be performed with a minimum quantity of housekeeping instructions, thus im-
proving the traditional searching procedure. Presently, we are also investigating
how modi�ed binary search compares to the method proposed by Bentley and
Sedgewick [1]. To be more precise, in Section 2 we show that a pre-processing
algorithm exists which determines (if any) the optimal organization of the ta-
ble for the given set S; the time for this pre-processing phase is in the order
of n(log n)2: Then, in Section 3, we �nd the probability that the pre-processing
algorithm gives a positive result, i.e., it �nds the optimal table organization
for set S: Finally, in Section 4, an actual implementation of our method is dis-
cussed and empirical results are presented showing the improvement achieved
over traditional binary searching.

2 The Pre-processing for Modi�ed Binary Search

Let us consider a set S of n elements or keys, each u characters long (some
characters may be blank). We wish to store these elements in a table T in which
binary searching can be performed with a minimum quantity of housekeeping
instructions. To this purpose we need a vector V [1 : : : n] containing, for every
i = 1; 2; : : : ; n, the position from which the comparison, relative to the element
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T [i], has to begin. A possible Pascal-like implementation of this Modi�ed Binary
Searching (MBS) method can be the following:

function MBS(str:string): integer;
var a; b; k; p: integer; found:boolean;
begin a := 1; b := n; found:=false;

while a � b do
k := b(a + b)=2c;
p:=Compare(str, T [k]; V [k]; s);
if p = 0

then found:=true; a := b + 1
else if p < 0

then b := k − 1
else a := k + 1 � � od;

if found and T [k] = str then MBS:=k else MBS:=0 �
end;

Here, the function Compare(A,B,i,s) compares the two strings A and B ac-
cording to s characters beginning from position i; the result is −1, 0 or 1 accord-
ing to the fact that the s characters in A are lexicographically smaller, equal or
greater than the corresponding characters in B.

The procedure, we are going to describe to build table T and vector V , will
be called PerfectDivision(S,n,s), where S and n are as speci�ed above and s is
the number of consecutive characters used to distinguish the various elements
(in most cases 1 � s � 4 is su�cient). It returns a table T of dimension n; the
optimal table, containing S’s elements and a vector V of dimension n such that,
for all i from 1 to n; V [i] indicates the position from which the comparison has to
begin. More precisely, the elements in table T are arranged in such a way that,
if we binary search for the element x = x1 : : : xu and compare it with element
T [i] = T [i]1 : : : T [i]u we have only to compare characters xV [i] : : : xV [i]+s−1 with
characters T [i]V [i] : : : T [i]V [i]+s−1:

The procedure consists of two main steps, the �rst of which tries to �nd out
the element in S which determines the subdivision of the keys into two subtables.
The second step recursively calls PerfectDivision to actually construct the two
subtables.

We begin by giving the de�nition of a selector:

De�nition 1 Let S be a set containing n u-length strings. The pair (i; �[s] =
a1a2 : : : as); i 2 [1 : : : u − s + 1]; is an s[i]-selector for S i�:

1) 9!w 2 S : wiwi+1 : : : wi+s−1 = a1a2 : : : as;
2) 9b(n − 1)=2c keys y 2 S : yiyi+1 : : : yi+s−1 < a1a2 : : : as;
3) 9d(n − 1)=2e keys y 2 S : yiyi+1 : : : yi+s−1 > a1a2 : : : as:

Theorem 1 Let S be a set containing n u-length strings. If n = 1 or n = 2
then S always admits a selector.
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Proof: If S = fxg then it admits the 1[1]-selector (1; x1): If S = fx; yg , it admits
a 1[p]-selector (p; zp) with p = minfi 2 [1 : : : u] : xi 6= yig and zp = minfxp; ypg
(such a p exists since x and y are distinct elements). We observe that if S admits
a 1[p]-selector then it also admits an s[q]-selector 8p + 1 − s � q � p:

More in general, for n > 2 we can give an integer function FindSelector(var
T, a, b, s) to determine whether or not the elements from position a to position
b in a table T containing b − a + 1 u-length strings, admit an s-selector; after a
call to this function, if the selector has been found and k = b(a + b)=2c is the
index of the median element, then the elements in T are arranged in such a way
that:

1. the median element T [k] contains �[s] starting at position i;
2. the elements T [a]; : : : ; T [k − 1] are less than T [k] when we compare the

characters from position i to position i + s − 1 with �[s];
3. the elements T [k + 1]; : : : ; T [b] are greater than T [k] when we compare the

characters from position i to position i + s − 1 with �[s].

The function returns the position i = sel at which the selector begins, if any, 0
otherwise. This value is stored in vector V from procedure PerfectDivision after
FindSelector is called.

FindSelector calls, in turn, a procedure, Select(var T, a, b, sel, s), and a
boolean function, Equal(x, y, sel, s), which operate in the following way:

{ procedure Select arranges the elements in table T; from position a to position
b; by comparing, for each element, the s characters beginning at position
sel; the arrangement is such that the three conditions 1., 2. and 3. above are
satis�ed. As is well known, the selection problem to �nd the median element
can be solved in linear time; however, in our algorithm we decided to use a
heapsort procedure to completely sort the elements in T . This is slower, but
safer1 than existing selection algorithms, and the ordering could be used at
later stages;

{ function Equal compares the s characters of the strings x; y; beginning at
position sel; and returns true if the compared characters are equal, false
otherwise. It corresponds to Compare(x,y,sel,s)= 0 above.

Function FindSelector(var T,a,b,s): integer;
var sel; i: integer;
begin
sel := 1;
if b − a � 2 then

FindSelector:=0;
i := b(a + b)=2c;

1 The algorithm of Rivest and Tarjan [3, vol. 3, pag. 216], can only be applied to large
sets; the algorithm of selection by tail recursion [2, pag. 230] is linear on the average
but is quadratic in the worst case.
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while sel � (u − s + 1) do
Select(T, a, b, sel, s);
if Equal(T [i]; T [i + 1]; sel; s) or Equal(T [i]; T [i − 1]; sel; s) then

sel := sel + 1
else

FindSelector:=sel;
sel := u + 1 fto force exit from the loopg

�
od

else if b − a = 1 then
while sel � (u − s + 1) do

Select(T,a,b,sel,s);
if Equal(T [a]; T [b]; sel; s) then

sel := sel + 1
else

FindSelector:=1;
sel := u + 1 fto force exit from the loopg

�
od
FindSelector:=sel

else
FindSelector:=sel

�
end fFindSelectorg;

Procedure PerfectDivision(var T,a,b,s);
var k; i: integer;
begin
k :=FindSelector(T, a, b, s);
if k = 0 then

fail
else

i := b(a + b)=2c;
V [i] := k;
if a < i then PerfectDivision(T, a, i-1, s) �;
if i < b then PerfectDivision(T, i+1, b, s) �

�
end fPerfectDivisiong;

If we want to apply PerfectDivision to a set S of n u-length strings, we �rst
store S’s elements in a table T , hence call PerfectDivision(T,1,n,s) by choosing
an appropriate value for s (in practice, we can start with s = 1 and then increase
its value if the procedure fails).

This procedure applied to the set of zodiac names by using s = 1 returns the
table T and the vector V as in Table 1(b). Let us take into consideration again
the case of aries: we start with the median element and since V [6] = 5 we have
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to compare the �fth character of aries, s, with the �fth character of capricorn,
i; s>i and we proceed with the new median element scorpio. Since V [9] = 2
we compare r with c; in the next step the median element is gemini and we
compare the �rst character of aries with the �rst one of gemini. After that, the
searched string is compared to the whole string aries and the procedure ends
with success.

For the set of the �rst twenty numbers names’ the procedure fails by using
s = 1 and returns the situation depicted in Table 2 by choosing s = 2:

Table 2. Table T and vector V when s = 2 for the �rst twenty numbers’ names

V T

1 1 te n
2 3 th re e
3 5 seve n

4 5 seve nt een

5 2 n in e

6 1 � ve
7 1 on e

8 1 si x

9 1 tw o

10 4 nin et een

11 1 th irteen

12 2 f if teen

13 5 eigh t

14 5 eigh te en

15 2 s ix teen

16 3 tw el ve
17 3 tw en ty
18 3 el ev en
19 4 fou r

20 4 fou rt een

The complexity of PerfectDivision is given by the following Theorem:

Theorem 2 If S is a set of words having length n and we set d = u − s + 1;
then the complexity of the procedure PerfectDivision is at most ln 2dn log2

2 n if
we use Heapsort as a selection algorithm, and O(dn log2 n) on the average if we
use a linear selection algorithm.

Proof: The most expensive part of PerfectDivision is the selection phase, while
all the rest is performed in constant time. If we use HeapSort as an in-place
sorting procedure, the time is An log2 n; where A � 2 ln 2: This procedure is
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executed at most d times. Let Cn be the total time for �nding a complete division
for our set of n elements; clearly we have:

Cn � Adn log2 n + 2Cn=2:

There are general methods, see [4], to �nd a valuation for Cn; however, let us
suppose n = 2k, for some k; and set ck = C2k ; then we have ck = Ad2kk+2ck−1:
By unfolding this recurrence, we �nd:

ck = Ad2kk + 2Ad2k−1(k − 1) + 4Ad2k−2(k − 2) + : : : =

= Ad2k(k + (k − 1) + � � � + 1) = Ad2k−1k(k + 1):

Returning to Cn :

Cn � Ad
n

2
log2 n(log2 n + 1) = O(dn(log2 n)2):

Obviously, if we use a linear selection algorithm the time is reduced by a factor
O(log2 n). Finally, we observe that d � log2 n and this justi�es our statement in
the Introduction.

The next section is devoted to the problem of evaluating the probability that
a perfect subdivision for the table T exists.

3 The Analysis

We now perform an analysis of the pre-processing phase of modi�ed binary
searching. Let � = f�1; �2; : : : ; ��g be a �nite alphabet and let its elements be
ordered in some way, for instance �1 < �2 < : : : < ��. In real situations, � can
be the Latin alphabet, � = 26 or � = 27 (if we also consider the space) and its
ordering is the usual lexicographical order; so, on a computer, � is a subset of
ASCII codes and if we have s = 3 then we should consider triples of letters. We
can now abstract and de�ne A = �s, for the speci�c value of s, with the order
induced by the order in �. Then we obscure s and set A = fa1; a2; : : : ; arg,
where r = �s. Finally, we observe that if S is any set of strings, S � �u, for a
given starting index the subwords of the words in S beginning at that position
and composed by s consecutive characters are a multiset �S over A: What we are
looking for, is a suitable division of this multiset.

Therefore, let us consider the multiset �S; with j �Sj = n; over our abstract
alphabet A: Our problem is to �nd the probability that an element am 2 A exists
such that: i) am 2 �S; but has no duplicate in �S; ii) there are exactly b(n+1)=2c−1
elements ai 2 �S such that ai < am (i.e., these elements constitute a multiset over
fa1; a2; : : : ; am−1g); iii) there are exactly d(n +1)=2e elements aj in �S such that
aj > am (i.e., these elements constitute a multiset over fam+1; : : : ; arg). In a
more general way we can de�ne the following three (m; p)-separation conditions
for a multiset �S as above, relative to an element am 2 A (see also De�nition 1):
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i) am 2 �S and has no duplicate in �S;
ii) there are (p − 1) elements in �S preceding am;
iii) there are (n − p) elements in �S following am:

Our �rst important result is the following:

Theorem 3 Let �(n; p; r; m) be the probability that a multiset �S on A ( �S and
A as above) contains a speci�c element am for which the (m; p)-separation con-
ditions are satis�ed; then

�(n; p; r; m) =
p

rn

�
n

p

�
(m − 1)p−1(r − m)n−p:

Proof: Let us count the total number P (n; p; r; m) of the multisets satisfying
the three (m; p)-separation conditions for a given element am 2 A (1 � m � r).
If we imagine that the elements in �S are sorted according to their order sequence
in A, the �rst p − 1 elements must belong to the subset fa1; a2; : : : ; am−1g, and
therefore (m − 1)p−1 such submultisets exist. In the same way, the last n − p
elements in �S must belong to fam+1; : : : ; arg and therefore (r − m)n−p such
submultisets exist. Since every �rst part can be combined with each second
part, and the pth character must equal am by hypothesis, there exists a total
of (m − 1)p−1(r − m)n−p ordered multisets of the type described. The original
multisets, however, are not sorted, and the elements may assume any position
in �S. The di�erent combinations are counted by a simple trinomial coe�cient,
which reduces to a binomial coe�cient:�

n

p − 1; 1; n − p

�
=

n!
(p − 1)! 1! (n − p)!

= p
n!

p! (n − p)!
= p

�
n

p

�

We conclude that the total number of multisets we are looking for is:

P (n; p; r; m) = p

�
n

p

�
(m − 1)p−1(r − m)n−p:

Finally, the corresponding probability is found by dividing this expression by rn;
the total number of multisets with n elements.

An immediate corollary of this result gives us the probability that, given �S;
an element am exists that satis�es the (m; p)-separation conditions:

Theorem 4 Given a multiset �S as above, the probability �(n; p; r) that an ele-
ment am 2 A exists for which the (m; p)-separation conditions hold true is:

�(n; p; r) =
p

rn

�
n

p

� rX
m=1

(m − 1)p−1(r − m)n−p
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Proof: Obviously, any am 2 A could satisfy the separation conditions, each
one in an independent way of any other (a single multiset can contain several
elements satisfying the conditions). Therefore, the probability is the sum of the
single probabilities.

The formula of this theorem is not very appealing and does not give an
intuitive idea of how the probability �(n; p; r) varies with p; in particular, what
it is when p = b(n + 1)=2c; the case we are interested in. In order to arrive
at a more intelligible formula, we are going to approximate it by obtaining its
asymptotic value. To do that, we must suppose n < r; and this hypothesis
will be understood in the sequel. In real situations, where r = jAj = 26s or
r = jAj = 27s; we simply have to choose a selector of s character with:

{ s = 1 for tables up to n = 22 elements;
{ s = 2 for tables up to n = 570 elements;
{ s = 3 for tables up to n = 15; 000 elements;
{ s = 4 for tables up to n = 400; 000 elements.

These numbers correspond to n=r � 0:85 if jAj = 26s and to n=r � 0:8 if
jAj = 27s. Obviously, a selector with s > 4 can result in a worsening with
respect to traditional binary searching. On the other hand, very large tables
should reside in secondary storage.

A curious fact is that the probabilities �(n; p; r) are almost independent of
p; as we are now going to show, the dependence on p can only be appreciated
when p is very near to 1 or very near to n:

Theorem 5 The probability �(n; p; r) of the previous theorem has the following
asymptotic approximations (n < r):

�(n; p; r) =
�

1 − 1
r

�n�
1 + O

�
n3

r3

��
when 2 < p < n − 2; (3.1)

�(n; 2; r) = �(n; n − 1; r) =
�

1 − 1
r

�n�
1 − n(n − 1)

12(r − 1)2
+ O

�
n3

r3

��
; (3.2)

�(n; 1; r) = �(n; n; r) =

=
�

1 − 1
r

�n�
1 − n

2(r − 1)
− n(n − 1)

12(r − 1)2
+ O

�
n3

r3

��
: (3.3)

Proof: Let us apply the Euler-McLaurin summation formula to approximate
the sum

Pr
m=1(m − 1)p−1(r − m)n−p: By writing m as the continuous variable

x, we have:

rX
m=1

(m − 1)p−1(r − m)n−p =
r−1X
m=1

(m − 1)p−1(r − m)n−p =
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=
Z r

1

(x − 1)p−1(r − x)n−pdx + B1 [f(x)]r1 +
B2

2!
[f 0(x)]r1 + � � �

Here, f(x) = (x−1)p−1(r−x)n−p, and we immediately observe that for p > 1 we
have [f(x)]r1 = 0. In the same way, the �rst (p−1) derivatives are 0 and, in order
to �nd suitable approximations for �(n; p; r), we are reduced to the three cases
p = 1; p = 2 and p > 2. By symmetry, we also have �(n; p; r) = �(n; n−p+1; r).

Since f(x) is a simple polynomial in x, the integral can be evaluated as
follows: Z r

1

(x − 1)p−1(r − x)n−pdx =
Z r−1

0

yp−1(r − 1 − y)n−pdy =

=
Z r−1

0

yp−1

 
n−pX
k=0

�
n − p

k

�
(r − 1)k(−y)n−p−k

!
dy =

=
n−pX
k=0

�
n − p

k

�
(r − 1)k(−1)n−p−k

Z r−1

0

yn−k−1dy =

=
n−pX
k=0

�
n − p

k

�
(r − 1)k(−1)n−p−k (r − 1)n−k

n − k
= (r − 1)n

n−pX
k=0

�
n − p

k

�
(−1)k

p + k
=

= (r − 1)n 1
p
(
n−p+p

n−p

� =
(r − 1)n

p

�
n

p

�−1

The last sum in this derivation is well-known and represents the inverse of a
binomial coe�cient (see Knuth [3, vol. 1, pag. 71]). Therefore we obtain formula
(3.1) for 2 < p < n−2: For p = 2 we have a contribution from the �rst derivative:

[f 0(x)]r1 =
�
(r − x)n−2 − (x − 1)(n − 2)(r − x)n−3

�r
1

= −(r − 1)n−2

and therefore we have formula (3.2). Finally, for p = 1 we also have a contribu-
tion from [f(x)]r1; and �nd formula (3.3).

Table 3 illustrates the probabilities �(n; p; r) for n = 12 and r = 20. We
used a computer program for simulating the problem, and in the table we show
the probabilities found by simulation, the exact probabilities given by Theorem
4, and the approximate probabilities as computed by formulas (3.1), (3.2) and
(3.3).

Formula (3.1), in the short version �(n; p; r) = (1−1=r)n; allows us to obtain
an estimate of the probability of �nding a division with p = b(n+1)=2c for a given
set S of identi�ers or words over some language. In general, several positions d
of the identi�ers are available for a division (function FindSelector �nds the �rst
one), and this increases the probability of success. Usually, if s is the length of
the selector and u the identi�ers’ length, we have d = u − s + 1; and in general:
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Table 3. Simulation, exact and approximate probabilities

SIMULATION FOR MODIFIED BINARY SEARCHING

Number of alphabet elements (r): 20
Number of multiset elements (n): 12
Number of simulation trials: 30000

p simulat. exact approx.

1 0.72176667 0.72739722 0.72746538
2 0.51906667 0.52409881 0.52389482
3 0.54113333 0.54015736 0.54036009
4 0.53856667 0.54042599 0.54036009
5 0.53563333 0.54036133 0.54036009
6 0.54176667 0.54035984 0.54036009
7 0.54300000 0.54035984 0.54036009
8 0.54173333 0.54036133 0.54036009
9 0.53923333 0.54042599 0.54036009

10 0.53963333 0.54015736 0.54036009
11 0.52596667 0.52409881 0.52389482
12 0.72970000 0.72739722 0.72746538

Theorem 6 Let �S be a multiset of identi�ers over A; with j �Sj = n and jAj = r:
If d positions in the elements of �S are available for division, then the probability
that an alement am 2 �S exists satisfying the (m; p)-separation conditions with
p = b(n + 1)=2c is:

�(n; r; d) = 1 − (1 − �(n; p; r))d � 1 −
�

1 −
�

1 − 1
r

�n�d

: (3.4)

This quantity can be approximated by:

�(n; r; d) � 1 −
�n

r

�d

exp
�

−d(n − 1)
2r

�
: (3.5)

Proof: We can consider the d positions as independent of each other, and
therefore equation (3.4) follows immediately. To prove (3.5) we need some com-
putations. First of all we have:�

1 − 1
r

�n

= exp
�

n ln
�

1 − 1
r

��
= exp

�
n

�
−1

r
− 1

2r2
− 1

3r3
− � � �

��
=

= exp
�

−n

r
− n

2r2
− n

3r3
− � � �

�
= e−n=re−n=2r2

e−n=3r3 � � �
By expanding the exponentials, we �nd:

1 −
�

1 − 1
r

�n

� 1 − e−n=re−n=2r2
e−n=3r3 � � � =
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= 1 −
�

1 − n

r
+

n2

2r2
− n3

6r3
+ � � �

��
1 − n

2r2
+ � � �

��
1 − n

3r3
+ � � �

�
=

=
n

r

�
1 − n − 1

2r
+

n2 − 3n + 2
6r2

+ O

�
n3

r3

��
:

This formula can be written as:

1 −
�

1 − 1
r

�n

=
n

r
exp

�
−n − 1

2r

��
1 + O

�
n2

r2

��

and therefore: �
1 −

�
1 − 1

r

�n�d

�
�n

r

�d

exp
�

−d(n − 1)
2r

�

which immediately gives equation (3.5).

Having found a division for �S, we are not yet �nished, because the procedure has
to be recursively applied to the subsets obtained from �S (see procedure Perfect-
Division). Since n=2 is the approximate size of these two subsets, the probability
of �nding a division for each of them is:

�
�n

2
; r; d

�
� 1 −

� n

2r

�d

exp
�

−d(n − 2)
4r

�
;

in fact, except that in very particular cases, the number of possible positions,
at which division can take place, is not diminished. The joint probability that
both subsets can be divided is �(n=2; r; d)2 and the probability of obtaining a
complete division of �S; so that modi�ed binary searching is applicable, is:

�(n; r; d) = �(n; r; d)�(n=2; r; d)2�(n=4; r; d)4 � � � ;

the product extended up to �(n=2k; r; d)2k

such that n=2k � 3: In fact, as ob-
served in Theorem 1, a division for tables with 1 or 2 elements is always possible
(i.e., � = 1).

The probability �(n; r; d) is the quantity we are mainly interested in. Obvi-
ously, �(n; r; d) < �(n; r; d) but, fortunately, we can show that these probabilities
are almost equal, at least in most important cases.

Theorem 7 If �(n; r; d) is su�ciently near to 1; then �(n; r; d) � �(n; r; d):

Proof: First of all, let us develop �(n; r; d) :

�(n; r; d) �

�
�

1 −
�n

r

�d

exp
�

−d(n − 1)
2r

���
1 − 2

� n

2r

�d

exp
�

−d(n − 2)
4r

��
� � � �

� 1 −
�n

r

�d

exp
�

−d(n − 1)
2r

�
− 2

� n

2r

�d

exp
�

−d(n − 2)
4r

�
−
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−4
� n

4r

�d

exp
�

−d(n − 4)
8r

�
− � � �

What we now wish to show is that the �rst term (after 1) dominates all the
others, and therefore �(n; r; d) � �(n; r; d): Let us consider the ratio between
the �rst and the second term after the 1 :

�n

r

�d

exp
�

−d(n − 1)
2r

�
1
2

�
2r

n

�d

exp
�

d(n − 2)
4r

�
=

= 2d−1 exp
�

dn − 2d − 2dn + 2d

4r

�
= 2d−1 exp

�
−dn

4r

�
:

This quantity shows that the �rst term is much larger than the second, as
claimed.

4 Experimental Results

In order to verify the e�ectiveness of our modi�ed binary searching method,
we devised some experiments comparing traditional and modi�ed binary search
programs. We used Pascal as a programming language, well aware that this
might not be the best choice. However, our aim was also to show how better
is our method when realised without any particular trick in a high level lan-
guage. When the table is large, we need two or more characters for the selector
s; our implementation obviously performs one-character-at-a-time comparisons;
since the characters to be compared against s are consecutive, a machine lan-
guage realization would instead perform a multi-byte loading and comparing,
further reducing execution time. Presently, we are developing a C version of our
programs to compare them to the most sophisticated realisations of traditional
binary searching and to other, more recent approaches to string retrieval, such
as the method of Bentley and Sedgewick [1].

We used the following program for traditional binary searching:

function BS (str : string) : integer;
var a, b, k : integer; found : boolean;
begin

a := 1; b := n; found := false;
while a<=b do begin

k:=(a+b) div 2;
if str = T[k]

then begin a := b+1; found := true end
else if str < T[k] then b:=k-1 else a:=k+1

end;
if found then BS := k else BS := 0

end;
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For the modi�ed binary searching, the program is:

function MBS1 (str : string): integer;
var a, b, j, k : integer; found : boolean;
begin

a := 1; b := n; found := false;
while a <= b do begin

k := (a+b) div 2; j := V[k];
if str[j] = T[k,j]

then begin a := b+1; found := true end
else if str[j] < T[k,j]

then b := k - 1
else a := k + 1 end;

if found and (str = T[k])
then MBS1 := k else MBS1 := 0

end;

This program is to be used when the selector length is 1; for a selector length
of 2 we simply perform two cascade if’s, and three for a selector length of 3.

We performed 10 blocks of 20,000 searches of all the strings in a table, ran-
domly chosen in a dictionary of 1,524 English words. For small tables (selector
length equal to 1) we obtained the average times in the �rst part of Table 4 (the
time unit is inessential; only relative times are of importance). For larger tables
with selector length equal to 2 or 3 we obtained the times in parts two and three
of Table 4.

Table 4. Times for selector of length 1, 2 and 3

n MBS BS gain (%) n MBS BS gain (%) n MBS BS gain (%)
10 29.7 56.2 47.2 10 33.0 54.8 39.8 50 100.0 228.4 56.2
11 33.9 63.6 46.7 20 69.9 141.1 50.5 100 222.8 541.8 58.9
12 36.3 70.9 48.8 30 108.3 234.4 53.8 150 346.0 887.6 61.0
13 38.9 80.4 51.6 40 150.5 345.4 56.4 200 472.4 1256.6 62.4
14 44.5 86.3 48.4 60 235.1 568.5 58.6 250 607.6 1625.4 62.6
15 47.1 93.8 49.8 80 326.8 825.0 60.4 300 751.2 2035.4 63.1
16 52.0 103.1 49.6 100 421.8 1084.2 61.1 350 883.4 2452.8 64.0
17 54.4 113.7 52.2 120 519.6 1340.6 61.2 400 1032.8 2864.8 63.9
18 58.3 123.1 52.6 140 619.5 1625.3 61.9 450 1151.4 3283.4 64.9
20 65.9 139.6 52.8 160 713.4 1919.7 62.8 500 1310.4 3702.0 64.6
22 73.3 159.5 54.0 180 806.5 2214.3 63.6 550 1447.8 4147.0 65.1
24 81.3 178.8 54.5 200 913.3 2510.2 63.6 600 1592.8 4610.2 65.5
26 87.3 197.8 55.9 225 1032.6 2877.0 64.1 700 1874.0 5534.2 66.1
28 94.4 215.9 56.3 250 1146.3 3248.7 64.7 800 2202.6 6461.4 65.9
30 101.6 232.8 56.4 275 1263.1 3648.8 65.4 900 2491.4 7377.8 66.2
32 110.0 254.8 56.8 300 1408.8 4060.6 65.3 1000 2760.6 8303.8 66.8
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5 Conclusions

We have considered a variant of binary searching, which avoids most of the
housekeeping instructions related to string comparisons. This requires a suitable
pre-processing phase for the table to be searched, and therefore only applies to
the static case. What we have shown is:

1. The variant is considerably faster than traditional binary searching; we give
empirical evidence of this fact, by comparing actual programs performing
both kinds of binary searching.

2. The pre-processing phase is fast, because it runs in time O(n(log2 n)2), and
produces with a very high probability the optimal arrangement of the table
elements. In any case, an almost optimal arrangement can always be found.

In our opinion, an important aspect of our method is that it can be e�ciently
realised in a high level language; as is well-known, this is not always possible
for other kinds of fast retrieval methods for static tables, such as perfect hash-
ing. This makes our modi�ed binary searching procedure attractive for actual
implemenattion in real systems.
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Abstract. We present an efficient algorithm for the approximate median selec-
tion problem. The algorithm worksin-place; it is fast and easy to implement.
For a large array it returns, with high probability, a very close estimate of the true
median. The running time is linear in the lengthn of the input. The algorithm per-
forms fewer than4

3
n comparisons and1

3
n exchanges on the average. We present

analytical results of the performance of the algorithm, as well as experimental
illustrations of its precision.

Keywords: Approximation algorithms, in-place algorithms, median selection,
analysis of algorithms.

1. Introduction

In this paper we present an efficient algorithm for thein-placeapproximate median
selection problem. There are several works in the literature treating the exact median
selection problem (cf. [BFP*73], [DZ99], [FJ80], [FR75], [Hoa61], [HPM97]). Various
in-place median finding algorithms have been proposed. Traditionally, the “comparison
cost model” is adopted, where the only factor considered in the algorithm cost is the
number of key-comparisons. The best upper bound on this cost found so far is nearly
3n comparisons in the worst case (cf. [DZ99]). However, this bound and the nearly-as-
efficient ones share the unfortunate feature that their nice asymptotic behaviour is “paid
for” by extremely involved implementations.

The algorithm described here approximates the median with high precision and
lends itself to an immediate implementation. Moreover, it is quite fast: we show that
it needs fewer than43n comparisons and13n exchanges on the average and fewer than
3
2n comparisons and12n exchanges in theworst-case. In addition to its sequential effi-
ciency, it is very easily parallelizable due to the low level of data contention it creates.

The usefulness of such an algorithm is evident for all applications where it is suffi-
cient to find an approximate median, for example in some heapsort variants (cf. [Ros97],
[Kat96]), or for median-filtering in image representation. In addition, the analysis of its
precision is of independent interest.
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We note that the procedurepseudomedin [BB96, x7.5] is similar to performing just
one iteration of the algorithm we present (using quintets instead of triplets), as an aid in
deriving a (precise) selection procedure.

In a companion paper we show how to extend our method to approximate general
k-selection.

All the works mentioned above—as well as ours—assume the selection is from
values stored in an array in main memory. The algorithm has an additional property
which, as we found recently, has led to its being discovered before, albeit for solving a
rather different problem. As is apparent on reading the algorithms presented in Section
2, it is possible to perform the selection in this way “on the fly,” without keeping all
the values in storage. At the extreme case, if the values are read in one-by-one, the
algorithm only uses� 4 log3 n positions (includingblog3 nc loop variables). This way
of performing the algorithm is described in [RB90], in the context of estimating the
median of an unknown distribution. The authors show there that the value thus selected
is a consistent estimator of the desired parameter. They need pay no attention (and
indeed do not) to the relation between the value the algorithm selects and the actual
sample median. The last relation is the center point of interest for us. Curiously, Weide
notes in [Wei78] that this approach provides an approximation of the sample median,
though no analysis of the bias is provided. See [HM95] for further discussion of the
method of Rousseeuw and Bassett, and numerous other treatments of the statistical
problem of low-storage quantile (and in particular median) estimation.

In Section 2 we present the algorithm. Section 3 provides analysis of its run-time. In
Section 4, to show the soundness of the method, we present a probabilistic analysis of
the precision of its median selection. Since it is hard to glean the shape of the distribu-
tion function from the analytical results, we provide computational evidence to support
the conjecture that the distribution is asymptotically normal. In Section 5 we illustrate
the algorithm with a few experimental results, which also demonstrate its robustness.
Section 6 concludes the paper with suggested directions for additional research.

An extended version of this paper is available by anonymousftp from
ftp://ftp.cs.wpi.edu/pub/techreports/99-26.ps.gz .

2. The Algorithm

It is convenient to distinguish two cases:

2.1 The Size of the Input Is a Power of 3:n = 3r

Let n = 3r be the size of the input array, with an integerr. The algorithm proceeds inr
stages. At each stage it divides the input into subsets of three elements, and calculates
the median of each such triplet. The ”local medians” survive to the next stage. The algo-
rithm continues recursively, using the local results to compute the approximate median
of the initial set. To incur the fewest number of exchanges we do not move the chosen
elements from their original triplets. This adds some index manipulation operations, but
is typically advantageous. (While the order of the elements is disturbed, the contents of
the array is unchanged).
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Approximate Median Algorithm (1)

Triplet Adjust(A, i, Step)
Let j= i+Stepandk= i+2 � Step; this procedure moves the median of a triplet of
terms at locationsi; j; k to the middle position.

if (A[i] < A[j])
then

if (A[k] < A[i]) then Swap(A[i]; A[j]);
else if (A[k] < A[j]) then Swap(A[j]; A[k]);

else
if (A[i] < A[k]) then Swap(A[i]; A[j]);
else if (A[k] > A[j]) then Swap(A[j]; A[k]);

Approximate Median(A, r)
This procedure returns the approximate median of the arrayA[ 0; :::; 3r − 1].

Step=1; Size=3r;

repeatr times
i=(Step−1)/2;
while i < Sizedo

Triplet Adjust(A, i, Step);
i=i+(3�Step);

end while;
Step= 3�Step;

end repeat;
returnA[(Size− 1)=2];

Fig. 1. Pseudo-code for the approximate median algorithm,n = 3r; r 2 N.

In Fig. 1 we show pseudo-code for the algorithm. The procedureTriplet Adjustfinds
the median of triplets with elements that are indexed by two parameters: one,i, denotes
the position of the leftmost element of triplet in the array. The second parameter,Step, is
the relative distance between the triplet elements. This approach requires that when the
procedure returns, the median of the triplet is in the middle position, possibly following
an exchange. TheApproximateMedianalgorithm simply consists of successive calls to
the procedure.

2.2 The Extension of the Algorithm to Arbitrary-Size Input

The method described in the previous subsection can be generalized to array sizes which
are not powers of 3. The basic idea is similar. Letn be the input size at the current stage,
where

n = 3 � t + k; k 2 f0; 1; 2g:

We divide the input into(t − 1) triplets and a(3 + k)-tuple. The(t − 1) triplets are pro-
cessed by the sameTriplet Adjustprocedure described above. The last tuple is sorted
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(using an adaptation of selection-sort) and the median is extracted. The algorithm con-
tinues iteratively using the results of each stage as input for a new one. This is done
until the number of local medians falls below a small fixed threshold. We then sort the
remaining elements and obtain the median. To symmetrize the algorithm, the array is
scanned from left to right during the first iteration, then from right to left on the second
one, and so on, changing the scanning sense at each iteration. This should reduce the
perturbation due to the different way in which the medians from the(3 + k)-tuples are
selected and improve the precision of the algorithm. Note that we chose to select the
second element out of four as the median (2 out of 1..4). We show pseudo-code for the
general case algorithm in Fig. 2.

Approximate Median Algorithm (2)

SelectionSort (A, Left, Size, Step)
This procedure sortsSizeelements of the arrayA located at positionsLeft, Left+ Step,
Left+ 2 � Step; : : : ; Left+ (Size− 1) � Step.

for (i = Left ; i < Left+ (Size− 1) � Step; i = i + Step)
Min = i;
for (j = i + Step; j < Left+ Size� Step; j = j + Step)

if (A[j] < A[min]) thenmin = j;
end for;
Swap(A[i]; A[min]);

end for;

Approximate Median AnyN (A, Size)
This procedure returns the approximate median of the arrayA[0; :::; Size− 1].
LeftToRight= False; Left = 0; Step= 1;
while (Size> Threshold) do

LeftToRight= Not (LeftToRight);
Rem = (Sizemod3);
if (LeftToRight) theni = Left;

else i = Left+ (3 + Rem) � Step;
repeat(Size=3 − 1) times

Triplet Adjust (A, i, Step);
i = i + 3 � Step;

end repeat;
if (LeftToRight) thenLeft = Left+ Step;

else i = Left;
Left = Left+ (1 + Rem) � Step;

SelectionSort (A, i, 3 + Rem, Step);
if (Rem = 2) then

if (LeftToRight) then Swap(A[i + Step], A[i + 2 � Step])
else Swap(A[i + 2 � Step], A[i + 3 � Step]);

Step= 3 � Step; Size= Size=3;
end while;
SelectionSort (A, Left, Size, Step);
returnA[Left+ Step� b(Size− 1)=2c];

Fig. 2. Pseudo-code for the approximate median algorithm, anyn 2 N.



230 Sebastiano Battiato et al.

Note:The reason we use a terminating tuple of size 4 or 5, rather than 1 or 2, is to keep
the equal spacing of elements surviving one stage to the next.

The procedureSelection Sort takes as input four parameters: the arrayA, its size
and two integers,Left andStep. At each iterationLeft points to the leftmost element
of the array which is in the current input, andStepis the distance between any two
successive elements in this input.

There are several alternatives to this approach for arbitrary-sized input. An attractive
one is described in [RB90], but it requiresadditional storageof approximately4 log3 n
memory locations.

3. Run-Time Analysis: Counting Moves and Comparisons

Most of the work of the algorithm is spent inTriplet Adjust, comparing values and ex-
changing elements within triplets to locate their medians. We compute now the number
of comparisons and exchanges performed by the algorithmApproximateMedian.

Like all reasonable median-searching algorithms, ours has running-time which is
linear in the array size. It is distinguished by the simplicity of its code, and hence it is
extremely efficient. We consider first the algorithm described in Fig. 1.

Let n = 3r, r 2 N , be the size of a randomly-ordered input array. We have the
following elementary results:

Theorem 1. Given an input of sizen, the algorithmApproximateMedianperforms
fewer than4

3n comparisons and13n exchanges on the average. ut

Proof: Consider first theTriplet Adjustsubroutine. In the following table we show the
number of comparisons and exchanges,C3 andE3, for each permutation of three distinct
elements:

A[i] A[i+Step] A[i+2*Step] Comparisons Exchanges
1 2 3 3 0
1 3 2 3 1
2 1 3 2 1
2 3 1 2 1
3 1 2 3 1
3 2 1 3 0

Clearly, assuming all orders equally likely, we find Pr(C3 = 2) = 1 − Pr(C3 =
3) = 1=3, and similarly Pr(E3 = 0) = 1 − Pr(E3 = 1) = 1=3, with expected values
E[E3] = 2=3 andE[C3] = 8=3.

To find the work of the entire algorithm with an input of sizen, we multiply the
above byT (n), the number of times the subroutineTriplet Adjust is executed. This
number is deterministic. We haveT (1) = 0 and T (n) = n

3 + T (n
3 ), for n > 1; for n

which is a power of 3 the solution is immediate:T (n) = 1
2 (n − 1).

Let �n be the number of possible inputs of sizen and let�n be the total number
of comparisons performed by the algorithm on all inputs of sizen.



An Efficient Algorithm for the Approximate Median Selection Problem 231

The average number of comparisons for all inputs of sizen is:

C(n) =
�n

�n
=

16 � T (n) � n!=3!
n!

=
4
3

(n − 1):

To get�n we count all the triplets considered for all the�n inputs, i.e.n! � T (n); for
each triplet we consider the cost over its3! permutations (the factor16 is the cost for
the3! permutations of each triplet1).

The average number of exchanges can be shown analogously, since two out of three
permutations require an exchange.

By picking the “worst” rows in the table given in the proof of Theorem 1, it is straight-
forward to verify also the following:

Theorem 2. Given an input of sizen = 3r, the algorithmApproximateMedianper-
forms fewer than32n comparisons and12n exchanges in the worst-case. ut

For an input size which is a power of 3, the algorithm of Fig. 2 performs nearly
the same operations as the simpler algorithm – in particular, it makes the same key-
comparisons, and selects the same elements. Forlog3 n =2 N, their performance only
differs on one tuple per iteration, hence the leading term (and its coefficient) in the
asymptotic expression for the costs is the same as in the simpler case.

The non-local algorithm described in [RB90] performs exactly the same number of
comparisons as above but always moves the selected median. The overall run-time cost
is very similar to our procedure.

4. Probabilistic Performance Analysis

4.1 Range of Selection

It is obvious that not all the input array elements can be selected by the algorithm —
e.g., the smallest one is discarded in the first stage. Let us consider first the algorithm of
Fig. 1 (i.e.whenn is a power of 3). Letv(n) be the number of elements from the lower
end (alternatively – upper end, since theApproximateMedianalgorithm has bilateral
symmetry) of the input whichcannot be selectedout of an array ofn elements. It is easy
to verify (by observing the tree built with the algorithm) thatv(n) obeys the following
recursive inequality:

v(3) = 1 ; v(n) � 2v(n=3) + 1: (1)

Moreover, whenn = 3r, the equality holds. The solution of the recursiveequation,

fv(3) = 1; v(n) = 2v(n=3) + 1g
1 Alternatively, we can use the following recurrence:C(1) = 0 andC(n) = n

3
� c + C( n

3
), for

n > 1, wherec = 16
6

is the average number of comparisons ofTriplet Adjust (because all the
3! permutations are equally likely).
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is the following function

v(n) = nlog3 2 − 1 = 2log3 n − 1:

Let x be the output of the algorithm over an input ofn elements. From the definition of
v(n) it follows that

v(n) < rank(x) < n − v(n) + 1: (2)

The second algorithm behaves very similarly (they perform the same operations
whenn = 3r) and the range functionv(n) obeys the same recurrence.

Unfortunately not many entries get thus excluded. The range of possible selection,
as a fraction of the entire set of numbers, increases promptly withn. This is simplest to
illustrate withn that is a power of 3. Sincev(n) can be written as2log3 n − 1, the ratio
v(n)=n is approximately(2=3)log3 n. Thus, forn = 33 = 27, where the smallest (and
largest) 7 numbers cannot be selected, 52% of the range is excluded; the comparable
restriction is 17.3% forn = 36 = 729 and only 1.73% forn = 312 = 531441.

The true state of affairs, as we now proceed to show, is much better: while the pos-
sible range of choice is wide, the algorithm zeroes in, with overwhelming probability,
on a very small neighborhood of the true median.

4.2 Probabilities of Selection

The most telling characteristic of the algorithms is their precision, which can be ex-
pressed via the probability function

P (z) = Pr[zn < rank(x) < (1 − z)n + 1]; (3)

for 0 � z � 1=2, which describes the closeness of the selected value to the true median.
The purpose of the following analysis is to show the behavior of this distribution.

We considern which is a power of 3.

Definition 1. Letq(r)
a;b be the number of permutations, out of then! = 3r! possible ones,

in which the entry which is theath smallest in the set is: (1) selected, and (2) becomes
thebth smallest in the next set, which hasn

3 = 3r−1 entries.

It turns out that this quite narrow look at the selection process is all we need to
characterize it completely.

It can be shown that

q
(r)
a;b = 2n(a − 1)!(n − a)!

�n
3 − 1
b − 1

�
3a−b−1 �

X
i

�
b − 1

i

�� n
3 − b

a − 2b − i

�
1
9i

(4)

(for details, see [BCC*99]).
It can also be seen thatq

(r)
a;b is nonzero for0 � a − 2b � n

3 − 1 only. The sum is

expressible as a Jacobi polynomial,
(

8
9

�a−2b
P

(u;v)
a−2b

(
5
4

�
, whereu = 3b − a − 1; v =

n
3 + b − a, and a simpler closed form is unlikely.
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Let p
(r)
a;b be the probability that itema gets to be thebth smallest among those se-

lected for the next stage. Since then! = 3r! permutations are assumed to be equally
likely, we havep(r)

a;b = q
(r)
a;b=n!:

p
(r)
a;b =

2
3

3−b
( n

3 −1
b−1

�
3−a

(
n−1
a−1

� �
X

i

�
b − 1

i

�� n
3 − b

a − 2b − i

�
1
9i

=
2
3

3−b
( n

3 −1
b−1

�
3−a

(
n−1
a−1

� � [za−2b](1 +
z

9
)b−1(1 + z)

n
3 −b: (5)

This allows us to calculate the center of our interest: The probabilityP
(r)
a , of starting

with an array of the firstn = 3r natural numbers, and having the elementa ultimately
chosen as approximate median. It is given by

P (r)
a =

X
br

p
(r)
a;br

P
(r−1)
br

=
X

br ;br−1;���;b3

p
(r)
a;br

p
(r−1)
br;br−1

� � � p(2)
b3;2 ; (6)

where2j−1 � bj � 3j−1 − 2j−1 + 1, for j = 3; 4; : : : ; r.

Some telescopic cancellation occurs when the explicit expression forp
(r)
a;b is used

here, and we get

P (r)
a =

�
2
3

�r 3a−1(
n−1
a−1

� X
br;br−1;���;b3

rY
j=2

X
ij�0

�
bj − 1

ij

��
3j−1 − bj

bj+1 − 2bj − ij

�
1

9ij
: (7)

As above, eachbj takes values in the range[2j−1:::3j−1 − 2j−1 + 1], b2 = 2 and
br+1 � a (we could let allbj take all positive values, and the binomial coefficients

would produce nonzero values for the required range only). The probabilityP
(r)
a is

nonzero forv(n) < a < n − v(n) + 1 only.
This distribution has so far resisted our attempts to provide an analytic characteriza-

tion of its behavior. In particular, while the examples below suggest very strongly that
as the input array grows, it approaches the normal distribution, this is not easy to show
analytically. (See Section 4.4 of [BCC*99] for an approach to gain further information
about the large-sample distribution.)

4.3 Examples

We computedP (r)
a for several values ofr. Results for a small array (r = 3; n = 27)

are shown in Fig.3. By comparison, with a larger array (r = 5; n = 243, Fig. 4) we
notice the relative concentration of the likely range of selection around the true median.
In terms of these probabilities the relation (3) is:

X
bznc<a<d(1−z)ne+1

P (r)
a (8)

where0 � z < 1
2 .
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Fig. 3.Plot of the median probability distribution for n=27.

We chose to present the effectiveness of the algorithm by computing directly from
equation (7) the statistics of the absolute value of the bias of the returned approximate
median,Dn � jXn − Md(n)j (whereMd(n) is the true median,(n + 1)=2). We
compute its mean (Avg.) and standard deviation, denoted by�d.

A measure of the improvement of the selection effectiveness with increasing (initial)
array sizen is seen from the variance ratio�d=Md(n). This ratio may be viewed as a
measure of the expected relative error of the approximate median selection algorithm.

Numerical computations produced the numbers in Table 1; note the trend in the
rightmost column. (This trend is the basis for the approach examined in Section 4.4 of
[BCC*99].)

n r = log3 n Avg. �d �d=
p

n

9 2 0.428571 0.494872 0.164957
27 3 1.475971 1.184262 0.227911
81 4 3.617240 2.782263 0.309140

243 5 8.096189 6.194667 0.397388
729 6 17.377167 13.282273 0.491958

2187 7 36.427027 27.826992 0.595034

Table 1.Statistics of the median selection as function of array size.
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Fig. 4.Plot of the median probability distribution for n=243.

5. Experimental Results

In this section we present empirical results, demonstrating the effectiveness of the algo-
rithms – also for the cases which our analysis does not handle directly. Our implemen-
tation is in standard C (GNU C compiler v2.7). All the experiments were carried out on
a PC Pentium II 350Mhz with the Linux (Red Hat distribution) operating system. The
lists were permuted using the pseudo-random number generator suggested by Park and
Miller in 1988 and updated in 1993 [PM88]. The algorithm was run on random arrays
of sizes that were powers of 3,n = 3r, with r 2 f3; 4; : : : ; 11g, and others. The entry
keys were always the integers1; : : : ; n.

The following tables present results of such runs. They report the statistics ofDn,
the absolute value of the bias of the approximate median. For each returned result we
compute its distance from the correct median+1

2 . The units we use in the tables are
“normalized” values ofDn, denoted byd%; these are percentiles of the possible range
of error of the algorithm:d% = 100 � Dn

(n−1)=2 . The extremes ared% = 0 when the
true median is returned – and it would have been 100 if it were possible to return the
smallest (or largest) elements. (But relation (2) shows thatd% can get arbitrarily close
to 100 asn increases, but never quite reach it). Moreover, the probability distributions
of the last section suggest, as illustrated in Figure 4, that such deviations are extremely
unlikely. Table 2 shows selected results, using a threshold value of 8. All experiments
used a sample size of 5000, throughout.
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n Avg. � Avg. + 2� Rng(95%) (Min-Max)
50 10.27 7.89 26.05 24.49 0.00–44.90
100 8.45 6.63 21.70 20.20 0.00–48.48
35 6.74 5.13 17.00 16.53 0.00–38.02
500 5.80 4.41 14.63 14.03 0.00–29.06
36 4.83 3.71 12.26 12.09 0.00–24.73

1000 4.70 3.66 12.02 11.61 0.00–23.62
37 3.32 2.54 8.41 8.05 0.00–16.83

5000 2.71 2.10 6.91 6.72 0.00–17.20
38 2.31 1.75 5.81 5.67 0.00–11.95

10000 2.53 1.86 6.24 6.04 0.00–11.38
39 1.58 1.18 3.94 3.86 0.00–6.78

Table 2.Simulation results ford%, fractional bias of approximate median. Sample size
= 5000.

The columns are:n – array size; Avg. – the average ofd% over the sample;� – the
sample standard-error ofd%; Rng. (95%) – the size of an interval symmetric around
Avg. that contains 95% of the returned values; the last column gives the extremes ofd%

that were observed. In the rows that correspond to those of Table 1, the agreement of the
Avg. and� columns is excellent (the relative differences are under0:5%). Columns 4
and 5 suggest the closeness of the median distribution to the Gaussian, as shown above.

All the entries show the critical dependence of the quality of the selection on the
size of the initial array. In the following table we report the data for different values of
n with sample size of 5000, varying the threshold.

t=8 t=26 t=80
n Avg. � Rng. (95%) Avg. � Rng. (95%) Avg. � Rng. (95%)

100 8.63 6.71 22.22 6.80 5.31 16.16 4.64 3.61 12.12
500 5.80 4.41 14.43 4.40 3.30 10.82 3.22 2.40 7.62

1000 4.79 3.67 12.01 3.80 2.88 9.41 2.98 2.27 7.41
10000 2.54 1.87 6.05 1.67 1.28 4.14 1.40 1.06 3.44

Table 3.Quality of selection as a function of threshold value.

As expected, increasing the threshold—the maximal size of an array which is sorted,
to produce the exact median of the remaining terms—provides better selection, at the
cost of rather larger processing time. For largen, threshold values beyond 30 provide
marginal additional benefit. Settling on a correct trade-off here is a critical step in tuning
the algorithm for any specific application.

Finally we tested for the relative merit of using quintets rather than triplets when
selecting for the median. In this casen = 1000, Threshold=8, and sample size=5000.
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Avg. � Avg. + 2� Rng(95%) (Min-Max)
Triplets 4.70 3.66 12.02 11.61 0.00–23.62
Quintets 3.60 2.74 9.08 9.01 0.00–16.42

Table 4.Comparing selection via triplets and quintets.

6. Conclusion

We have presented an approximate median finding algorithm, and an analysis of its
characteristics. Both can be extended. In particular, the algorithm can be adapted to
select an approximatekth-element – for anyk 2 [1; n]. The analysis of Section 4 can be
extended to show how to compute with the exact probabilities, as given in equation (7).
Also, the limiting distribution of the biasD with respect to the true median – while we
know it is extremely close to a gaussian distribution, we have no efficient representation
for it yet.
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Abstract. A resource-free characterization of some complexity classes
is given by means of the predicative recursion and constructive diagonal-
ization schemes, and of restrictions to substitution. Among other classes,
we predicatively harmonize in the same hierarchy ptimef, the class E of
the elementary functions, and classes dtimespacef(np; nq).
Keywords: time-space classes, implicit computational complexity, ele-
mentary functions.

1 Introduction

Position of the problem. The standard de�nition of a complexity class involves
the de�nition of a bound imposed on time and/or space resources used by a
Turing Machine during its computation; a di�erent approach characterizes com-
plexity classes by means of limited recursive operators. The �rst characterization
of this type of a small complexity class was given by Cobham [8], who showed
that the polytime functions are exactly those functions generated by bounded re-
cursion on notation; however, a smash initial function 2jxjjyj was used to provide
space enough.
Leivant [12] and Bellantoni & Cook [2] gave the characterizations of ptimef;
several other complexity classes have been characterized by means of unlimited
operators (see [13,5] for pspacef, [4] for ptime, pspace (languages), PH and
its elements, [1,3] for N P , [14] for pspacef and the class of the elementary
functions, [7] for the de�nition of a time-space hierarchy between ptimef and
pspacef). All these approaches have been dubbed Implicit Computational Com-
plexity: they share the idea that no explicitly bounded schemes are needed to
characterize a great number of classes of functions and that, in order to do this, it
su�ces to distinguish between safe and unsafe variables (or, following Simmons
[17], between dormant and normal ones) in the recursion schemes. This dis-
tinction yields many forms of predicative recurrence, in which the being-de�ned
function cannot be used as counter into the de�ning one.

Statement of the result. We de�ne a safe recursion scheme srec on a ternary
word algebra, such that f(x; y; za) = h(f(x; y; z); y; za), where x; y; z are, re-
spectively, the auxiliary variable, the parameter and the recursion variable; no
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other type of variables can be used, and the identi�cation of z with x is not
allowed. We also de�ne a constructive diagonalization scheme cdiag, such that
f(n) = fe(n)g(n), where fmg is the standard Klenee’s notation for the function
coded by m and e is a given enumerator.
Starting from a characterization T1 of lintimef, and from an assignment of
fundamental sequences �n for ordinals � < �0 (see [16] for further details on
ordinals), we de�ne the hierarchy fT�g�<�0 as follows:

1. at each successor ordinal, T�+1 is the class of all functions obtained by one
application of safe recursion to functions in T�;

2. at each limit ordinal �, T� is the class of all functions obtained by one
application of constructive diagonalization in an enumerator e 2 T�1 , such
that fe(n)g 2 T�n .

Given an ordinal � in Cantor normal form, B�(n) is the max(2; n)clps(�;n), where
clps(�; n) is the result of replacing ! by n in �. We have that:

1. for all �nite k, Tk =dtimef(nk);
2. for all ! < � < �0, dtimef(B�(n)) � T� � dtimef(B�(n + O(1))).

Thus,
S

�<! T� =ptimef and
S

�<�0
T� = E , the elementary functions.

In analogy with fT�g�<�0 we de�ne a hierarchy fS�g�<�0 of not space-increasing
functions and, by means of a restricted form of substitution, we de�ne a time-
space hierarchy fT Sqpgqp<!, such that

3. T Sqp =dtimespacef(np; nq).

2 Costants, Basic Functions, and De�nition Schemes

2.1 Recursion Free Functions

T is the ternary alphabet f0; 1; 2g. p; q; : : : ; s; : : : are the word 0 or words over
T not beginning with 0; � is the empty word. B is the binary alphabet f1; 2g.
U; V; : : : ; Y are words over B. a; b; a1; : : : are letters of T or B.
The i-th component (s)i of a word s of the form Yn0Yn−10 : : : 0Y20Y1 is Yi. The
rationale of this de�nition is that ternary words are actually handled as tuples
of binary words, with the zeroes playing the role of commas. jsj is the length of
the word s.
We denote with x; y; z variables used as, respectively, auxiliary, parameter and
principal in the construction of the current function. f(s; t; r) is the result of
assigning words s; t; r to x; y; z. By a notation like f(x; y; z) we always allow
some among the indicated variables to be absent.

De�nition 1. Given i � 1, a = 1; 2 and u = x; y; z, the initial functions are the
following unary functions:

1. the identity i(u), which returns the value s assigned to u; sometimes we write
s instead of i(s);
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2. the constructor c
a
i (u), which, when s is assigned to u, adds the digit a at

the right of the last digit of (s)i, ; it leaves s unchanged if (s)i is a single
letter;

3. the destructor di(s), which, when s is assigned to u: (a) erases the rightmost
digit of (s)i, if (s)i is not a single digit; (b) returns 0, otherwise. Constructors
and destructors leave s unchanged if it has less than i components.

Example 1. c
1
1(12022) = 120221; d2(1010) = 100; d2(100) = 100.

De�nition 2. Given i � 1 and b = 1; 2, we have the following simple schemes:

1. f =idtx(g) is the result of the identi�cation of x as y in g;
2. f =idtz(g) is the result of the identi�cation of z as y in g;
3. f =asgu(s; g) is the result of the assignment of s to the variable u in g;
4. f =branch

b
i(g; h) is de�ned by branching in g and h if for all s; t; r we have

f(s; t; r) = if the rightmost digit of (s)i is b then g(s; t; r) else h(s; t; r).

Example 2. f =idtx(g) implies f(t; r) = g(t; t; r). Similarly, f =idtz(g) implies
f(s; t) = g(s; t; t). Let s be the word 110212, and f =branch

1
2(g; h); we have

f(s; t; r) = g(s; t; r), since the rightmost digit of (s)2 is 1.

De�nition 3. A modi�er is the sequence composition of n constructors and m
destructors.

De�nition 4. Class T0 is the closure of modi�ers under branch
b
i and compo-

sition.

De�nition 5. 1. The rate of growth rog(g) of a modi�er g is n − m, where n
and m are respectively the number of constructors and destructors occurring
in g.

2. For all f 2 T0 built-up by means of some branchings from modi�ers g1;: : : ;gk,
we have rog(f) := maxi�k rog(gi).

De�nition 6. Class S0 is the class of functions in T0 with non-positive rate of
growth, that is S0 = ff 2 T0jrog(f) � 0g.

Notice that all functions in T0 are unary, and they modify their inputs according
to the result of some test performed over a �xed number of digits. Functions in
S0, or their iteration, cannot return values longer than their input.

2.2 Safe Recursion and Diagonalization

De�nition 7. f = srec(g; h) is de�ned by safe recursion in the basis function
g(x; y) and in the step function h(x; y; z) if for all s; t; r we have�

f(s; t; a) = g(s; t)
f(s; t; ra) = h(f(s; t; r); t; ra):
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In particular, f =iter(h) is de�ned by iteration of function h(x) if for all s; r
we have �

f(s; a) = s
f(s; ra) = h(f(s; r)):

We write hjrj(s) for iter(h)(s; r) (i.e. the jrj-th iteration of h on s).

De�nition 8. f =cdiag(e) is de�ned by constructive diagonalization in the
enumerator e if for all s; t; r we have

f(s; t; r) = fe(r)g(s; t; r)

where fmg denotes the function coded by m.

De�nition 9. f =cmp(h; g) is de�ned by composition of h and g if f(u) =
g(h(u)), with h or g in T0.

De�nition 10. Class T1 (resp. S1) is the closure under simple schemes and cmp

of functions obtained by one application of iter to T0 (resp. S0).

Note that since identi�cation of z as x is not allowed (see de�nition 2), the step
function cannot assign the previous value of the function being de�ned by srec

to the recursion variable. Thus, we obtain that z is a dormant variable, according
to the Simmons’ approach (see [17]), or a safe one, following Bellantoni&Cook:
we always know in advance the number of recursive calls of the step function,
and this number will never be a�ected by the previous values of f .

Example 3. By a sequence of srec’s we now de�ne a sequence of functions gn

which, at m, compute in unary mn, that is, such that jgn(a; t)j � jtjn. We then
use the fact that the generation of the gn’s is uniform in n to de�ne by cdiag a
function f! which computes in unary mm. That is:

g1 :=cmp(iter(c1
1);d1); fn+1 :=srec(gn; gn); gn+1 :=idtz(fn+1).

We have
�

g1(s; a) = gn(s; t)
g1(s; ra) = c

1
1(g1(s; r))

;
�

fn+1(s; t; a) = gn(s; t)
fn+1(s; t; ra) = gn(fn+1(s; t; r); t):

By induction on n and r one sees that we have jfn+1(s; t; r)j = jsj + jtjnjrj and,
therefore, jgn(a; t)j � jtjn. Assume now de�ned a function e 2 T1 such that
e(r) =d gjrj e. If we de�ne f! :=cdiag(e), we have jf!(a; t; t)j = gjtj(a; t) = jtjjtj.

2.3 Standard Computability

As model of computation we use the push-down Turing machine, and we give
the de�nition of inclusion between classes of TM ’s and classes of functions.
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De�nition 11. A binary push-down Turing machine M is de�ned as follows:

{ M has k push-down tapes over the alphabet B and m + 1 states (0 denotes
the �nal state, 1 the initial state);

{ the description of M consists of m rows of the type

Ri = (i; j(i); i1; j1; I1; i2; j2; I2; i3);

(one for each non-�nal state) where:
(i) i; i1; i2; i3 are states, with i 6= 0;
(ii) j(i); j1; j2 are tapes, with j a given function;
(iii) I1; I2 are de�ned on the set of instructions fpop; push 1; push 2g

{ each row of M should be intended as
if the current state is i then

if top(j(i)) = 1 then enter i1

apply I1 to j1;
if top(j(i)) = 2 then enter i2

apply I2 to j2;
if (j(i)) is empty then enter i3.

Given a push-down TM M with k tapes, Ti = X means that the content of tape
Ti is the binary word X .
Note that the previous model and the ordinary Turing machine model are equiv-
alent, with respect to the order of time needed to compute a given function. In
fact, let M be an ordinary TM , with n tapes unlimited to the left, alphabet B
and a �xed set of states. M can be simulated by a push-down TM N with 2n
tapes and the same number of states, which stores the content of the i-th tape
of M at the left of the observed symbol in its tape 2i-1, and the part at the right
in its tape 2i. If M moves left on tape i, N pops a symbol from tape 2i-1 and
pushes it into tape 2i; similarly, if M moves right on tape i, N pops a symbol
from tape 2i and pushes it into tape 2i-1.

De�nition 12. 1. A push-down Turing machine M , by input s = X10 : : : 0Xn,
standard computes q = Y10 : : : 0Ym (M(s) =sc q) if starts with Ti = Xi

(1 � i � n) and stops with Tj = Yj (1 � j � m).
2. M standard computes the function f (M =sc f) if f(s) = q implies that

M(s) =sc q.

It is natural to observe that the number of tapes of the Turing machine which
standard computes a function must be independent from the number of compo-
nents of its input; following the previous de�nition, a new Turing machine should
be de�ned for each possible number of components of the input of f . However,
when we are de�ning a TM that standard computes a function f , we need a
number of tapes that depends only on the maximum number of components of
the input that f can manipulate or check with a constructor, a destructor or a
branching.

De�nition 13. 1. Given f 2 T1, we de�ne the number of components of f
(denoted with #(f)) as maxfijdi or a c

a
i or a branch

b
i occurs in fg.
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2. Given a function f , we de�ne the length of f (denoted with lh(f)) as the
number of destructors, destructors and de�ning schemes occurring in its
construction.

De�nition 14. Given the class of time-bounded push-down TM ’s dtime(p(n))
and given C a class of functions, we say that

1. dtime(p(n)) � C if for all M 2dtime(p(n)) there exists a function f 2 C
such that M(s) =sc f(s);

2. C �dtime(p(n)) if for all f 2 C there exists a push-down TM M with #(f)
tapes such that, for all s; t; r, M returns f(s; t; r) in time p(jsj + jtj + jrj).

Let U be the �nite alphabet that we use to write our functions; the code of a
function f is obtained by concatenation of the codes for the letters of U which
compose f ; the arity associated with each letter ensures unique parsing.

De�nition 15. The code dLe of the i-th letter L of U is 2i+11. If the arity of
L 2 U is n then dEne : : : dE1edLe codes the expression LE1 : : : En. We write
hE1; : : : ; Eni for dEne : : : dE1e.

In the same way we can de�ne the code of a push-down TM.

De�nition 16. Let M be a binary push-down TM with k tapes and m + 1
states.

1. The code of the row Ri = (i; j(i); i1; j1; I1; i2; j2; I2; i3) (1 � i � m) is the
word

hi; j(i); i1; j1; I1; i2; j2; I2; i3i:
2. The code of M is the word hR1; : : : ; Rmi.
3. An instantaneous description of M is coded by the word X1; : : : ; Xkstate,

where each Xi encodes the i-th tape of M , and state encodes the current
state.

Lemma 1. T1 =dtimef(n).

Proof. We �rst show (by induction on the construction of f) that each function
f 2 T1 can be computed by a push-down tm in time lh(f)n. Base. f 2 T0. The
result follows from the de�nition of initial functions and cmp (see de�nition 4).
Step. Case 1. f =iter(g), with g 2 T0. We have f(s; r) = gjrj(s). A push-
down tm Mf with #(f) + 1 tapes can be de�ned as follows: with (s)i on tape
i (1 � i � #(f)) it computes g (in time lh(g)) and, after jrj repetitions, it
stops returning the �nal result. Thus, Mf standard computes f(s; r), within
time jrjlh(g).
Case 2. Let f be de�ned by branching or cmp. The result follows by direct
simulation of the schemes.
In order to prove the second inclusion, we show that the behaviour of an m-tape
tm M (with linear time bound cn) can be simulated by a function in T1. Indeed
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a function nxtM can be de�ned in T0, which uses two components for each tape
of M , one for the part at the left of the observed symbol, one for the part at
the right (read in reverse order); the internal state is stored in the (2m + 1)-
th component. nxtM (s) has the form if state[i](s) and top[b](j(s)) then Eib,
where: (a) state[i](s) is a test which is true i� the state of M is coded by i; (b)
top[b](j(s)) is a test which is true i� the observed character on tape j(s) is b;
(c) Eib is a sequence of modi�ers which update the code of the state and part of
the tape, according to the de�nition of M . By means of c − 1 cmp’s we de�ne
in T0 the function nxtcM , which applies c times the functions nxtM to the word
that encodes an istantaneous description of M . De�ne now in T1�

linsimM(x; a) = x
linsimM(x; za) = nxtcM (linsimM(x; z))

We have that linsimM(s; t) iterates nxtM (s) for cjtj times, returning the code
of the ID of M which contains the �nal result.

3 The Hierarchies

3.1 Ordinals

In this section we de�ne a hierarchy of functions fT�g�<�0, starting from T1, by
means of closures under safe recursions and diagonalizations, such that T�+1 is
de�ned by one application of safe recursion to T�, and T�, for the limit ordinal
�, is obtained by diagonalization on classes T�n .
In the rest of this paper greek small letters are ordinal numbers, with �, � limit
ordinals; �n is the n-th element of the fundamental sequence assigned to �.
Recalling the de�nition of the standard assignment of fundamental sequences
for all � � �0 (cfr. [16], page 78), we introduce a slightly modi�ed assignment.

�n =

8>><
>>:

n if � < !2

!�n if Cantor normal form for � is !�

!�n if Cantor normal form for � is !�+1

� + (!�)n if Cantor normal form for � is � + !�

We now de�ne a hierarchy of functions B�(n) := max(2; n)clps(�;n), where
clps(�; n) is the result of replacing ! by n in the Cantor normal form of �. By
simple computation one can see that Bm(n) = nm, B!c(n) = ncn, B!c(n) = nnc

,
B!c(n) = nn:::n

(c times).

De�nition 17. Given 1 � � � �0 and � a limit ordinal,

1. T�+1 is the closure under the simple schemes and cmp of the class of functions
obtained by one application of srec to T�.

2. T� is the closure under the simple schemes and cmp of the class of functions
obtained by cdiag(e), where e 2 T�1 , fe(r)g 2 T�|r| .
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Example 4. In the example 3 we have de�ned a sequence of functions gn, with
n � 1; according to de�nition 17 one can easily verify that gn 2 Tn, and that
f! 2 T!.

De�nition 18. Given 1 � � < �0 and � a limit ordinal,

1. S�+1 is the closure under the simple schemes of the class of functions ob-
tained by one application of srec to S�.

2. S� is the closure under the simple schemes of the class of functions obtained
by cdiag(e), where e 2 S�1 , fe(r)g 2 S�|r| .

De�nition 19. f =wsbst(h; g) is de�ned by weak substitution of h in g if
f(x; y; z) = g(h(x; y; z); y; z).

De�nition 20. For all positive p; q, T Sqp is the class of functions de�ned by
weak substitution of h in g, with h 2 Tq, g 2 Sp and q < p.

Theorem 1. 1. For all �nite k, Tk =dtimef(nk).
2. For all ! < � < �0, dtimef(B�(n)) � T� � dtimef(B�(n + 4)).
3. T Sqp =dtimespacef(np; nq).

Proof. 1. Let f 2 Tk. In lemma 2 a TM which interprets the function f is de�ned,
and its runtime is proved to be in dtimef(nk). Let M be a TM in dtimef(nk).
By lemma 3 we have that the iteration nk times of nxtM can be de�ned in Tk;
this function, starting from the code of the initial con�guration of M , returns
the code of its �nal con�guration.
2. The �rst inclusion follows by lemma 3, and the second by lemma 2
3. The two inclusions follow by lemma 6 and lemma 5

The following results immediatly follow from theorem 1.

Corollary 1. 1. dtimef(nn) � T! �dtimef((n + 4)(n+4)).
2.

S
�<! T� =ptimef.

3.
S

�<�0
T� = E .

4 Proofs

4.1 Simulation of Functions by TM’s

Lemma 2. For all � � ! we have T� �dtimef(B�(n + 4)).
For all �nite m, we have Tm �dtimef(Bm(n)).
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Proof. In what follows we will de�ne a TM INT , which interprets the input
dfe; s; t; r, returning the value of f applied to its arguments. Given a function
f 2 T�, we need to know, while designing INT , the number of tapes it uses. In
order to do this, de�ne d such that (a) jsj + jtj + jrj � d or (b) no cdiag occurs
in f and #(g) � d, for each g 2 T1 occurring in the de�nition of f . This means
that the parts of the arguments which can be modi�ed (and thus the number
of tapes of INT ) depend on d. At the end of this proof we reduce INT to a
two-tape TM with a logarithmic increment in the time bound.

The interpreter INT uses the following stacks:
(a) T x; T y; T z, to store the values of x; y; z during the computation; each of them
consists of d tapes, one for each of the modi�able parts of the value assigned to
x; their initial values are, respectively, s; t; r;
(b) T u, to store the value of the principal variable of the current recursion;
(c) Tf , to store (the codes of) some sub-functions of f ; its initial value is the
code of f ;

INT repeats, until Tf is not empty, the following cycle:
- it pops a function k from the top of Tf , and un-nests the outermost sub-function
j of k;
- according to the form of j, it carries-out di�erent actions on the stacks;
- if the form of j is iter(g) with g 2 T0, it calls an interpreter ITER for T1

which simulates g on T x for jtj times, where t is on the top of T y;
- in all other cases, it pushes into Tf an information of the form j MARK k,
where MARK informs about the outermost scheme used to de�ne j.

Thus we de�ne

INT (dfe; s; t; r):=
Tf := dfe; T x := s; T y := t; T z := r;
while Tf not empty do A := last record(s) of Tf ;
case
A = CMP (g; h) then push g h into Tf

A = ASGX(p; g) then push g into T f ; copy p into T X

A = IDTX(h) then push h in Tf ; copy last record of T X into T y

A = BRANCHb
i (g; h) then pop Tf ;

if top((T x)i) = b then push g into Tf

else push h into Tf

A = DIAG(h) then push DG h into Tf ; copy last record of T x into T u

A = DG then pop Tf ; pop last record of T x and push it into Tf ;
pop last record of T u and push it into T x

A = SREC(g; h) then push A RC g into Tf ; copy last record of T z into T u;
push last digit of T u into T z

A = SREC(g; h) RC then if T u = T z then pop Tf ; pop T u; pop T z

else push h into Tf ; push last digit of T u into T z

A = IT ER(g) then call IT ER.
end case;
end while.
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We now show that for all f; s; t; r respecting the imposed condition over d we
have

f 2 T� ! INT (dfe; s; t; r) = f(s; t; r) within time jsj + jdfejB�(jtj + jrj + 1�)

where 1� = 0 if � < ! and 1� = 1 otherwise. The result follows, since every
function f 2 T� is then computed in dtimef(B�(n + 1�)) by the composition
of the constant-time tm writing the code of f with INT .
De�ne m := jsj; n := jtj + jrj; c := jdfej. We show that, for all f 2 T�, INT
moves within m + cB�(n + 1�) steps from an istantaneous description of the
form

Tf = Zdfe; T x = s0s; T y = t0t; T z = r0r; T u = q;

to a new istantaneous description of the form

Tf = Z; T x = s0f(s; t; r); T y = t0t; T z = r0r; T u = q:

Induction on the construction of f . Basis. Let f 2 T1. We have 1� = 0. The
complexity of ITER is obviously bounded by m + cn.
Step. Case 1. f =srec(g; h). We have � = � + 1; let r be the word ajrj : : : a1.
By the inductive hypothesis, INT needs time � m+ jdgejB�(n+1�) to produce
the istantaneous description

Tf = Zdfe RC; T x = s0 g(s; t; a1); T y = t0t; T z = r0ra1; T u = qr:

If jrj > 1 then INT puts Tf := Z dfe RC dhe and T z := r0ra2a1, and calls
itself in order to compute h and the next value of f . By the inductive hypothesis
we have that INT needs time � jg(s; t; a1)j + jdhejB�(n + 1�) to produce an
istantaneous description of the form

Tf = Zdfe RC; T u = qr;

T x = s0 (h(g(s; t; a1); t; a2a1)); T y = t0t; T z = r0ra2a1:

After jrj simulations of h we obtain the promised istantaneous description within
an amount of time

m + jrj max(jdgej; jdhej)B�(n + 1�) � m + jrjcB�(n + 1�) � m + cB�(n + 1�)

where, since � � 2, in these evaluations we may compensate the quadratic
amount of time needed to copy r and its digits with the di�erence between c
and max(jdgej; jdhej).
Case 2. f =cdiag(h) 2 T�. We have h 2 T�1 and (recall that �1 = 1 when
� < !2)

B�1(n + 1) + B�n(n + 1) � B�n+1(n + 1) = B�(n + 1): (1)

INT computes h(r), understands from the mark DG that the result is the code
for the function to be computed, and, accordingly, pushes it into Tf .
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To compute h(r) and fh(r)g(s; t; r) the interpreter INT needs, by the inductive
hypothesis, time m + jdhejB�1(jrj + 1) + jfh(r)gjB�|r| (n + 1) � (by (1))m +
jdhejB�(n + 1) � m + cB�(n + 1):
Reduction to two tapes. The interpreter we have just de�ned uses a number
of tapes d that depends on the construction of the simulated function. We use
now the general procedure showed in [9] to reduce a k-tape TM bounded by T (n)
to a 2-tape TM bounded by kT (n) log T (n); thus, we obtain a 2-tape interpreter
bounded by

T (n) = kB�(n + 1) log B�(n + 1) � kB�(n + 2) log(n + 1) � B�(n + 4)

4.2 Simulation of TM’s by Functions

Lemma 3. For all 1 � � < �0, dtimef(B�(n)) � T�.

Proof. Let M be a TM in dtimef(B�(n)). There exists a function nxtM 2 T0

such that, for input the code of an istantaneous description of M , nxtM returns
the code of the next description. We de�ne the following function:

�(s; d�e) =

8<
:

sdnxtMe if � = 0
�(s; d�e)�(s; d�e)dsrece if � = � + 1
�(s; d�1e)�(s; d�jrje)dsrecedcdiage if � is a limit ordinal

We prove by induction on � that the function whose code is generated by � is
in T�.
Base. � = 0. We have that nxtM 2 T0, by hypothesis.
Step. Case 1. � = � + 1. We have that f�(s; d�e)g =srec(�(s; d�e); �(s; d�e)).
The function is in T�, by induction on � and de�nition 17.
Case 2. � = �. We have that f�(s; d�e)g = cdiag(srec(�(s; d�1e); �(s; d�jsje))).
This function is in T�, since f�(s; d�1e)g 2 T�1 and, for all s, f�(s; d�jsje)g 2
T�|s| .
The function � writes the code of a function which iterates nxtM for B�(n)
times; by input the code of the initial con�guration of M , this function returns
the codes of the �nal con�guration.
Note that, given the code of a limit ordinal �, we need at most a quadratic
amount of time to return the code of �n.

4.3 Time-Space Classes

Lemma 4. For all f in Sp, we have jf(s; t; r)j � max(jsj; jtj; jrj).

Proof. By induction on p. Base. f 2 S1.
Case 1. f is de�ned by iteration of a function g in S0; we have, by induction on
r, jf(s; a)j = jsj, and jf(s; ra)j = jg(f(s; r))j � jf(s; r)j � max(jsj; jrj):
Case 2. f is de�ned by simple scheme or cmp. The result follows by the inductive
hypothesis.
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Step. Given f 2 Sp+1, de�ned by srec in functions g and h in Sp, we have

jf(s; t; a)j = jg(s; t)j by de�nition of f
� j max(jsj; jtj)j by inductive hypothesis.

and

jf(s; t; ra)j = jh(f(s; t; r); t; ra)j by de�nition of f
� j max(jf(s; t; r)j; jtj; jraj)j by inductive hypothesis on h
� j max(max(jsj; jtj; jrj); jtj; jraj)j by induction on r
� j max(jsj; jtj; jraj)j:

Lemma 5. T Sqp �dtimespacef(np; nq).

Proof. Let f be a function in T Sqp. By de�nition 20, f is de�ned by weak
substitution of a function h 2 Tq into a function g 2 Sp, that is, f(s; t; r) =
g(h(s; t; r); t; r). The theorem 1 states that there exists an interpreter INT com-
puting the values of h within time nq, and computing the values of g within time
np. The lemma 4 holds for g, since g belongs to Sp; thus, the space needed by
INT to compute g is at most n.
De�ne now a TM M that, by input dfe; s; t, and r performs the following steps
(recall lemma 2 for the de�nition of INT ):
(1) it pushes dgedhe into the tape T f of INT , which contains the codes of the
functions that the interpreter will compute;
(2) it calls INT on input dgedhe; s; t; r.
The time complexity of (1) is linear in the length of dfe; in (2), INT needs time
equal to nq to compute h, and needs only np (and not nqp

) to compute g. This
happens because h(s; t; r) is computed in the safe position, and this implies that
its length does not a�ect the number of steps performed by the second call to
INT . In fact, INT never moves the content of a safe position into the tapes
whose values play the role of recursive counters; they depend only on n, the
length of the original input. Thus, the overall time bound is nq + np, which can
be reduced to np, being q < p.
INT requires space nq to compute the value of h on input s; t; r; as we noted
above, the space needed for the computation of g is linear in the length of the
input, and thus the overall space needed by M is still nq.

Lemma 6. dtimespacef(np; nq) � T Sqp

Proof. Let M be a TM in dtimespacef(np; nq). This means that the compu-
tation of M is time-bounded by nq and, simultaneously, it is space-bounded by
np. M can be simulated by the composition of two TM ’s, Mg and Mh, with
Mh 2dtimef(nq) and Mg 2dtimespacef(np; n): the former constructs (within
polynomial time) the space that the latter will successively use in order to sim-
ulate M .
By theorem 1 there exists a function h 2 Tq which simulates the behaviour of
Mh, and there exists a function g 2 Sq which simulates the behaviour of Mg; in
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particular, there exists the function nxtg 2 T0. Note that nxtg belongs to S0,
since it never adds a digit to the description of Mg without erasing another one.
We de�ne the function �0 :=iter(nxtg), and the sequence γn+1 :=srec(�n; �n),
with �n+1 :=idtz(γn+1).
We have that �

γ1(s; t; a) = iter(nxtg)(s; t)
γ1(s; t; ra) = iter(nxtg)(γ1(s; t; r); t)

and �
γn+1(s; t; a) = �n(s; t)
γn+1(s; t; ra) = �n(γn+1(s; t; r); t; ra)

We can easily see that �0 2 S1, by de�nition of this class and, again by de�nition
18, that �n 2 Sn+1.
Given the code s of the initial id of M , we can de�ne simM (s) = �p−1(h(s); s),
which simulates the behaviour of M . This function is de�ned in T Sqp.
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Abstract. If several keys are inserted into a search structure (or deleted
from it) at the same time, it is advantageous to sort the keys and per-
form a group update that brings the keys into the structure as a single
transaction. A typical application of group updates is full-text index-
ing for document databases. Then the words of an inserted or deleted
document, together with occurrence information, form the group to be
inserted into or deleted from the full-text index. In the present paper
a new group update algorithm is presented for red-black search trees.
The algorithm is designed in such a way that the concurrent use of the
structure is possible.

1 Introduction

If a large number of keys are to be inserted into a database index at one time,
then it is important for e�ciency that the keys are sorted and inserted into the
index tree as a group. In this way, it is not necessary to traverse the whole path
from the root to the leaf when performing each insertion.

Typical applications where group operations are needed are databases in
which large collections of data are stored at one time, such as document databases
or WWW search engines [13, 14]. In such systems, full-text indexing is applied
for term search. In the inverted-index technique, for each index term an occur-
rence list is created that includes all documents the term appears in. The terms
themselves are organized as a search structure, typically as a tree. When insert-
ing a new document, an update of the inverted index is required for each term in
the inserted document [4, 5]. This can be a long transaction, and without con-
currency intolerable delays can occur if searches in the database are frequent. To
overcome this problem concurrent group update algorithms have been designed
[13].

Other applications arise, e.g., when updates occur in bursts and are collected
into groups that are merged in certain intervals with the main index [7], and
when large indexes are constructed on-line, i.e., during the construction of the
index, new records may be inserted into the �le to be indexed [11, 16]. To �nish
the indexing, a group update is created from the updates which occurred during
the main construction.

G. Bongiovanni, G. Gambosi, R. Petreschi (Eds.): CIAC 2000, LNCS 1767, pp. 253{262, 2000.
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In this paper we present an e�cient group update algorithm for red-black
search trees [6]. The algorithm has two steps: First, the operations in the under-
lying group are performed without any balancing, except for subgroups between
two consecutive keys in the original tree. In this way the updates are made avail-
able as soon as possible without sacri�cing the logarithmic search time. In the
second step, the tree will be balanced, i.e., transformed into a tree satisfying the
(local) balance criteria of red-black trees. Balancing is designed as a background
process allowing the concurrent use of the structure. The balancing time is com-
parable with earlier results in cases when balancing is strictly connected with
individual updates.

Recently, a group insertion algorithm for AVL-trees [1] was presented in [10].
The motivation for the new algorithm is two-fold. First, red-black trees are more
e�cient than AVL-trees as regards the number of rebalancing operations needed
for updates, see [8], for example. Thus, it is important to develop group update
algorithms for red-black trees, not only for AVL-trees. Moreover, our new imple-
mentation of group updates for red-black trees has an important advantage over
the implementation given in [10]. The algorithm given in [10] is based on height-
valued trees de�ned in [9]. This implies that even when a subgroup consists of
a single key and no rebalancing is needed, all nodes in the search path must
be checked for imbalance and the balance information must be stored. Our new
algorithm is based on a generalization of red-black trees, called chromatic trees
[12] or relaxed red-black trees [8], and no unnecessary checking for imbalance
and restoring balance information is needed.

2 Chromatic Trees

We shall consider leaf-oriented binary search trees, which are full binary trees
(each node has either two or no children) with the keys stored in the leaves. The
internal nodes contain routers, which guide the search through the tree. The
router stored in a node v must be greater than or equivalent to any key stored
in the leaves of v’s left subtree and smaller than any key in the leaves of v’s right
subtree.

We de�ne a chromatic tree as a relaxed version of a red-black tree. Instead
of using the two colors, red and black, we use weights. Each node in the tree
has a non-negative integer weight. We refer to nodes with weight zero as red
and nodes with weight one as black. If a node has a larger weight, we call it
overweighted, and its amount of overweight is its weight subtracted by 1. The
only requirements in this chromatic tree are that all paths from the root to a leaf
have the same weight and that leaves have a weight of at least one.

In a chromatic tree two consecutive red nodes are referred to as a red-red
conflict (which is assigned to the lower of both nodes), and an overweighted node
as an overweight conflict. A red-black tree can be de�ned as a chromatic tree
without any conflicts. The purpose of the rebalancing operations is to transform
a chromatic tree into a red-black tree by removing all conflicts.
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Operations for the updates, insertion, and deletion, as well as for rebalancing,
can be found in [2, 12]. Note that all operations preserve the tree as a chromatic
tree, i.e., leaves are not red and all paths have the same weight.

3 Group Insertion

The overall structure of an e�cient group update for red-black trees is the same
as for AVL trees [10]. For insertions, this essentially amounts to inserting an
ordered set of keys, starting at the root of the tree, and propagating subsets
down the tree to the appropriate insertion locations. For a leaf search tree, we
arrive at a set of leaves, with a set of keys to be inserted at each of these leaves.

Thereafter, each set of keys to be inserted is turned into a (usually small)
red-black tree. With a certain number of rebalancing operations that arise from
applying the rebalancing scheme of chromatic trees, the balance condition is
restored.

As result of a group insertion, a node of the tree may also get negative
units of overweight. Nodes that have negative weights are called underweighted
nodes. An underweighted node p corresponds to a red node, the color of which
additionally stores information about how many black nodes are too much on
each search path in the subtree rooted at p compared with the rest of the tree.

The motivation for using underweighted nodes is to expedite the rebalancing,
since the nodes of a new subtree Ti that is inserted by the group insertion can
be colored red-black during the creation of Ti without much e�ort. On the other
hand, if all internal nodes of Ti are colored red analogously, as by a sequence of
single insertions, the red-black coloring of Ti must be part of the rebalancing.
Because the color of at least each second node on a path in Ti must then be
changed, Ω(m) transformations are needed.

Let T be a chromatic tree of size n that ful�lls the balance conditions of
red-black trees and K a group of m sorted keys. K is split into b subgroups
Ki (i = 1; : : : ; b) of mi keys so that the search for each of the keys of Ki ends at
the same leaf li of T . Let li store key ki.

Operation group insertion:

Step 1 For all i = 1; : : : ; b construct a balanced red-black tree Ti that stores
the mi keys of the ith subgroup and the key ki. The root of Ti gets the
underweight 1 − wi, where wi is the number of black nodes on each path
from the children of the root to the leaves.

Step 2 For all i = 1; : : : ; b replace leaf li of T by the tree Ti. Denote the resulting
tree by T 0.

Step 3 Rebalance T 0 by small local transformations.

In order to construct Ti in O(mi) time, a leaf-oriented AVL-tree [1] is gen-
erated from the set of mi + 1 keys by applying a simple divide-and-conquer
algorithm. During the construction the nodes are colored red and black using
the criterion by Guibas and Sedgewick [6].
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In order to rebalance T 0 basically the set of rebalancing transformations of the
chromatic tree is used [2]. The underweights only serve for storing information
about accumulated insertions. During the rebalancing they are transformed into
red-red conflicts and overweight conflicts again.

An underweighted node p is handled as follows. If p is the root of the tree,
then the underweight conflict is resolved by coloring p black (cf. Figure 1, u-
root). Otherwise, assume that p has weight w(p) = −g, and the sibling q of p
has weight greater than or equal to −g. Then p is colored red, the weight of p’s
parent is decreased by g, and the weight of q is increased by g (cf. Figure 1,
reversal).

(reversal)

(u-root)
root

0

w1 − g

w2 + g � 0

1w < 0
root

−g < 0

w1 � 0
w2 � −g

Fig. 1. Handling of an underweight conflict. Symmetric cases are omitted. (A
label beside a node denotes the weight of the node. In order to represent the
colors of the nodes more clearly, additional black or overweighted nodes are �lled
and red or underweighted nodes are un�lled. Half �lled nodes have an arbitrary
weight.)

If the parent of p is black or overweighted before applying the reversal trans-
formation, then the reversal transformation resolves at least one unit of under-
weight from the tree. Otherwise, the underweight is only shifted from p to its
parent. By a reversal transformation to handle the underweight of p, the sibling
q of p may become overweighted, w(q) � g. Furthermore, a constant number of
red-red conflicts may be generated by a reversal transformation (at the nodes
which are colored red and at the red children of these nodes).

In the following we analyze the costs of rebalancing T 0. Let ri (i = 1; : : : ; b)
be the underweighted nodes of T 0 with weights w(ri) = −gi � 0. The ri are the
roots of the new subtrees Ti created by the group insertion.

The ith branching node (i = 1; : : : ; k − 1) of a group search path from the
root to nodes q1; : : : ; qk is de�ned as the nearest common ancestor of qi and
qi+1. A stopping node is a branching node, both subtrees of which contain red-
red conflicts.

Lemma 1. At most 2 � ∑b
i=1 gi reversal transformations are needed to resolve

the
∑b

i=1 gi units of underweight from T 0.
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Proof. The rebalancing of T 0 is done along the group search path to the nodes
r1; : : : ; rb. We start with transforming the underweights into red-red and over-
weight conflicts by using reversal transformations. This transformation is always
done in bottom-up direction. That means a reversal transformation is applied at
an underweighted node p only if the subtrees rooted at p and its sibling q do not
contain any underweighted nodes except for p and q. The question whether those
two subtrees contain underweighted nodes can be answered locally by marking
the branching nodes during the search phase of the group insertion and for each
Ti storing the information as to whether the underweight still exists.

Since T ful�lled the balance conditions of red-black trees before the group
insertion, at least every second node on the path from the root to a node ri is
black in T 0. Therefore, at most 2gi reversal transformations are needed to resolve
the underweight of ri.

If the underweights of two nodes ri and ri+1 meet at children of a branch-
ing node, both underweights are handled by the same reversal transformation.
Thereby one of the underweights is always resolved (cf. Figure 1). 2

Let us now consider the situation after performing the reversal transforma-
tions. Since each reversal transformation that handles an underweight which was
originally created at ri may generate only a constant number of red-red conflicts
and gi units of overweight, it follows:

Lemma 2. The number of red-red conflicts generated by the reversal transfor-
mations is O(

∑b
i=1 gi), and the sum of units of overweight is O(

∑b
i=1 g2

i ).

In contrast to underweights and overweights, red-red conflicts must always
be handled in a top-down manner. Thus, the rebalancing of the red-red conflicts
starts with the top-most red-red conflict on the group search path from the root
to the nodes r1; : : : ; rb. We demand that during the rebalancing of the red-red
conflicts the following condition must be guaranteed:

Condition: Whenever the parent or the grandparent of a node has a red-red
conflict which is handled as a stopping node, then both children of this
stopping node must be red.

The Condition is motivated by the following idea: a rebalancing transformation
should be carried out at a branching node only if either red-red conflicts of
both subtrees have been bubbled up to this node, so that they can be handled
together, or if one of the subtrees contains no red-red conflicts any more.

Lemma 3. The number of transformations needed to resolve all red-red conflicts
is O(

∑b
i=1 gi + L), where L is the number of di�erent nodes on the group search

path from the root to r1; : : : ; rb.

Proof (sketch). Let k be the number of red-red conflicts. l denotes the number
of pairs of red siblings where at least one of the siblings lies on the group search
path from the root to r1; : : : ; rb. Let v be the number of nodes p with red-red
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conflicts that have a distance greater than one to the nearest stopping node that
is an ancestor of p. We de�ne � := 5k + 2l + v � 0.

By a simple case analysis it can be veri�ed that, by performing a rebalancing
transformation to handle a red-red conflict, � is always decreased if, during the
handling of the red-red conflicts, the Condition is guaranteed. Therefore, at most
5k+2l+v rebalancing transformations are needed to resolve all red-red conflicts.
Since k and v are in O(

∑b
i=1 gi), cf. Lemma 2, and l � L, the claim follows. 2

Theorem 1. O(
∑b

i=1 log2 mi) rotations and O(
∑b

i=1 log2 mi+L) color changes
are needed to rebalance T 0, where L is the number of di�erent nodes on the group
search path from the root to r1; : : : ; rb.

Proof. After inserting the subtrees T1; : : : ; Tb into T , the tree contains b under-
weighted nodes r1; : : : ; rb with weights w(ri) = −gi (i = 1; : : : ; b), where gi is in
O(log mi), since the subtree Ti rooted by ri contains O(log mi) black nodes on
each search path.

First, the
∑b

i=1 gi units of underweight are transformed into O(
∑b

i=1 gi)
red-red conflicts and O(

∑b
i=1 g2

i ) units of overweight (Lemma 2) at at most
2

∑b
i=1 gi overweighted nodes by using O(

∑b
i=1 gi) = O(

∑b
i=1 log mi) reversal

transformations (Lemma 1). Then the red-red conflicts are resolved from the
tree by using O(

∑b
i=1 gi) = O(

∑b
i=1 log mi) rotations and O(

∑b
i=1 log mi + L)

color changes (Lemma 3). Finally, the overweight conflicts are handled anal-
ogously as in Step 2 of a group deletion (cf. the following section). For this,
O(

∑b
i=1 g2

i ) = O(
∑b

i=1 log2 mi) rotations and O(
∑b

i=1 g2
i + L�) color changes

are necessary, where L� is the number of di�erent nodes on the group search
path from the root to the overweighted nodes.

Before handling the red-red conflicts L� � L + 2
∑b

i=1 gi, because all of the
at most 2

∑b
i=1 gi overweighted nodes are siblings of nodes on the group search

path from the root to r1; : : : ; rb. Since each of the O(
∑b

i=1 gi) rotations needed to
handle the red-red conflicts increases L� by at most one, L� is in O(L+

∑b
i=1 gi).

So, the number of color changes needed to resolve all overweights from the tree is
bounded by O(

∑b
i=1 log2 mi + L). Therefore, after performing step 1 and 2 of a

group insertion, the tree can be rebalanced by using O(
∑b

i=1 log2 mi) rotations
and O(

∑b
i=1 log2 mi + L) color changes. 2

Assuming that each path in T from the root to a leaf contains the same
number of black nodes, it can analogously be shown as for 2-3-trees [3] that the
number L of di�erent nodes on the group search path is O(log n +

∑b−1
i=1 log di),

where di denotes the number of leaves between li and li+1.

4 Group Deletion

Let T be a chromatic tree of size n that ful�lls the balance conditions of red-black
trees and K a group of m sorted keys. K is split into b subgroups Ki (i = 1; : : : ; b)
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of mi keys so that for each Ki, the tree T contains a subtree Ti that stores all
keys of Ki plus an additional key ki at its leaves.

Operation group deletion:

Step 1 For all i = 1; : : : ; b replace the subtree Ti by a leaf li that stores the key
ki. li gets weight wi, where wi is the sum of weights on each path from the
root of Ti to a leaf. Denote the resulting tree by T 0.

Step 2 Rebalance T 0 by small local transformations.

In order to estimate the costs of rebalancing T 0, �rst we consider the following
situation: Let p be an overweighted node, of which the sibling q is the root of
a balanced subtree T q that contains no overweights. (After performing a group
deletion, this situation occurs at p = li, for example, if the sibling q is not equal
li−1 or li+1 respectively.) Denote the parent of p and q by u. Let w(p) = g+1 � 2
be the weight of p.

Lemma 4. At most 2g push transformations plus g further rebalancing trans-
formations are needed in order to transform T u into a balanced red-black tree
T u0

. Afterwards the root u0 of T u0
has weight w(u0) � w(u) + 1.

Proof (sketch). In order to decrease w(p) from g + 1 to 1, g rebalancing trans-
formations are carried out. Thereby the subtree T u rooted at u is replaced by a
subtree T u�

rooted by u� (cf. Figure 2).

2

2

2

1

1

1

1
� 2g trans-

p w(p) = 1

u�

formations
g trans-

u0

p

formations

T q

u

p

T u�
T u

w(u0) � w(u) + 1

T u0

w(p) = g + 1 � 2

Fig. 2. Rebalancing T u.

By observing the weight-balancing transformations, it can be shown that,
thereby, at most half of the g units of overweight are resolved. The remaining k
overweight conflicts are spread out over the path from u� to p, i.e., except for
u�, all nodes on the path from u� to p (of length � 2(g − k) + 2) have a weight
less than or equal to two (see Figure 2).

Then the overweights on the path from u� to p are handled in bottom-up
direction by using at most 2g−k push transformations and k further rebalancing
transformations. Thereby, T u�

is replaced by a subtree T u0
rooted by u0. Only

one of the k units of overweight may remain at u0.
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Since the set of the g rebalancing transformations that transform T u into T u�

contain at most k push transformations, in total at most 2g push transformations
plus g further rebalancing transformations are needed in order to rebalance T u.
Afterwards w(u0) � w(u) + 1. 2

Theorem 2. O(
∑b

i=1 log mi) rotations and O(
∑b

i=1 log mi + L) color changes
are needed to rebalance T 0, where L is the number of di�erent nodes on the group
search path from the root to the overweighted leaves l1; : : : ; lb.

Proof. For i = 1; : : : ; b let w(li) = gi + 1.
In order to avoid unnecessary work during the rebalancing, we slightly modify

the w7 transformation [2], which handles overweight conflicts at sibling nodes.
Instead of resolving only one unit of overweight as w7 does, w7� resolves the
maximum number of overweight conflicts at a time (cf. Figure 3).

2

2
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1

1

1

1
� 2g trans-

p w(p) = 1

u�

formations
g trans-

u0

p

formations

T q

u

p

T u�
T u

w(u0) � w(u) + 1

T u0

w(p) = g + 1 � 2

Fig. 3. Modi�ed (w7)-transformation.

The rebalancing of T 0 is always done in bottom-up direction. That means an
overweight conflict at a node p is handled only if the subtrees rooted at p and
its sibling q both are balanced red-black trees that do not contain overweighted
nodes except for p and q. Such a node p always exists in T 0, if the group deletion
has not removed all leaves of the tree. At the beginning of the rebalancing, p is
one of the leaves li and q may be li−1 or li+1 respectively.

The question as to whether two subtrees rooted at sibling nodes are bal-
anced can be answered locally by marking the branching nodes during the search
phase of the group deletion and by storing for each li the information whether
overweight-conflicts generated at li still exist in the tree.

Let p be an overweighted node so that the subtree rooted at p and the subtree
rooted at p’s sibling q are both balanced. Without loss of generality w(p) � w(q).
Let u be the parent of p and q. T u denotes the subtree rooted at u.

Case 1: [w(q) � 1 and w(p) = 2] One single transformation is su�cient
either to resolve the overweight conflict at p or to shift it to p’s parent u.
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Case 2: [w(q) � 1 and w(p) := gp + 1 > 2] In this case, the subtree T u is
rebalanced analogously as described in the proof of Lemma 4 by using at most
3gp transformations. Thereby, at least gp − 1 units of overweight are removed
from the tree. T u is replaced by the subtree T u0

and the weight of u0 is less or
equal than w(u) + 1.

Case 3: [w(q) := gq + 1 � 2] By performing a w7� transformation, the gq

units of overweight are removed from q, and gq units of overweight are shifted
from p to p’s parent u.

The rebalancing of T 0 is now done as follows. We start at a leaf li and
apply Case 1 and Case 2, as long as all overweight conflicts are resolved locally
or, respectively, the child of a branching node is reached. Then the overweight
conflicts at another lj are handled analogously. If both children of a branching
node become overweighted, Case 3 applies. If only one subtree of a branching
node contains overweights, these overweight conflicts are handled by applying
Case 1 and Case 2. Then at most one unit of overweight may remain at the
branching node. In both cases, afterwards an overweight conflict at the branching
node is handled analogously as at one of the leaves li.

Because T 0 contains
∑b

i=1 gi units of overweight, the number of rotations
needed to rebalance T 0 is O(

∑b
i=1 gi) = O(

∑b
i=1 log mi).

Each time Case 2 or Case 3 applies, the number of overweight conflicts is
reduced. Thereby, O(

∑b
i=1 log mi) transformations are performed. In Case 1 ei-

ther the overweight conflict is resolved or it is shifted along the search path
towards the root. Thus, Case 1 applies O(L) times. Therefore, the number of
color changes needed to rebalance T 0 is O(

∑b
i=1 log mi + L). 2

5 Conclusions

There are applications in which a large number of updates for a search structure
is created in a very short time, for example by measuring equipment, or when a
document is inserted into a document database. It is often important that such
a group is brought into the structure as fast as possible, and that during this
group update the concurrent use of the structure is allowed.

Our work in the present paper is along the lines of [10], where a group
insertion algorithm for AVL-trees was presented and analyzed. The novelty of
the present paper is that we consider red-black binary trees, and that we obtain
a group update algorithm that is more e�cient than the one given in [10] in the
following sense: In the algorithm of [10], all nodes in the group search path must
be marked as unbalanced nodes and the balance in these nodes must be restored
during the rebalancing phase of the algorithm. Our new algorithm is able to
restrict the balance restoring to those nodes that have gotten out of balance
because of the group update.

One important aspect of group updates not considered in the present paper
is recovery, i.e., the question of how a valid search structure can be e�ciently
restored after a possible failure during a group update. These questions have
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been considered in [15] for AVL-trees, and we believe that similar methods can
be applied to red-black trees.
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Abstract. We show SVP∞ and CVP∞ to be NP-hard to approximate to
within nc= log log n for some constant c > 0. We show a direct reduction
from SAT to these problems, that combines ideas from [ABSS93] and
from [DKRS99], along with some modi�cations. Our result is obtained
without relying on the PCP characterization of NP, although some of
our techniques are derived from the proof of the PCP characterization
itself [DFK+99].

1 Introduction

Background

A lattice L = L(v1; ::; vn), for linearly independent vectors v1; ::; vn 2 Rk is the
additive group generated by the basis vectors, i.e. the set L = f

P
aivi j ai 2 ZZg.

Given L, the Shortest Vector Problem (SVPp) is to �nd the shortest non-zero
vector in L. The length is measured in Euclidean lp norm (1 � p � 1). The
Closest Vector Problem (CVPp) is the non-homogeneous analog, i.e. given L and
a vector y, �nd a vector in L, closest to y.

These lattice problems have been introduced in the previous century, and
have been studied since. Minkowsky and Dirichlet tried, with little success,
to come up with approximation algorithms for these problems. It was much
later that the lattice reduction algorithm was presented by Lenstra, Lenstra
and Lov�asz [LLL82] , achieving a polynomial-time algorithm approximating the
Shortest Lattice Vector to within the exponential factor 2n=2, where n is the
dimension of the lattice. Babai [Bab86] applied LLL’s methods to present an
algorithm that approximates CVP to within a similar factor. Schnorr [Sch85]
improved on LLL’s technique, reducing the factor of approximation to (1 + ")n,
for any constant " > 0, for both CVP and SVP. These positive approximation
results hold for lp norm for any p � 1 yet are quite weak, achieving only ex-
tremely large (exponential) approximation factors. The shortest vector problem
is particularly important, quoting [ABSS93], because even the above relatively
weak approximation algorithms have been used in a host of applications, includ-
ing integer programming, solving low-density subset-sum problems and break-
ing knapsack based codes [LO85], simultaneous diophantine approximation and
factoring polynomials over the rationals [LLL82], and strongly polynomial-time
algorithms in combinatorial optimization [FT85].
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Interest in lattice problems has been recently renewed due to a result of Ajtai
[Ajt96], showing a reduction, from a version of SVP, to the average-case of the
same problem.

Only recently [Ajt98] showed a randomized reduction from the NP-complete
problem Subset-Sum to SVP. This has been improved [CN98], showing approx-
imation hardness for some small factor (1 + 1

n−" ). Very recently [Mic98] has
signi�cantly strengthened Ajtai’s result, showing SVP hard to approximate to
within some constant factor.

The above results all apply to SVPp, for �nite p. SVP with the maximum
norm l1, appears to be a harder problem. A g-approximation algorithm for
SVP2 implies a

p
ng-approximation algorithm for SVP1, since for every vector

v, kvk1 � kvk2 � kvk1 �
p
n. Thus hardness for approximating SVP1 to within

a factor
p
ng will imply the hardness for approximating SVP2 to within factor

g. Lagarias showed SVP1 to be NP-hard in its exact decision version. Arora
et al. [ABSS93] utilized the PCP characterization of NP to show that both
CVP (for lp norm for any p) and SVP1 are quasi-NP-hard to approximate
to within 2(logn)1−"

for any constant " > 0. Recently, the hardness result for
approximating CVP has been strengthened [DKS98, DKRS99] showing that it
is NP-hard to approximate to within a factor of nΩ(1)= log logn (where n is the
lattice dimension). In this paper we similarly strengthen the hardness result for
approximating SVP1.

So far there is still a huge gap between the positive results, showing approx-
imations for SVP and CVP with exponential factors, and the above hardness
results. Nevertheless, some other results provide a discouraging indication for
improving the hardness result beyond a certain factor. [GG98] showed that ap-
proximating both SVP2 and CVP2 to within

p
n and approximating SVP1 and

CVP1 to within n=O(logn) is in NP \ co-AM. Hence it is unlikely for any of
these problems to be NP-hard.

Our Result

We prove that approximating SVP1 and CVP1 to within a factor of nc= log logn is
NP-hard (where n is the lattice dimension and c > 0 is some arbitrary constant).

Technique

We obtain our result by modifying (and slightly simplifying) the framework of
[DKS98, DKRS99]. Starting out from SAT, we construct a new SAT instance
that has the additional property that it is either totally satis�able, or, not even
weakly-satis�able in some speci�c sense (to be elaborated upon below). We refer
to such a SAT instance as an SSAT1 instance (this is a variant of [DKS98]’s
SSAT ). The construction reducing SAT to SSAT1 is the main part of the
paper. The construction has a tree-like recursive structure that is a simpli�cation
of techniques from [DKS98, DKRS99], along with some additional observations
tailored to the l1 norm.
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We �nally obtain our result by reducing SSAT1 to SVP1 and to CVP1.
These reductions are relatively simple combinatorial reductions, utilizing an ad-
ditional idea from [ABSS93].

Hardness-of-approximation results are naturally divided into those that are
obtained via reduction from PCP, and those that are not. Although the best
previous hardness result for SVP1 [ABSS93] relies on the PCP characteriza-
tion of NP, our proof does not. We do, however, utilize some techniques similar
to those used in the proof of the PCP characterization of NP itself. In fact,
the nature of the SVP1 problem eliminates some of the technical complica-
tions from [DFK+99, DKS98, DKRS99]. Thus, we believe that SVP1 makes a
good candidate (out of all of the lattice problems) for pushing the hardness-of-
approximation factor to within polynomial range.

Structure of the Paper

Section 2 presents a variant of the SSAT problem from [DKS98] which we call
SSAT1. It then proceeds with some standard (and not so standard) de�nitions.
Section 3 gives the reduction from SAT to SSAT1, whose correctness is proven in
Section 4. Finally, in Section 5 we describe the (simple) reduction from SSAT1
to SVP1 and to CVP1, establishing the hardness of approximating SVP1 and
CVP1.

2 De�nitions

2.1 SSAT1

A SAT instance is a set Ψ = f 1; : : : ;  ng of tests (Boolean functions) over
variables V = fv1; ::; vmg. We denote by R i the set of satisfying assignments
for  i 2 Ψ . The Cook-Levin [Coo71, Lev73] theorem states that it is NP-hard
to distinguish whether or not the system is satis�able (i.e. whether there is an
assignment to the variables that satis�es all of the tests). We next de�ne SSAT1,
a version of SAT that has the additional property that when the instance is not
satis�able, it is not even ’weakly-satis�able’ in a sense that will be formally
de�ned below.

We recall the following de�nitions (De�nitions 1,2 and 3) from [DKS98],

De�nition 1 (Super-Assignment to Tests). A super-assignment is a func-
tion S mapping to each  2 Ψ a value from ZZR . S( ) is a vector of integer
coe�cients, one for each value r 2 R . Denote by S( )[r] the rth coordinate of
S( ).

If S( ) = 0 we say that S( ) is trivial. If S( )[r] 6= 0, we say that the value
r appears in S( ). A natural assignment (an assignment in the usual sense) is
identi�ed with a super-assignment that assigns each  2 Ψ a unit vector with
a 1 in the corresponding coordinate. In this case, exactly one value appears in
each S( ).
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We next de�ne the projection of a super-assignment to a test onto each of
its variables. Consistency between tests will amount to equality of projections
on mutual variables.

De�nition 2 (Projection). Let S be a super-assignment to the tests. We de-
�ne the projection of S( ) on a variable x of  , �x(S( )) 2 ZZjFj, in the natural
way:

8a 2 F : �x(S( ))[a]
def
=

X
r2R ; rjx=a

S( )[r]

We shall now proceed to de�ne the notion of consistency between tests. If
the projections of two tests on each mutual variable x are equal (in other words,
they both give x the same super-assignment), we say that the super-assignments
of the tests are consistent (match).

De�nition 3 (Consistency). Let S be a super-assignment to the tests in Ψ .
S is consistent if for every pair of tests  i and  j with a mutual variable x,

�x(S( i)) = �x(S( j))

Given a system Ψ = f 1; :::;  ng, a super-assignment S : Ψ ! ZZR is called
not-all-zero if there is at least one test  2 Ψ for which S( ) 6= 0. The norm of
a super-assignment S is de�ned

kSk def
= max

 2Ψ
(kS( )k1)

where kS( )k1 is the standard l1 norm. The norm of a natural super-assignment
is 1.

The gap of SSAT1 is formulated in terms of the norm of the minimal super-
assignment that maintains consistency.

De�nition 4 (g-SSAT1). An instance of SSAT1 with parameter g

I = hΨ = f 1; ::;  ng ; V = fv1; ::; vmg ; fR 1 ; ::;R ngi

consists of a set Ψ of tests over a common set V of variables that take values in a
�eld F . The parameters m and jFj are always bounded by some polynomial in n.
Each test  2 Ψ has associated with it a list R of assignments to its variables,
called the satisfying assignments or the range of the test  . The problem is to
distinguish between the following two cases,

Yes: There is a consistent natural assignment for Ψ .
No: No not-all-zero consistent super-assignment is of norm > g.

Remark. The de�nition of SSAT1 di�ers from that of SSAT only in the
characterization of when a super-assignment falls into the ’no’ category. On one
hand, SSAT1 imposes a weaker requirement of not-all-zero rather than the
non-triviality of SSAT . On the other hand, the norm of a super assignment S
is measured by a ’stronger’ measure, taking the maximum of kS( )k1 over all
 , rather than the average as in SSAT .
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Theorem 1 (SSAT1 Theorem). SSAT1 is NP-hard for g = nc= log logn for
some c > 0.

We conjecture that a stronger statement is true, which would imply that
SVP1 NP-hard to approximate to within a constant power of the dimension.

Conjecture 2 SSAT1 is NP-hard for g = nc for some constant c > 0.

2.2 LDFs, Super-LDFs

Throughout the paper, let F denote a �nite �eld F = ZZp for some prime number
p > 1. We will need the following de�nitions.

De�nition 5 (low degree function - [r; d]-LDF). A function f : Fd ! F is
said to have degree r if its values are the point evaluation of a polynomial on Fd

with degree � r in each variable. In this case we say that f is an [r; d]-LDF, or
f 2 LDFr;d.

Sometimes we omit the parameters and refer simply to an LDF.

De�nition 6 (low degree extension). Let m; d be natural numbers, and let
H � F such that jHjd = m. A vector (a0; ::; am−1) 2 Fm can be naturally
identi�ed with a function A : Hd ! F by looking at points in Hd as representing
numbers in base jHj.

There exists exactly one [jHj − 1; d]-LDF Â : Fd ! F that extends A. Â is
called the jHj − 1 degree extension of A in F .

A (D+2)-dimensional a�ne subspace ((D+2)-cube for short) C � Fd is said
to be parallel to the axises if it can be written as C = x + span(ei1 ; : : : ; eiD+2),
where x 2 Fd and ei 2 Fd is the i-th axis vector, ei = (0; ::; 1; ::; 0). We write
the parameterization of the cube C as follows,

C(�z)
def
= x+

D+2X
j=1

zjeij 2 Fd for �z = (z1; ::; zD+2) 2 FD+2

We will need the following (simple) proposition,

Proposition 1. Let f : Fd ! F . Suppose, for every parallel (D + 2)-cube
C � Fd the function f jC : FD+2 ! F de�ned by

8x 2 FD+2 f jC(x) = f(C(x))

is an [r;D + 2]-LDF. Then f is an [r; d]-LDF.

Similar to the de�nition of super-assignments, we de�ne a super-[r; d]-LDF
(or a super-LDF for short) G 2 ZZLDFr;d to be a vector of integer coe�cient G[P ]
per LDF P 2 LDFr;d. This de�nition arises naturally from the fact that the
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tests in our �nal construction will range over LDFs. We further de�ne the norm
of a super-LDF to be the l1 norm of the corresponding coe�cient vector.

We say that an LDF P 2 LDFr;d appears in G i� G[P ] 6= 0. A point x is called
ambiguous for a super-LDF G, if there are two LDFs P1; P2 appearing in G such
that P1(x) = P2(x). The following (simple) property of low-norm super-LDFs is
heavily used in this paper.

Proposition 2 (Low Ambiguity). Let G be a super-[r; d]-LDF of norm � g.

The fraction of ambiguous points for G is � amb(r; d; g)
def
=

(
g
2

�
rd
jFj .

Proof. The number of non-zero coordinates in an integer vector whose l1 norm
is g is � g. There are �

(
g
2

�
pairs of LDFs appearing in G, and each pair agrees

on at most rd
jFj of the points in Fd.

The following embedding-extension technique taken from [DFK+99] is used in
our construction,

De�nition 7 (embedding extension). Let b � 2, k > 1 and t be natural num-
bers. We de�ne the embedding extension mapping Eb : F t ! F t�k as follows.
Eb maps any point x = (�1; ::; �t) 2 F t to y 2 F t�k, y = Eb(x) = (�1; ::; �t�k) by

Eb(�1; ::; �t)
def
=

�
�1; (�1)b; (�1)b

2
; ::; (�1)b

k−1
; : : : ; �t; (�t)b; (�t)b

2
; ::; (�t)b

k−1
�

The following (simple) proposition, shows that any LDF on F t can be repre-
sented by an LDF on F t�k with signi�cantly lower degree:

Proposition 3. Let f : F t ! F be a [bk − 1; t]-LDF, for integers t > 0; b >
1; k > 1. There is a [b− 1; t � k]-LDF fext : F t�k ! F such that

8x 2 F t : f(x) = fext(Eb(x))

For any [b − 1; kt]-LDF f , its ’restriction’ to the manifold f jEb : F t ! F is
de�ned as

8x 2 F t f jEb(x)
def
= f(Eb(x))

and is a [bk − 1; t]-LDF (the degree in a variable �i of f jEb is (b − 1)(b0 + b1 +
: : :+ bk−1) = bk − 1).

Let eG be a super-[bk − 1; t]-LDF (i.e. a vector in ZZLDFr;t). Its embedding-
extension is the super-[b− 1; tk]-LDF G de�ned by,

8f 2 LDFb−1;tk G[f ]
def
= eG[f jEb ]

In a similar manner, the restriction eG of a super-[b− 1; tk]-LDF G is a super-
[bk − 1; t]-LDF de�ned by

8f 2 LDFbk−1;t G[f ]
def
= eG[fext]
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The following proposition holds (e.g. by a counting argument),

Proposition 4. Let G1;G2 be two super-[b− 1; tk]-LDFs, and let eG1; eG2 be their
respective restrictions (with parameter b). eG1 = eG2 if and only if G1 = G2.

3 The Construction

We prove that SSAT1 is NP-hard via a reduction from SAT, described herein.
We adopt the whole framework of the construction from [DKRS99], and refer
the reader there for a more detailed exposition.

Let � = f’1; ::; ’ng be an instance of SAT, viewed as a set of Boolean tests
over Boolean variables V� = fx1; ::; xmg, (m = nc for some constant c > 0) such
that each test depends on D = O(1) variables. Cook’s theorem [Coo71] states
that it is NP-hard to decide whether there is an assignment for V� satisfying all
of the tests in �.

Starting from �, we shall construct an SSAT1 test-system Ψ over variables
VΨ � V�. Our new variables VΨ will be non-Boolean, ranging over a �eld F ,
with jFj = nc= log logn for some constant c > 0. An assignment to VΨ will be
interpreted as an assignment to V� by identifying the value 0 2 F with the
Boolean value true and any other non-zero value with false.

3.1 Constructing the CR-Forest

In order to construct the SSAT 1 instance I = hΨ; V; fR 1 ; ::;R ngi we need
to describe for each test  2 Ψ , which variables it depends on, and its satisfying
assignments R . We begin by constructing the CR-forest, which is a combina-
torial object holding the underlying structure of Ψ . The forest Fn(�) will have
a tree T’ for every test ’ 2 �. Each node in the forest will have a set of vari-
ables associated with it. For every leaf there will be one test depending on the
variables associated with that leaf.

Let us (briefly) describe one tree T’ in the forest Fn(�).
Every tree will be of depth K � log logn (however, not all of the leaves will

be at the bottom level).
Each node v in the tree will have a domain domv = Fd of points (domv =

Fd0 in case v is the root node) associated with it.
The o�springs of a non-leaf node v will be labeled each by a distinct (D+2)-

cube Cv of domv (this part is slightly simpler than in [DKRS99]),

labels(v)
def
= fC j C is a (D + 2)-cube in domv g :

The points in the domain domv of each node v will be mapped to some of
Ψ ’s variables, by the injection varv : domv ! VΨ . This mapping essentially
describes the relation of a node to its parent, and is de�ned inductively as follows.
For each node v, we denote by Vv the set of ’fresh new’ variables mapped from
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domv (i.e. none of the nodes de�ned inductively so far have points mapped to
these variables). Altogether

V
def
= VΨ =

[
v2T’

’2�

Vv :

For the root node, varroot’ : domroot’ ! VΨ is de�ned (exactly as in
[DKRS99]) by mapping Hd0 � domroot’ = Fd0 to V� and the rest of the

points to the rest of Vroot’
def
= V̂� � VΨ (i.e. the low-degree-extension of V�). It

is important that varroot’ is de�ned independently of ’.
For a non-root node v with parent u, the points of the cube Cv 2 labels(u)

labeling v are mapped into the domain domv by the embedding extension
mapping, Ebv : Cv ! domv, de�ned above in Section 2.2 (the parameter bv
speci�ed below depends on the speci�c node v, rather than just on v’s level
as in [DKRS99]). These points are u’s points that are ’passed on’ to the o�-
spring v. We think of the point y = Ebv (x) 2 domv as ’representing’ the point
x 2 Cv � domu, and de�ne varv : domv ! VΨ as follows,

De�nition 8 (varv, for a non-root node v). Let v be a non-root node, let u
be v’s parent, and let Cv � domu be the label attached to v. For each point y 2
Ebv (Cv) � domv de�ne varv(y)

def
= varu(E−1

bv
(y)), i.e. points that ’originated’

from Cv are mapped to the previous-level variables, that their pre-images in Cv
were mapped to. For each ’new’ point y 2 domv n Ebv (Cv) we de�ne varv(y) to
be a distinct variable from Vv.

The parameters used for the embedding extension mappings Ebv are t =
D + 2, k = d=t = a. We set the degree of the root node rroot’ = jHj = jFj1=10

and rv and bv (for non-root nodes v) are de�ned by the following recursive
formulas:

bv =

8<
:

a
p
ru + 1 Cv is parallel to the axises

a
p
ru(D + 2) + 1 Otherwise

rv = bv − 1

We stop the recursion and de�ne a node to be a leaf (i.e. de�ne its labels
to be empty) whenever rv � 2(D + 2). A simple calculation (to appear in the
complete version) shows that bv; rv decrease with the level of v until for some
level K < log logn, rv � 2(D + 2) = O(1). (This may happen to some nodes
sooner than others, therefore not all of the leaves are in level K).

We now complete the construction by describing the tests and their satisfying
assignments.

De�nition 9 (Tests). Ψ will have one test  v for each leaf v in the forest.  v
will depend on the variables in varv(domv). The set of satisfying assignments
for  v’s variables, R v , will consist of assignments A that satisfy the following
two conditions:
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1. A is an [rv; d]-LDF on varv(domv)
2. If v 2 T’ for ’ 2 � and ’’s variables appear in varv(domv), then A must

satisfy ’.

4 Correctness of the Construction

4.1 Completeness

Lemma 1 (completeness). If there is an assignment A : V� ! ftrue; falseg
satisfying all of the tests in �, then there is a natural assignment AΨ : VΨ ! F
satisfying all of the tests in Ψ .

We extend A in the obvious manner, i.e. by taking its low-degree-extension (see
De�nition 6) to the variables V̂�, and then repeatedly taking the embedding
extension of the previous-level variables, until we’ve assigned all of the variables
in the system. More formally,

Proof. We construct an assignment AΨ : VΨ ! F by inductively obtaining [ri; d]-
LDFs Pv : domv ! F for every level-i node v of every tree in the CR-forest, as
follows. We �rst set (for every ’ 2 �) Proot’ to be the low degree extension (see
De�nition 6) of A (we think of A as assigning each variable a value in f0; 1g � F
rather than ftrue; falseg, see discussion in the beginning of Section 3). Assume
we’ve de�ned an [ru; d]-LDF Pu consistently for all level-i nodes, and let v be an
o�spring of u, labeled by Cv. The restriction f = PujCv of Pu to the cube Cu is an
[r;D+2]-LDF where r = ru or r = ru(D+2) depending on whether Cv is parallel
to the axises or not. f can be written as a [ a

p
r + 1 − 1; a � (D + 2)]-LDF fext

over the larger domain Fd, as promised by Proposition 3. We de�ne Pv = fext

to be that [rv; d]-LDF (recall that d = a � (D + 2) and bv = a
p
r + 1).

Finally, for a variable x 2 varv, x = varv(x), we set AΨ (x)
def
= Pv(x). The

construction implies that there are no collisions, i.e. x0 = varv0(x0) = varv(x) =
x implies Pv(x) = Pv0(x0). ut

4.2 Soundness

We need to show that a ’no’ instance of SAT is mapped to a ’no’ instance of
SSAT1. We assume that the constructed SSAT1 instance has a consistent non-
trivial super-assignment of norm � g, and show that � { the SAT instance we
started with { is satis�able.

Lemma 2 (Soundness). Let g
def
= jFj

1
102 . If there exists a consistent super-

assignment of norm � g for Ψ , then � is satis�able.

Let A be a consistent non-trivial super-assignment for Ψ , of size kAk1 � g.
It induces (by projection) a super-assignment to the variables

m : VΨ −! ZZjFj
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i.e. for every variable x 2 VΨ , m assigns a vector �x(A( )) of integer coe�cients,
one per value in F where  is some test depending on x. Since A is consistent,
m is well de�ned (independent of the choice of test  ). Alternatively, we view
m as a labeling of the points

S
v2Fn(�) domv by a ’super-value’ { a formal

linear combination of values from F . The label of the point x 2 domv for
some v 2 Fn(�), is simply m(varv(x)), and with a slight abuse of notation, is
sometimes denoted m(x). m is used as the \underlying point super-assignment"
for the rest of the proof, and will serve as an anchor by which we test consistency.

The central task of our proof is to show that if a tree has a non-trivial leaf,
then there is a non-trivial super-LDF for the domain in the root node that is
consistent with m. We will later want to construct from these super-LDFs an
assignment that satis�es all of the tests in �. For this purpose, we need the
super-LDFs along the way to be legal,

De�nition 10 (legal). An LDF P is called legal for a node v 2 T’ (for
some ’ 2 �), if it satis�es ’ in the sense that if ’’s variables have pre-images
x1; ::; xD 2 domv, then P (x1); ::; P (xD) satisfy ’. A super-LDF G is called legal
for v 2 T’ if for every LDF P appearing in G, P is legal for v 2 T’.

The following lemma encapsulates the key inductive step in our soundness
proof,

Lemma 3. Let u 2 nodesi for some 0 � i < K. There is a legal super-[ru; d]-

LDF Gu with kGuk1 � kmk1
def
= maxx km(x)k1 such that for every x 2 domu,

�x(Gu) = m(x). Furthermore, if there is a node v in u’s sub-tree for which Gv 6= 0
then Gu 6= 0.

Due to space limitations, the proof of this lemma is omitted, and appears in the
full version of this paper.

In order to complete the soundness proof, we need to �nd a satisfying as-
signment for �. We obtained, in Lemma 3, a super-[r0; d]-LDF G’ for each root
node root’, such that 8x 2 domroot’ = Fd0 , m(x) = �x(G’). Note that indeed,
for every pair of tests ’ 6= ’0, the corresponding super-LDFs must be equal
G’ = G’0 (denote them by G). This follows because they are point-wise equal
�x(G’) = m(x) = �x(G’0), and so the di�erence super-LDF G’−glob’0 is trivial
on every point, and must therefore (again, by Proposition 2 { low-ambiguity) be
trivial.

If A is not trivial, then there is at least one test  v 2 Ψ for which A( ) 6= 0.
Thus, denoting by ’ the test for which v is a leaf in T’, Lemma 3 implies
G = G’ 6= 0. Take an LDF f that appears in G, and de�ne for every v 2 V�,

A(v)
def
= f(x) where x 2 Hd0 is the point mapped to v. Since G is legal, � is

totally satis�ed by A.

5 From SSAT1 to SVP1

In this section we show the reduction from g-SSAT1 to the problem of ap-
proximating SVP1. This reduction follows the same lines of the reduction in
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[ABSS93] from Pseudo-Label-Cover to SVP1. We begin by formally de�ning
the gap-version of SVP1 (presented in Section 1) which is the standard method
to turn an approximation problem into a decision problem.

De�nition 11 (g-SVP1). Given a lattice L and a number d > 0, distinguish
between the following two cases:

Yes. There is a non-zero lattice vector v 2 L with kvk1 � d.
No. Every non-zero lattice vector v 2 L has kvk1 > g � d.

We will show a reduction from g-SSAT1 to
p
g-SVP1, thereby implying

SVP1 to be NP-hard to approximate to within a factor of
p
g = nΩ(1)= log log n.

Let I = hΨ; V; fR gi be an instance of g-SSAT1, where Ψ = f 1; : : : ;  ng
is a set of tests over variables V = fv1; ::; vmg, and R i is the set of satisfying
assignments for  i 2 Ψ . We construct a

p
g-SVP1 instance (L(B); d) where

d
def
= 1 and B is an integer matrix whose columns form the basis for the lattice

L(B).
The matrix B will have a column v[ ;r] for every pair of test  2 Ψ and an

assignment r 2 R for it. There will be one additional special column t. The
matrix B will have two kinds of rows, consistency rows and norm-measuring
rows, de�ned as follows.

Consistency Rows. B will have jFj+1 rows for each threesome ( i;  j ; x) where
 i and  j are tests that depend on a mutual variable x. Only the columns of  i
and  j will have non-zero values in these rows.

The special column t will have
p
g in each consistency row, and zero in the

other rows.
For a pair of tests  i and  j that depend on a mutual variable x, let’s

concentrate on the sub-matrix consisting of the columns of these tests, and the
jFj + 1 rows of the pair  i;  j viewed as a pair of matrices G1 of dimension
(jFj + 1) � jR i j and G2 of dimension (jFj + 1) �

��R j

��. Let r 2 R i be a
satisfying assignment for  i and r0 2 R j be a satisfying assignment for  j .
The r-th column in G1 equals

p
g times the unit vector ei where i = rjx (i.e.

a vector with zeros everywhere and a
p
g in the rjx-th coordinate). The r0-th

column in G2 equals
p
g � (1 − ei) where i = r0jx and 1 is the all-one vector (i.e.p

g everywhere except a zero in the r0jx-th coordinate).
Notice that any zero-sum linear combination of the vectors fei; 1 − ei; 1gi

must give ei the same coe�cient as 1−ei, because the vectors f1; eigi are linearly
independent.

Norm-measuring Rows. There will be a set of R rows designated to each test
 2 Ψ in which only  ’s columns have non-zero values. The matrix B, when
restricted to these rows and to the columns of  , will be the (jR j � jR j)
Hadamard matrix H (we assume for simplicity that jR j is a power of 2, thus
such a matrix exists, see [Bol86] p. 74). Recall that the Hadamard matrix Hn of

order 2n � 2n is de�ned by H0 = (1) and Hn =
�

Hn−1 Hn−1

Hn−1 −Hn−1

�
.
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Fig. 1. The matrix B

The vector t, as mentioned earlier, will be zero on these rows.

Proposition 5 (Completeness). If there is a natural assignment to Ψ , then
there is a non-zero lattice vector v 2 L(B) with kvk1 = 1.

Proof. Let A be a consistent natural assignment for Ψ . We claim that

v = t −
X
 2Ψ

v[ ;A( )]

is a lattice vector with kvk1 = 1. Restricting
P

 2Ψ v[ ;A( )] to an arbitrary
row in the consistency rows (corresponding to a pair of tests  i;  j with mutual
variable x), gives

p
g, because A( i)jx = A( j)jx. Subtracting this from t gives

zero in each consistency-row.
In the norm-measuring rows, since every test  2 Ψ is assigned one value by

A, v restricted to  ’s rows equals some column of the Hadamard matrix which
is a �1 matrix. Altogether, kvk1 = 1 as claimed. ut

Proposition 6 (Soundness). If there is a non-zero lattice vector v 2 L(B)
with kvk1 <

p
g, then there is a consistent non-trivial super-assignment A for

Ψ , for which kAk1 < g.

Proof. Let
v = ct � t +

X
 ;r

c[ ;r] � v[ ;r]

be a lattice vector with kvk1 <
p
g. The entries in the consistency rows of every

lattice vector, are integer multiples of
p
g. The assumption kvk1 <

p
g implies

that v is zero on these rows.
De�ne a super-assignment A to Ψ by setting for each  2 Ψ and r 2 R ,

A( )[r]
def
= c[ ;r].
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To see that A is consistent, let  i;  j 2 Ψ both depend on the variable x.
Notice that (as mentioned above) any zero-sum linear combination of the vectors
f1; ek;1 − ekgk must give ek and 1− ek the same coe�cient because the vectors
f1; ekgk are linearly independent. This implies that for any value k 2 F for x,X

rjx=k

c[ i;r] =
X
r0jx=k

c[ j;r0]

This, in turn, means that �x(A( i)) = �x(A( j)) thus A is consistent.
A is also not-all-zero because v 6= 0 (if only ct was non-zero, then kvk1 =p

g). The norm of A is de�ned as

kAk1 = max
 2Ψ

(kA( )k1)

The vector v restricted to the norm-measuring rows of  is exactly H A( ). Now
since 1p

jR jH is a (jR j � jR j) orthonormal matrix, we have

k 1p
jR j

H A( )k2 = kA( )k2

Since for every z 2 IRn, kzk1 � kzk2=
p
n, we obtain kHA( )k1 � kA( )k2.

Now for every integer vector z,
p

kzk1 � kzk2, and altogether,p
kA( )k1 � kA( )k2 � kHA( )k1 � kvk1 <

p
g

showing kAk1
def
= max 2Ψ (kA( )k1) < g as claimed. ut

Finally, if Ψ is a SSAT1 no instance, then the norm of any consistent super-
assignment A must be at least g, and so the norm of the shortest lattice vector
in L(B), must be at least g. This completes the proof of the reduction.

The reduction to CVP1 is quite similar, taking t to be the target vector, and is
omitted.
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Abstract. In the paper, we apply logarithmic cooling schedules of inho-
mogeneous Markov chains to the flow shop scheduling problem with the
objective to minimize the makespan. In our detailed convergence analy-
sis, we prove a lower bound of the number of steps which are su�cient
to approach an optimum solution with a certain probability. The result
is related to the maximum escape depth Γ from local minima of the
underlying energy landscape. The number of steps k which are required
to approach with probability 1 − � the minimum value of the makespan
is lower bounded by nO(Γ ) � logO(1)(1=�). The auxiliary computations
are of polynomial complexity. Since the model cannot be approximated
arbitrarily closely in the general case (unless P = NP ), the approach
might be used to obtain approximation algorithms that work well for
the average case.

1 Introduction

In the flow shop scheduling problem n jobs have to be processed on m di�erent
machines. Each job consists of a sequence of tasks that have to be processed
during an uninterrupted time period of a �xed length. The order in which each
job is processed by the machines is the same for all jobs. A schedule is an
allocation of the tasks to time intervals on the machines and the aim is to
�nd a schedule that minimizes the overall completion time which is called the
makespan.

Flow shop scheduling has long been identi�ed as having a number of impor-
tant practical applications. Baumgärtel addresses in [4] the flow shop problem in
order to deal with the planning of material flow in car plants. His approach was
applied to the logistics for the Mercedes Benz automobile. The NP-hardness of
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[10] in 1976. The existence of a polynomial approximation scheme for the flow
shop scheduling problem with an arbitrary �xed number of machines is demon-
strated by Hall in [12]. A recent work of Williamson et al. constitutes theoretical
evidence that the general problem, which is considered in the present paper, is
hard to solve even approximately. They proved that �nding a schedule that is
shorter than 5/4 times the optimum is NP-hard [23].

We are concentrating on the convergence analysis of simulated annealing-
based algorithms which employ a logarithmic cooling schedule. The algorithm
employs a simple neighborhood which is reversible and ensures a priori that tran-
sitions always result in a feasible solution. The neighborhood relation determines
a landscape of the objective function over the con�guration space F of feasible
solutions of a given flow shop scheduling problem. Let aS(k) denote the probabil-
ity to obtain the schedule S 2 F after k steps of a logarithmic cooling schedule.
The problem is to �nd an upper bound for k such that

P
S2Fmin

aS(k) > 1 − "
for schedules S minimizing the makespan. The general framework of logarithmic
cooling schedules has been studied intensely, e.g., by B. Hajek [11] and O. Catoni
[5,6].

Our convergence result, i.e., the lower bound of the number of steps k, is
based on a very detailed analysis of transition probabilities between neighbor-
ing elements of the con�guration space F . We obtain a run-time of nO(Γ ) �
logO(1)(1=�) to have with probability 1 − � a schedule with the minimum value
of the makespan, where Γ is a parameter of the energy landscape characterizing
the escape depth from local minima.

2 The Flow Shop Problem

The flow shop scheduling problem can be formalized as follows. There are a set
J of l jobs and a set M of m machines. Each job has exactly one task to be
processed on each machine. Therefore, we have n := l �m tasks each with a given
processing time p(t) 2 IN. There is a binary relation R on the set of tasks T that
decomposes T into chains corresponding to the jobs. The binary relation, which
represents precedences between the tasks is de�ned as follows: For every t 2 T
there exists at most one t0 such that (t; t0) 2 R. If (t; t0) 2 R, then J(t) = J(t0)
and there is no x 62 ft; t0g such that (t; x) 2 R or (x; t0) 2 R. For any (v; w) 2 R, v
has to be performed before w. R induces a total ordering of the tasks belonging
to the same job. There exist no precedences between tasks of di�erent jobs.
Clearly, if (v; w) 2 R then M(v) 6= M(w). The order in which a job passes all
machines is the same for all jobs. As the task number of a task t we will denote
the number of tasks preceding t within its job. We can therefore assume that all
tasks with task number i are processed on machine Mi. A schedule is a function
S : T ! IN [ f0g that for each task t de�nes a starting time S(t).

The length, respectively the makespan of a schedule S is de�ned by

�(S) := max
v2T

(
S(v) + p(v)

�
;(1)
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i.e., the earliest time at which all tasks are completed. The problem is to �nd an
optimum schedule, that is feasible and of minimum length. A flow shop schedul-
ing problem can be represented by a disjunctive graph, a model introduced by
Roy and Sussmann in [17]. The disjunctive graph is a graph G = (V; A; E; �),
which is de�ned as follows:

V = T [ fI; Og;
A =

�
[v; w] j v; w 2 T ; (v; w) 2 Rg [�
[I; w] j w 2 T ; 6 9v 2 T : (v; w) 2 R

}
[�

[v; O] j v 2 T ; 6 9w 2 T : (v; w) 2 R
}
;

E =
�

fv; wgj v; w2T; v 6= w; M(v) = M(w)
}
;

� : V ! IN:

The vertices in V represent the tasks. In addition, there are a source (I) and
a sink (O) which are two dummy vertices. All vertices in V are weighted. The
weight of a vertex �(v) is given by the processing time p(v), �(v) := p(v),
(�(I) = �(O) = 0). The arcs in A represent the given precedences between the
tasks. The edges in E represent the machine capacity constraints, i.e., fv; wg 2 E
with v; w 2 T and M(v) = M(w) denotes the disjunctive constraint and the two
ways to settle the disjunction correspond to the two possible orientations of
fv; wg. The source I has arcs emanating to all the �rst tasks of the jobs and the
sink O has arcs coming from all �nal tasks of jobs.

An orientation on E is a function Ω : E ! T � T such that Ω(fv; wg) 2
fhv; wi; hw; vig for each fv; wg 2 E. A schedule is feasible if the corresponding
orientation Ω on E (Ω(E) = fΩ(e) j e 2 Eg) results in a directed graph (called
digraph) D := G0 = (V; A; E; �; Ω(E)) which is acyclic.

A path P from xi to xj , i; j 2 IN; i < j : xi; xj 2 V of the digraph D
is a sequence of vertices (xi; xi+1; :::; xj) 2 V such that for all i � k < j,
[xk; xk+1] 2 A or hxk; xk+1i 2 Ω(E).

The length of a path P (xi; xj) is de�ned by the sum of the weights of all
vertices in P : �(P (xi; xj)) =

Pj
k=i �(xk). The makespan of a feasible schedule

is determined by the length of a longest path (i.e., a critical path) in the digraph
D. The problem of minimizing the makespan therefore can be reduced to �nding
an orientation Ω on E that minimizes the length of �(Pmax).

3 Basic De�nitions

Simulated annealing algorithms are acting within a con�guration space in accor-
dance with a certain neighborhood structure or a set of transition rules, where
the particular steps are controlled by the value of an objective function. The
con�guration space, i.e., the set of feasible solutions of a given problem instance
is denoted by F . For all instances, the number of tasks of each job equals the
number of machines and each job has precisely one operation on each machine.
Therefore, the size of F can be upper bounded in the following way: In the dis-
junctive graph G there are at most l! possible orientations to process l tasks on
a single machine. Hence, we have jF j�

(
l!

�m.
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To describe the neighborhood of a solution S 2 F , we de�ne a neighborhood
function � : F ! }(F). The neighborhood of S is given by �(S) � F , and each
solution in �(S) is called a neighbor of S. Van Laarhoven et al. [22] propose
a neighborhood function �L for solving job shop scheduling problems which
is based on interchanging two adjacent tasks of a block. A block is a maximal
sequence of adjacent tasks that are processed on the same machine and do belong
to a longest path. We will use their neighborhood function with the extension
that we allow changing the orientation of an arbitrary arc which connects two
tasks on the same machine:

(i) Choosing two vertices v and w such that
M(v) = M(w) = k with e = hv; wi 2 Ω(E);

(ii) Reversing the order of e such that the resulting arc e0 2 Ω0(E) is hw; vi;
(iii) If there exists an arc hu; vi such that v 6= u; M(u) = k, then replace the arc

hu; vi by hu; wi;
(iv) If there exists an arc hw; xi such that w 6= x; M(x) = k, then replace the

arc hw; xi by hv; xi.

Thus, the neighborhood structure is characterized by

De�nition 1 The schedule S0 is a neighbor of S, S0 2 �(S), if S0 can be obtained
by the transition rules 1 − 4 or S0 = S.

Our choice is motivated by two facts:

� In contrast to the job shop scheduling the transition rules do guarantee for
the flow shop a priori that the resulting schedule is feasible, i.e., that the
corresponding digraph is acyclic.

� The extension of allowing to reverse the orientation of an arbitrary arc leads
to an important property of the neighborhood function, namely reversibility.

Thus, the neighborhood structure is such that the algorithm visits only digraphs
corresponding to feasible solutions and is equipped with a symmetry property
which is required by our convergence analysis.

Lemma 1 Suppose that e = hv; wi 2 Ω(E) is an arbitrary arc of an acyclic
digraph D. Let D0 be the digraph obtained from D by reversing the arc e. Then
D0 is also acyclic.

Proof: Suppose D0 is cyclic. Because D is acyclic, the arc hw; vi is part of
the cycle in D0. Consequently, there is a path P = (v; x1; x2; :::; xi; w) in D0.
Since w is processed before v on machine Mk at least two arcs of the path P
are connecting vertices of the same job. From the de�nition of the flow shop
problem that implies at least two vertices have a task number greater than k.
Neither within a job nor within a machine there is an arc hy; zi such that the
task number of y is greater than the task number of z. This contradicts that the
path P exists in D0. Hence, D0 is acyclic. q.e.d.
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As already mentioned in Section 2, the objective is to minimize the makespan
of feasible schedules. Hence, we de�ne Z(S) := �(Pmax), where Pmax is a longest
path in D(S). Furthermore, we set

Fmin :=
�

S j S 2 F and 8S0(S0 2 F ! Z(S0) � Z(S)
� }

:(2)

For the special case of �L, Van Laarhoven et al. have proved the following

Theorem 1 [22] For each schedule S 62 Fmin, there exists a �nite sequence of
transitions leading from S to an element of Fmin.

The probability of generating a solution S0 from S can be expressed by

G[S; S0] :=

( 1

j � j ; ifS0 2 �(S)

0; otherwise,
(3)

with j� j� n − m + 1 which follows from De�nition 1.
Since the neighborhood function �L from [22] is a special case of our transition

rules 1 − 4, we have:

Lemma 2 Given S 2 FnFmin, there exists S0 2 �(S) such that G[S; S0] > 0.

The acceptance probability A[S; S0], S0 2 �(S) � F , is given by:

A[S; S0] :=

(
1; if Z(S′) − Z(S) � 0;

e− Z(S0)−Z(S)
c ; otherwise,

(4)

where c is a control parameter having the interpretation of a temperature in an-
nealing procedures. Finally, the probability of performing the transition between
S and S0, S; S0 2 F , is de�ned by

PrfS ! S0g =

8<
:

G[S; S0] � A[S; S0]; if S0 6= S;

1 −
P

Q 6= S

G[S; Q] � A[S; Q]; otherwise.(5)

Let aS(k) denote the probability of being in the con�guration S after k steps
performed for the same value of c. The probability aS(k) can be calculated in
accordance with

aS(k) :=
X
Q

aQ(k − 1) � PrfQ ! Sg:(6)

The recursive application of (6) de�nes a Markov chain of probabilities aS(k).
If the parameter c = c(k) is a constant c, the chain is said to be a homoge-
neous Markov chain; otherwise, if c(k) is lowered at any step, the sequence of
probability vectors a(k) is an inhomogeneous Markov chain.

We consider a cooling schedule which de�nes a special type of inhomogeneous
Markov chains. For this cooling schedule, the value c(k) changes in accordance
with

c(k) =
Γ

ln(k + 2)
; k = 0; 1; ::: :(7)
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The choice of c(k) is motivated by Hajek’s Theorem [11] on logarithmic cooling
schedules for inhomogeneous Markov chains. If there exists S0; S1; ::: ; Sr 2
F

(
S0 = S ^ Sr = S0� such that G[Su; Su+1] > 0; u = 0; 1; ::: ; (r − 1) and

Z(Su) � h, for all u = 0; 1; ::: ; r, we denote height(S ) S0) � h. The schedule
S is a local minimum, if S 2 F n Fmin and Z(S0) > Z(S) for all S0 2 �L(S) n S.
By depth(Smin) we denote the smallest h such that there exists a S0 2 F , where
Z(S0) < Z(Smin), which is reachable at height Z(Smin) + h.

The following convergence property has been proved by B. Hajek:

Theorem 2 [11] Given a con�guration space C and a cooling schedule de�ned
by

c(k) =
Γ

ln(k + 2)
; k = 0; 1; ::: ;

the asymptotic convergence
P

H2C aH(k) −!
k!1

1 of the stochastic algorithm, which
is based on (2), (4), and (5), is guaranteed if and only if

(i) 8H; H 0 2 C 9H0; H1; ::: ; Hr 2 C
(
H0 =H ^ Hr =H 0�: G[Hu; Hu+1] > 0;

l = 0; 1; ::: ; (r − 1);
(ii) 8 h : height(H ) H 0) � h () height(H 0 ) H) � h;
(iii) Γ � max

Hmin
depth(Hmin).

The condition (i) expresses the connectivity of the con�guration space. As al-
ready mentioned above, with the choice of our neighborhood relation we can
guarantee the mutual reachability of schedules. Therefore, Hajek’s Theorem can
be applied to our con�guration space F with the neighborhood relation �.

Before we perform the convergence analysis of the logarithmic cooling sched-
ule de�ned in (7), we point out some properties of the con�guration space and
the neighborhood function. Let S and S0 be feasible schedules and S0 2 �(S).
To obtain S0 from S, we chose the arc e = hv; wi with M(v) = M(w).

If Z(S) < Z(S0), then only a path containing one of the selected vertices
v; w can determine the new makespan after the transition move. It can be shown
that all paths whose length increase contain the edge e0 = hw; vi. Therefore, we
have the following upper bound.

Lemma 3 The increase of the objective function �Z in a single step according
to � (S −!� S0) can be upper by

(
p(v) + p(w)

�
.

The reversibility of the neighborhood function implies for the maximum dis-
tance of neighbors S0 2 �(S) to Fmin in relation to S itself: If the minimum
number of transitions to reach from S an optimum element is N , then for any
S0 2 �(S) the minimum number of transitions is at most N + 1.

4 Convergence Analysis

Our convergence results will be derived from a careful analysis of the \exchange
of probabilities" among feasible solutions which belong to adjacent distance levels
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to optimum schedules, i.e., in addition to the value of the objective function, the
elements of the con�guration space are further distinguished by the minimal
number of transitions required to reach an optimum schedule. We �rst introduce
a recurrent formula for the expansion of probabilities and then we prove the main
result on the convergence rate which relates properties of the con�guration space
to the speed of convergence. Throughout the section we employ the fact that
for a proper choice of Γ the logarithmic cooling schedule leads to an optimum
solution.

To express the relation between S and S0 according to their value of the
objective function we will use <Z , >Z , and =Z to simplify the expressions:

S <Z S0 instead of S0 2 �(S)& (Z(S) < Z(S0)),
S >Z S0 instead of S0 2 �(S)& (Z(S) > Z(S0)),
S =Z S0 instead of S 6= S0 & S0 2 �(S)& (Z(S) = Z(S0)).

Furthermore, we denote:

p(S) := jf S <Z S0gj ; q(S) := jf S =Z S0gj ; r(S) := jf S >Z S0gj :

These notations imply

p(S) + q(S) + r(S) = j�(S) j − 1 = m � l − m − 1:(8)

The equation is valid because there are m � (l − 1) arcs which are allowed to
be switched and S belongs to its own neighborhood. Therefore, the size of the
neighborhood is independent of the particular schedule S, and we set n0 :=
m � l − m.

Now, we analyze the probability aS(k) to be in the schedule S 2 F after k
steps of the logarithmic cooling schedule de�ned in (7), and we use the notation

1(
k + 2

�Z(S)−Z(S0 )
Γ

= e− Z(S)−Z(S0)
c(k) ; k � 0:(9)

By using (3) till (5), one obtains from (6) by straightforward calculations

aS(k) = aS(k − 1) �
�

p(S) + 1
n0 −

p(S)X
i = 1

S <Z Si

1
n0 � 1(

k + 1
� Z(Si)−Z(S)

Γ

�
+(10)

+
p(S)+q(S)X

i = 1
Si �Z S

aSi(k − 1)
n0 +

r(S)X
j = 1

Sj <Z S

aSj (k − 1)
n0 � 1(

k + 1
� Z(S)−Z(Sj )

Γ

:

The representation (expansion) will be used in the following as the main relation
reducing aS(k) to probabilities from previous steps. We introduce the following
partition of the set of schedules with respect to the value of the objective func-
tion:

L0 := Fmin and Lh+1 := fS : S 2 F ^8S0(S0 2 Fn
h[

i=0

Li ! Z(S0) � Z(S)
�
g:
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The highest level within F is denoted by Lhmax . Given S 2 F , we further denote
by Wmin(S) := [S; Sk−1; � � � ; S0] a shortest sequence of transitions from S to
Fmin, i.e., S0 2 Fmin. Thus, we have for the distance d(S) := length

(
Wmin(S)

�
.

We introduce another partition of F with respect to d(S) :

S 2 Di () d(S) = i � 0; and Ds =
s - 1[
i=1

Di; i.e., F = Ds:

Thus, we distinguish between distance levels Di related to the minimal number
of transitions required to reach an optimal schedule from Fmin and the levels Lh

which are de�ned by the objective function. By de�nition, we have D0 := L0 =
Fmin. We will use the following abbreviations:

f(S0; S; t) :=
1(

k + 2 − t
� Z(S0)−Z(S)

Γ

and(11)

KS(k − t) :=
p(S) + 1

n0 −
p(S)X
i = 1

S <Z Si

1
n0 �

(
k + 2 − t

�− Z(Si)−Z(S)
Γ :(12)

We are going backwards from the kth step and expanding aS(k) in accordance
with (10). Our aim is to �nd a close upper bound for the value

P
S 62 D0

aS(k)
in terms of probabilities from previous steps.

During the expansion (10) of aS(k), S 62 D0, terms according to S are gener-
ated as well as according to all neighbors S0 of S. Some terms generated by the
expansion of S contain the factor aS0(k − 1) and can therefore be summarized
with terms generated by the expansion of S0. However, it is important to distin-
guish between elements from D1 and elements from Di, i � 2. For all S 62 D1,
we obtain the following:

aS(k − 1) �
�

p(S) + 1 + q(S) + r(S)
n0 −(13)

−
p(S)X
i = 1

S <Z Si

1
n0 � 1(

k + 1
� Z(Si)−Z(S)

Γ

+
p(S)X
i = 1

S <Z Si

1
n0 � 1(

k + 1
�Z(Si)−Z(S)

Γ

�
= aS(k − 1):

In case of S 2 D1, some neighbors S0 of S are elements of D0 and do not generate
the terms related to S >Z S0 because the aS0(k) are not expanded since they
are not present in the sum

P
S 62 D0

aS(k). Therefore, r0(S) � r(S) many terms
are missing for S 2 D1 and the following arithmetic term is generated:

aS(k − 1) �
�

1 − r0(S)
n0

�
;(14)

where r0(S) := jfS0 : S0 2 �(S)^S0 2 D0gj. On the other hand, the expansion of
aS(k) generates terms related to S0 2 D0 with S0 <Z S and containing aS0(k−1)
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as a factor. Those terms are not canceled by expansions of aS0(k). All S 2 D1

therefore generate the following term:

r0(S)X
j = 1

Sj 2 D0 \ �(S)

aSj (k − 1)
n0 � 1(

k + 1
�Z(S)−Z(Sj )

Γ

:(15)

Now, we consider the entire sum and take the negative product aS(k) � r0(S)=n0

separately. By using the abbreviations introduced in (12) we derive the following
lemma.

Lemma 4 After one step of the expansion of
P

S 62D0
aS(k), the sum can be

represented by

X
S 62 D0

aS(k) =
X

S 62 D0

aS(k − 1) −
X

S 2 D1

r0(S)
n0 � aS(k − 1) +

+
X

S 2 D1

r0(S)X
j = 1

Sj 2 D0 \ �(S)

f(S; Sj ; 1)
n0 � aSj (k − 1):

The diminishing factor
(
1 − r0(S)=n0 � appears by de�nition for all elements

of D1. At subsequent reduction steps, the factor is \transmitted" successively
to all probabilities from higher distance levels Di because any element of Di

has at least one neighbor from Di−1. The main task is now to analyze how this
diminishing factor changes, if it is propagated to the next higher distance level.
We denoteX

S 62 D0

aS(k) =
X

S 62 D0

�(S; t) � aS(k − t) +
X

S0 2 D0

�(S0; t) � aS0(k − t);(16)

i.e., the coe�cients �(S; t) and �(S0; t) are the factors at probabilities after t
steps of an expansion of

P
S 62 D0

aS(k). Hence, for S 2 D1 we have �(S; 1) =
1 − r0(S)=n0, and �(S; 1) = 1 for the remaining S 2 Dsn(D0 [ D1). For S0 2 D0

we have from Lemma 4:

�(S0; 1) =
p(S0)X
i = 1

Si 2 D1 ^ S0 2 �(Si)

f(Si; S
0; 1)

n0 :(17)

Starting from step (k−1), the generated probabilities aS0(k−u) are expanded in
the same way as all other probabilities. We set �(S; j) := 1 − �(S; j) because we
are mainly interested in the convergence �(S; j) ! 0. We perform an inductive
step from (k − t + 1) to (k − t) and obtain for t � 2:
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Lemma 5 The following recurrent relation is valid for the coe�cients �(S; t),
t � 2:

�(S; t)=�(S; t − 1) � KS(k − t) +
X

S�ZS0

�(S0; t − 1)
n0 +

X
S<ZS00

�(S00; t − 1)
n0 � f(S00; S; t):

Furthermore, for the three special cases S 2 Dj ; j > t, S 2 D1; t = 1, and
S 2 D0; t = 1 we have, �(S; t) = 0, �(S; t) = r0(S)=n0, and �(S; t) = 1 −Pp(S)

j=1 f(Sj; S; 1)=n0, with Sj 2 D1 ^ S 2 �(Sj) respectively.

Exactly the same structure of the equation is valid for �(S; t) which will be used
for elements of D0 only because these elements are not present in the original
sum

P
S 62D0

aS(k). Now, any �(S; t) and �(S; t) is expressed by a sum
P

u Tu of
arithmetic terms. We consider in more details the terms associated with elements
S0 of D0 and S1 of D1. We assume a representation �(S0; t − 1) =

P
T (S0),

and �(S; t − 1) =
P

T (S), S 62 D0.
If we consider r0(S1)=n0 and

P
S0<Z S1 f(S1; S0; t)=n0 separately, the di�cul-

ties arising from the de�nition �(S; t) := 1−�(S; t) can be avoided, i.e., we have
to take into account only changing signs of terms during the transmission from
D1 to D0 and vice versa.

De�nition 2 The two expressions r0(S1)=n0, and
P

S0<Z S1 f(S1; S0; t)=n0, are
called source terms of �(S1; t) and �(S0; t), respectively.

During an expansion of
P

S 62D0
aS(k) backwards according to (13), the source

terms are distributed permanently to higher distance levels Dj . Therefore, at
higher distance levels the notion of a source term can be de�ned by an inductive
step:

De�nition 3 For all S 2 Di, i > 1, any term which is generated according
to the equation of Lemma 5 from a source term of �(S0; t − 1), where S0 2
Di−1 \ �(S), is said to be a source term of �(S; t).

We introduce a counter e(T ) to terms T which indicates the step at which the
term has been generated from source terms. The value e(T ) is called the rate of
a term and we set e(T ) = 1 for source terms T .

The value e(T ) > 1 is assigned to terms related to D0 and D1 in a slightly
di�erent way compared to higher distance levels because at the �rst step the S0

do not participate in the expansion of
P

S 62D0
aS(k). Furthermore, in the case

of D0 and D1 we have to take into account the changing signs of terms which
result from the simultaneous consideration of �(S1; t) (for D1) and �(S0; t) (for
D0).

De�nition 4 A term T 0 is called a jth rate term of �(S0; t), S0 2 D0 and
j � 2, if either S0 = −T and e(T ) = j − 1 for some �(S; t − 1), S 2 D1 \ �(S0),
or e(T 0) = j − 1 for some �(S0; t − 1), S0 2 D0 \ �(S0).

A term T is called a jth rate term of �(S; t), S1 2 D1 and j � 2, if e(T ) =
j − 2 for some �(S0; t − 1), S0 2 D2 \ �(S1), e(T ) = j − 1 for some �(S0; t − 1),
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S0 2 D1 \ �(S1), or T = −T 0 and e(T 0) = j − 1 for some S0 2 D0 \ �(S1) with
respect to �(S0; t − 1).

A term T is called a jth rate term of �(S; t), S 2 Di and i; j � 2, if e(T ) =
j − 1 for some �(S0; t − 1), S0 2 Di+1 \ �(S), e(T ) = j − 1 for some �(S0; t − 1),
S0 2 Di \ �(S), or T is a jth rate term of �(S; t − 1) for some S 2 Di−1.

The classi�cation of terms will be used for a partition of the summation over
all terms which constitute particular values �(S1; t) and �(S0; t). Let Tj(S; t) be
the set of jth rate arithmetic terms of �(S1; t) (�(S0; t)) related to S 2 Ds. We
set

Aj(S; t) :=
X

T2Tj(S;t)

T:(18)

The same notation is used in case of S = S0 2 D0 with respect to �(S1; t), and
we obtain by induction

�(S; t) =
t−i+1X
j=1

Aj(S; t) and �(S0; t) =
tX

j=1

Aj(S0; t):(19)

For S 2 Di 6= D1; D0 and j � 2 we obtain immediately from Lemma 5 and
De�nition 4:

Aj(S; t) = Aj−1(S; t − 1) � KS(k − t) +(20)

+
X

S0 �Z S
S0 2 Di+1

Aj−2(S0; t − 1)
n0 +

X
S00 >Z S

S00 2 Di+1

Aj−2(S00; t − 1)
n0 � f(S00; S; t) +

+
X

S0 �Z S
S0 2 Di

Aj−1(S0; t − 1)
n0 +

X
S00 >Z S
S00 2 Di

Aj−1(S00; t − 1)
n0 � f(S00; S; t) +

+
X

S0 �Z S
S0 2 Di−1

Aj(S0; t − 1)
n0 +

X
S00 >Z S

S00 2 Di−1

Aj(S00; t − 1)
n0 � f(S00; S; t):

In case of S 2 D1 and j � 2, we have in accordance with De�nition 4:

Aj(S; t) = Aj−1(S; t − 1) � KS(k − t) +(21)

+
X

S0 �Z S
S0 2 D1

Aj−1(S0; t − 1)
n0 +

X
S00 >Z S
S00 2 D1

Aj−1(S00; t − 1)
n0 � f(S00; S; t) +

+
X

S00 >Z S
S00 2 D2

Aj−2(S00; t − 1)
n0 � f(S00; S; t) −

X
S02D0\�(S)

Aj−1(S0; t − 1)
n0 :
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Finally, the corresponding relation for S0 is given by

Aj(S0; t) = Aj−1(S0; t − 1) � KS0(k − t) −
X

S>ZS0

Aj−1(S; t − 1)
n0 � f(S; S0; t):(22)

We incorporate (20) till (22) in the following upper bound:

Lemma 6 Given S 2 F , k � nO(Γ ), there exist constants a; b; c > 1 such that

jAj(S; t) j < ja � 2−k1=b

;

where j � k=c is required.

The proof is performed by induction, using the representations (20) till (22) for
increasing i and j, and we employ similar relations as in [19], Lemma 10 and
Lemma 11. In the present case, we utilize the reversibility of the neighborhood
relation and therefore the lower bound on k depends directly on Γ .

We compare the computation of �(S; t) (and �(S0; t)) for two di�erent values
t = k1 and t = k2, i.e., �(S; t) is calculated backwards from k1 and k2, respec-
tively. To distinguish between �(S; t) and related values, which are de�ned for
di�erent k1 and k2, we will use an additional upper index. At this point, we
use again the representation (19) of �(S; t) (and the corresponding equation for
�(S0; t)).

Lemma 7 Given k2 � k1 and S 2 Di, then

A1
2(S; t) = A2

2(S; k2 − k1 + t); if t � i + 2:

The proposition can be proved straightforward by induction over i, i.e., the sets
Di. Lemma 7 implies that at step s + 2 (with respect to k1)

A1
2(S; s + 2) = A2

2(S; k2 − k1 + s + 2) for all S 2 Ds:

For A1
1(S; t), the corresponding equality is already satis�ed in case of t � s. The

relation can be extended to all values j � 2:

Lemma 8 Given k2 � k1, j � 1, and S 2 Di, then

A1
j (S; t) = A2

j (S; k2 − k1 + t); if t � 2 � (j − 1) + i:

We recall that our main goal is to upper bound the sum
P

S 62D0
aS(k). When

a(0) denotes the initial probability distribution, we have from (16):

j
X

S 62D0

aS(k1) −
X

S 62D0

aS(k2) j �(23)

�
X

S 62D0

�(S; k1)
�

� aS(0) j + j
( X

S02D0

�(S0; k1) −
X

S02D0

�(S0; k1)
�

� aS0(0) j :
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Lemma 9 Given k2 � k1 > nO(Γ ), then

j
X

S 62D0

(
�(S; k2) − �(S; k1)

�
� aS(0) j < 2− k

1=�
1

for a suitable constant � > 1.

The proof follows straightforward from Lemma 6 and Lemma 8. The same rela-
tion can be derived for the �(S0; k1=2). Now, we can immediately prove

Theorem 3 The condition

k > nO(Γ ) � logO(1) 1
�

implies for arbitrary initial probability distributions a(0) and � > 0:X
S 62D0

aS(k) < � and therefore,
X

S02D0

aS0(k) > 1 − �:

Proof: We choose k in accordance with Lemma 9 and we considerX
S 62D0

aS(k)=
X

S 62D0

(
aS(k) − aS(k2)

�
+

X
S 62D0

aS(k2)

=
X

S 62D0

(
�(S; k2) − �(S; k)

�
� aS(0) +

+
X

S02D0

(
�(S0; k) − �(S0; k2)

�
� aS0(0) +

X
S 62D0

aS(k2):

The value k2 from Lemma 9 is larger but independent of k1 = k, i.e., we can
take a k2 > k such that

P
S 62D0

aS(k2) < �=3. Here, we employ Theorem 1
and 2, i.e., if the constant Γ from (7) is su�ciently large, the inhomogeneous
simulated annealing procedure de�ned by (3) till (5) tends to the global minimum
of Z on F . We obtain the stated inequality, if additionally both di�erencesP

S 62D0

(
�(S; k2) − �(S; k)

�
and

P
S02D0

(
�(S0; k) − �(S0; k2)

�
are smaller than

�=3. Lemma 9 implies that the condition on the di�erences is satis�ed in case of
k

1=�
1 > log (3=�). q.e.d.
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Abstract. The theta function of a graph, also known as the Lov�asz
number, has the remarkable property of being computable in polynomial
time, despite being \sandwiched" between two hard to compute integers,
i.e., clique and chromatic number. Very little is known about the explicit
value of the theta function for special classes of graphs. In this paper we
provide the explicit formula for the Lov�asz number of the union of two
cycles, in two special cases, and a practically e�cient algorithm, for the
general case.

1 Introduction

The notion of capacity of a graph was introduced by Shannon in [14], and after
that labeled as Shannon capacity. This concept arises in connection with a graph
representation for the problem of communicating messages in a zero-error chan-
nel. One considers a graph G, whose vertices are letters from a given alphabet,
and where adjacency indicates that two letters can be confused. In this setting,
the maximum number of one-letter messages that can be sent without danger
of confusion is given by the independence number of G, here denoted by �(G).
If �(Gk) denotes the maximum number of k-letter messages that can be safely
communicated, we see that �(Gk) � �(G)k. Moreover one can readily show that
equality does not hold in general (see, e.g., [11]). The Shannon capacity of G
is the number �(G) = limk!1 k

p
�(Gk) ; which, by the previous observations,

satis�es �(G) � �(G), where equality does not need to occur.
It was very early recognized that the determination of the Shannon capacity

is a very di�cult problem, even for small and simple graphs (see [8, 13]). In
a famous paper of 1979, Lov�asz introduced the theta function #(G), with the
explicit goal of estimating �(G) [11].

Shannon capacity and Lov�asz theta function attracted a lot of interest in the
scienti�c community, because of the applications to communication issues, but
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also due to the connections with some central combinatorial and computational
questions in graph theory, like computing the largest clique and �nding the
chromatic number of a graph (see [2, 3, 4, 6] for a sample of the wealth of
di�erent results and applications of #(G) and �(G)). Despite a lot of work in
the �eld, �nding the explicit value of the theta function for interesting special
classes of graphs is still an open problem.

In this paper we present some results on the theta function of circulant
graphs, i.e., graphs which admit a circulant adjacency matrix. We recall that a
circulant matrix is fully determined by its �rst row, each other row being a cyclic
shift of the previous one. Such graphs span a wide spectrum, whose extremes are
the single cycle and the complete graph. We either give a formula or an algorithm
for computing the Lov�asz number of circulant graphs given by the union of
two cycles. The algorithm is based on the computation of the intersection of
halfplanes and (although its running time is O(n log n) in the worst case, as
compared with the linear time achievable through linear programming) is very
e�cient in practice, since it exploits the particular geometric structure of the
intersection.

2 Preliminaries

There are several equivalent de�nitions for the Lov�asz theta function (see, e.g.,
the survey by Knuth [10]). We give here the one that comes out of Theorem 6
in [11], because it requires only little technical machinery.

De�nition 1. Let G be a graph and let A be the family of matrices A = (aij)
such that aij = 0 if i and j are adjacent in G. Also, let �1(A) � �2(A) � : : : �
�n(A) denote the eigenvalues of A. Then

#(G) = max
A2A

�
1 − �1(A)

�n(A)

�
:

Combining the fact that �(G) � #(G) with the easy lower bound �(C5) �p
5, Lov�asz has been able to determine exactly the capacity of C5, the pentagon,

which turns out to be
p

5.
For several families of simple graphs, the value of #(G) is given by explicit

formulas. For instance, in the case of odd cycles of length n we have

#(Cn) =
n cos(�=n)

1 + cos(�=n)
:

We now sketch the proof of correctness of the above formula (see [10] for more
details), because it will be instrumental to the more general results obtained in
this paper.

With reference to the de�nition of the Lov�asz number which resorts to the
minimum of the largest eigenvalue over all feasible matrices (Section 6 in [10]), in
the case of n-cycles, we have that a feasible matrix has ones everywhere, except
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on the superdiagonal, subdiagonal and the upper-right and lower-left corners, i.e.
it can be written as C = J +xP +xP −1, where J is a matrix whose entries are all
equal to one, and P is the permutation matrix taking j into (j +1) mod n. It is
well known and easy to see that the eigenvalues of C are n+2x, and x(!j +!−j),
for j = 1; : : : ; n − 1, where ! = e2�i=n. The minimum over x of the maximum of
these values is obtained when n + 2x = −2x cos�=n, which immediately leads
to the above formula.

3 The Function # of Circulant Graphs of Degree 4

Let n be an odd integer and let j be such that 1 < j � n−1
2 . Let C(n; j)

denote the circulant graph with vertex set f0; :::; n − 1g and edge set ffi; i +
1 mod ng; fi; i + j mod ng; i = 0; :::; n − 1g. By using the approach sketched in
[10], we can easily obtain the following result.

Lemma 1. Let f0(x; y) = n + 2x+ 2y and, for some �xed value of j, fi(x; y) =
2x cos 2�i

n + 2y cos 2�ij
n , i = 1; :::; n − 1. Then

#(C(n; j)) = min
x;y

max
i

�
fi(x; y) ; i = 0; 1; : : : ;

n − 1
2

�
: (1)

Proof. Follows from the same arguments which lead to the known formula for
the Lov�asz number of odd cycles [10] (i.e., taking advantage of the fact that we
can restrict the set of feasible matrices within the family of circulant matrices)
and observing that, for i � 1, fi(x; y) = fn−i(x; y). ut

3.1 A Linear Programming Formulation

Throughout the rest of this paper we will consider the following linear program-
ming formulation of (1).

minimize z
s.t. fi(x; y) − z � 0; i = 0; :::; n−1

2 ;
z � 0;

(2)

where the fi(x; y)’s are de�ned in Lemma 1.
Consider the intersection C of the closed halfspaces de�ned by z � 0 and

fi(x; y) − z � 0, i = 1; :::; n−1
2 (which is not empty, since any point (0; 0; k),

k � 0, satis�es all the inequalities). C is a polyhedral cone with the apex at the
origin. This follows from the two following facts, which can be easily veri�ed: (1)
the equations fi(x; y) − z = 0, i � 1, de�ne hyperplanes through the origin; (2)
for any z0 > 0, the projection Qz0 of C

Tfz = z0g onto the xy plane is a polygon,
i.e., Qz0 is bounded1 (see Fig. 1, which corresponds to the graph C(13; 2)).

Consider now the �rst constraint of formulation (2). The region represented
by such constraint is the halfspace above the plane A with equation n + 2x +
1 In the appendix we shall give a rigorous proof of this fact for the case j = 2.
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Fig. 1. The polyedral cone for n = 13 and j = 2 cut at z = 2

2y − z = 0. It is then easy to see that the minimum �z of (2) will correspond to
the point P = (�x; �y; �z) of C that is the last met by a sweeping line, parallel to
the line y = −x, which moves on the surface of A towards the negative ortant
(we will simply refer to these as to the extremal vertices). In particular, �x and
�y are the coordinates of the extremal vertex v of the convex polygon Q�z in the
third quadrant. The lines which de�ne v have equations 2x cos�+2y cos(�j) = �z
and 2x cos� + 2y cos(�j) = �z, where � = 2�i1

n and � = 2�i2
n , for some indices

i1 and i2. The key property, which we will exploit both to determine a closed
formula for the # (in the cases j = 2 and j = 3) and to implement an e�cient
algorithm for the general case of circulant graphs of degree 4, is that i1 and i2
can be computed using \any" projection polygon Qz0, z0 > 0, and determining
its extremal point in the third quadrant. Once i1 and i2 are known, �z can be
computed by solving the following linear system8<

:
2x cos� + 2y cos(j�) − z = 0;
2x cos� + 2y cos(j�) − z = 0;

2x + 2y − z = −n:
(3)

3.2 The Special Case j = 2

The detailed proof of the following theorem is deferred to the appendix.

Theorem 1.

#(C(n; 2)) = n

�
1 −

1
2 − cos(2�

n bn=3c) − cos(2�
n (bn=3c + 1))

(cos(2�
n bn=3c) − 1)(cos(2�

n (bn=3c + 1)) − 1)

�
: (4)

3.3 The Special Case j = 3

Consider again the projection polygon Qz0 , for some z0 > 0. We know from
Section 3.1 that the value of # is the optimal value �z of the objective function in
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Fig. 2. Lines forming the extremal vertex P

the linear program (2), and that this value is achieved at the extremal vertex P
of Q�z in the third quadrant. Also, we know that any projection polygon Qz0 can
be used to determine the two lines fi(x; y)− �z = 0, i � 1, which form P . It turns
out that �nding such lines is easy when j = 3. In the following we will say that
the line li has positive x-intercept (resp., y-intercept) if the intersection between
li and the x-axis (resp., y-axis) has positive x-coordinate (resp., y-coordinate),
otherwise we will say that the intercept is negative. The crucial observation is
the following. Among the lines with negative x- and y-intercepts, lbn=2c is the
one for which these intersections are closest to the origin. It then follows that
P must lay on this line and (after a moment of thought) that the second line
forming P must be searched among those with positive slope. Let xi and yi

denote the coordinates of the intersection between the line li and the line lbn=2c.
Now, since lbn=2c is slightly steeper than the line with equation y = −x, the line
sought will be the one with positive x-intercept, negative y-intercept, and such
that yi is maximum (see Fig. 2). We shall prove that such line is the one with
index �n = dn−3

6 e.

To this end, observe �rst that the requirement of positive x-intercept and
negative y-intercept implies n

12 < i < n
4 (recall that li has equation y =

− cos 2�i
n

cos 6�i
n

x+ z0
cos 6�i

n

). To prove that l�n maximizes yi we show that, for any integer
i 6= �n in the interval n

12 < i < n
4 , the three points vi = (xi; yi), v�n = (x�n; y�n) and

O = (0; 0) form a clockwise circuit. We already know (see the Appendix) that
this amounts to proving that d(vi; v�n; O) = xiy�n − yix�n < 0. This is easy; the
only formal di�culty is working with the integer part of n−3

6 . Clearly this might
be circumvent by dealing with the three di�erent cases, namely n = 6k + 1,
n = 6k + 3, and n = 6k + 5, for some positive integer k. For simplicity we shall
prove the �rst case only. Now, for n = 6k + 1 we have dn−3

6 e = n−1
6 and, using

z0 = 2,
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x�n = cos 3�
n −cos �

n

cos 3�
n cos( �

3 − �
3n )+cos2 �

n

; y�n =
− cos �

n −cos(�
3 − �

3n)
cos 3�

n cos(�
3 − �

3n)+cos2 �
n

;

xi = cos 3�
n +cos 6�i

n

cos 3�
n cos 2�i

n −cos 6�i
n cos �

n

; yi = cos �
n +cos 2�i

n

cos �
n cos 6�i

n −cos 3�
n cos 2�i

n

:

After some relatively simple algebra we obtain

d(vi; v�n; O) =
� + � + γ(

cos 3�
n cos

(
�
3 − �

3n

�
+ cos2 �

n

� (
cos 3�

n cos 2�i
n − cos �

n cos 6�i
n

� ;
where

� = cos �
n

(
cos 6�i

n + cos �
n

�
;

� = cos(2�i
n )
(
cos �

n − cos 3�
n

�
;

γ = cos
(

�
3 − �

3n

� (
cos 3�

n + cos 6�i
n

�
:

It is easy to check that �; �; γ > 0 while the denominator of d(vi; v�n; O) is
negative for the admissible values of i. We are now able to determine the value
of the # function of C(n; 3).

Theorem 2.

#(C(n; 3)) = n

 
1 − cos2 �

n
−cos �

n
cos

2�d n−3
6 e

n
+cos2 2�d n−3

6 e
n

−1

(cos �
n

+1)(cos
2�d n−3

6
e

n
−1)(1−cos �

n
+cos

2�d n−3
6

e
n

)

!
: (5)

Proof. #(C(n; 3)) is the value of z in the solution to the linear system (3) where
j = 3, i.e., z = n

�
1 − cos2 �+cos � cos �+cos2 �−1

(1−cos �)(cos �−1)(cos �+cos �+1)

�
; where � = 2�i1

n and

� = 2�i2
n . By the previous results we know that i1 = bn

2 c and i2 = dn−3
6 e.

Plugging these values into the expression for z we get the desired result. ut

4 An E�cient Algorithm and Computational Results

Although the Lov�asz number can be computed in polynomial time, the available
algorithms are far from simple and e�cient (see, e.g., [1]). It is thus desirable
to devise e�cient algorithms tailored to the computation of # for special classes
of graphs. By reduction to linear programming, the theta function of circulant
graphs can be computed in linear time, provided that the number of cycles is
independent of n. The corresponding algorithms are not necessarily e�cient in
practice, though. We briefly describe a practically e�cient algorithm for com-
puting #(C(n; j)), i.e., in case of two cycles.

The algorithm �rst determines the 2 lines forming the extremal vertex of Q1

in the third quadrant, then solves the resulting 3 � 3 linear system (i.e., the
system (3)). More precisely, the algorithm incrementally builds the intersection
of the halfplanes which de�ne Q1 (considering only the third quadrant) and
keeps track of the extremal point. The running time is O(n log n) in the worst
case (i.e., it does not improve upon the optimal algorithms for computing the
intersection of n arbitrary halfplanes or, equivalently, the convex hull of n points
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in the plane). However, it does make use of the properties of the lines bounding
the halfplanes to keep the number of vertices of the incremental intersection
close to the minimum possible. In some cases (such as C(n; 2)) this is still Ω(n),
but for most values of n and j it turns out to be substantially smaller.

Using the above algorithm we have performed some preliminary experiments
to get insights about the behavior of the theta function for the special class of
circulant graphs considered in this abstract. Actually, since the value sandwiched
by the clique and the chromatic number of C(n; j) is the theta function of C(n; j)
(i.e., the complementary graph of C(n; j)), the results refer to #(C(n; j)) =

n
#(C(n;j)) .

Table 4 shows #(C(n; j)) approximated to the four decimal place, for a num-
ber of values of n and j. It is immediate to note that, for a �xed value of j,
the values of the theta function seem to slowly approach, as n grows, the lower
bound (given by the clique number), which happens to be 2 almost always (ob-
vious exceptions occur when 3 divides n and j = n

3 .

Table 1. Some computed values of #(C(n; j))

4 5 6 7 b n
4 c d n

4 e b n
3 c b n

3 c + 1 n−3
2

51 2:2446 2:0474 2:1227 2:0838 2:1297 2:2446 3 2:0173 2:2446
101 2.2383 2.0121 2.1122 2.0228 2.2383 2.1162 2.2383 2.0044 2.2383
201 2.2366 2.0031 2.1103 2.0059 2.2366 2.1113 3 2.0011 2.2366
301 2.2363 2.0014 2.1099 2.0027 2.2363 2.1099 2.0005 2.2363 2.2363
401 2.2362 2.0008 2.11 2.0015 2.2362 2.1102 2.2362 2.0003 2.2362
501 2.2362 2.0005 2.11 2.001 2.2362 2.1102 3 2.0002 2.2362

1001 2.2361 2.0001 2.1099 2.0002 2.2361 2.1099 2.2361 2 2.2361
2001 2.2361 2 2.1099 2.0001 2.2361 2.1099 3 2 2.2361
3001 2.2361 2 2.1099 2 2.2361 2.1099 2 2.2361 2.2361
4001 2.2361 2 2.1099 2 2.2361 2.1099 2.2361 2 2.2361
5001 2.2361 2 2.1099 2 2.2361 2.1099 3 2 2.2361

10001 2.2361 2 2.1099 2 2.2361 2.1099 2.2361 2 2.2361

This is con�rmed by the results in Table 2, which depicts the behavior of
the relative distance dnj of #(C(n; j)) from the clique number. We only con-
sider odd values of j (so that the clique number is always 2); we also rule out
the cases where j = n

3 , for which we know there is a (relatively) large gap be-
tween clique number and theta function. More precisely, Table 2 shows: (1) the
maximum relative distance M = maxj;n dnj , where n ranges over all odd in-
tegers from 9 to �n; (2) the average relative distance � = 1

N�n

P
j;n dnj , where

N�n is the number of admissible pairs (n; j); (3) the average quadratic distance
� = 1

N�n

P
j;n (dnj − �)2.

The regularities presented by the value of the theta function and by the
geometric structure of the optimal lines suggest the possibilities of further ana-
lytic investigations. For instance, we have observed that, for j = 4, the formula
i = b n

2� arccos−1−p
5

4 c seems to correctly predict the index of the �rst optimal
line, in perfect agreement with the experimental results. In general, for j even
and j << n, up to a value �|, the optimal point seems to always correspond
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Table 2. Relative distances of #(C(n; j)) from the clique number

n M � �

101 0.372402 0.056077 0.004343
201 0.372402 0.033712 0.002600
301 0.372402 0.024840 0.001876
401 0.372402 0.019897 0.001471
501 0.372402 0.016734 0.001214

1001 0.372402 0.009657 0.000653

to two consecutive indices. For j odd, the �rst line giving the optimal point is
almost always obtained at the index n−1

2 ; the second line varies with j, but with
a regular behaviour.

5 Conclusions

This paper has provided a �rst step towards extending the class of graphs for
whose theta function either a formula or a very e�cient algorithm is available.
Work in progress by the authors [5] aims at �nding an e�cient algorithm for
more general circulant graphs. We believe that the results of this paper together
with the above mentioned more general results will contribute to shedding new
lights on the properties of this fascinating function.
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Appendix

In this appendix we shall prove Theorem 1. Before that, we need to establish
the following subsidiary result.

Theorem 3. Let n be odd and n � 7. Also, as in Section 3, let C be the inter-
section of the halspaces de�ned by the inequalities z � 0 and fi(x; y) − z � 0,
i = 1; :::; n−1

2 . Then, C is a polyhedral cone with the apex at the origin. The
1-dimensional faces of C (i.e., the edges of C) are the intersections (in the half-
space z � 0) of \consecutive" pairs of planes Pi, Ps(i), where Pi is de�ned by
the equation fi(x; y) − z = 0 and

s(i) =
�

i + 1 if i < n−1
2 ;

1 otherwise.

Proof. It is su�cient to show that (1) for any z0 > 0, Qz0 is bounded2 (i.e., is
a polygon), so that the polyhedron is indeed a pointed cone with the apex at
the origin, and (2) Qz0 has exactly n−1

2 vertices, formed by the intersections of
pairs of consecutive lines li and ls(i), where li has equation fi(x; y) − z0 = 0,
i = 1; ::; n−1

2 . To this end, we �rst establish a couple of preliminary results.
Given any two intersecting lines l and l0 in the 2D space, we will say that

l0 is clockwise from l if the two lines can be overlapped by rotating l clockwise
around the intersection point by an angle of less than �=2 radians.

Lemma 2. For n � 11, li+1 is clockwise from li, i = 1; :::; n−1
2 − 1.

Proof. The equation de�ning li can be written as y = mjx + qi, where mt =

− cos 2�t
n

cos 4�t
n

. Thus −�
2 < ’i = arctg(mi) < �

2 is the angle between the positive
x-axis and li. It is clearly su�cient to prove the following statements.

1. If ’i’i+1 > 0 then ’i > ’i+1;
2. if ’i > 0 and ’i+1 < 0 then ’i − ’i+1 < �

2 ;
3. if ’i < 0 and ’i+1 > 0 then ’i+1 − ’i > �

2 .

2 Recall that Qz0 is the projection of C
Tfz = z0g onto the xy plane.
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It is not di�cult to see that Condition 1 (i.e., ’i’i+1 > 0) occurs if and only
if �

4 (k − 1) < cos�i < cos�i+1 < �
4 k, for some k 2 f1; 2; 3; 4g. Since the

denominator of mt does not vanish when t 2 [i; i + 1], then mt is a continuous
function. We shall then prove that ’i > ’i+1 by showing that, for t 2 [i; i + 1],
mt is a monotone decreasing function of t. Indeed, we have

dmt

dt
= −2�

n

− sin�t cos 2�t + 2 cos�t sin 2�t

cos2 2�t

=
2�

n

sin�t cos 2�t − 4 sin�t cos2 �t

cos2 2�t

=
2�

n

sin�t(cos 2�t − 4 cos2 �t)
cos2 2�t

=
2�

n

sin�t(2 cos2 �t − 1 − 4 cos2 �t)
cos2 2�t

=
2�

n

sin�t(−1 − 2 cos2 �t)
cos2 2�t

< 0:

The proof of statements 2 and 3 becomes simpler if we assume that n be large
enough (although only statement 3 requires that n � 11 in order to hold true).
Suppose �rst that ’i > 0 and ’i+1 < 0. This only happens if 2�i

n < �
2 < 2�(i+1)

n
(i.e., if both angles are close to �

2 ). For n large enough this clearly means that
both mi and −mi+1 are positive and close to zero, which in turn implies that
’i − ’i+1 is close to 0.
The proof of statement 3 is similar. The condition ’i < 0 and ’i+1 > 0 occurs
if either 2�i

n < �
4 < 2�(i+1)

n or 2�i
n < 3�

4 < 2�(i+1)
n . It both cases, −mi and mi+1

approach in�nity as n grows, which means that ’i+1 − ’i approaches �. ut

As an example, in Fig. 3 we see (following the clockwise order) that, for n = 13
and i = 1; 2; 3, the line li+1 is indeed clockwise from li.

Lemma 3. For i = 1; :::; n−1
2 −1, let vi = li

T
li+1 denote the intersection point

between li−1 and li. Then any two points vi and vi+1, for i = 1; :::; n−1
2 − 2,

together with the origin form a clockwise circuit.

Proof. It is well known (see, e.g., [12]) that three arbitrary points a = (a0; a1),
b = (b0; b1), and c = (c0; c1) form a clockwise circuit if and only if

d(a; b; c) =

������
a0 a1 1
b0 b1 1
c0 c1 1

������ < 0:

In our case c0 = c1 = 0, so that the above determinant simpli�es to a0b1 − a1b0,
where a0 and a1 (resp., b0 and b1) are the coordinates of vi (resp., vi+1). To
determine a0 and a1 we can solve the 2 � 2 linear system (where, for simplicity,
we have set z0 = 1) �

fi(x; y) − 1 = 0
fi+1(x; y) − 1 = 0;
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Fig. 3. Lines add in clockwise order (n = 13)

obtaining

x =
cos(2t(i + 1)) − cos(2ti)

2(cos(2t(i + 1)) cos(ti) − cos(2ti) cos(t(i + 1)))
;

and

y =
cos(ti) cos(2ti) − cos(2ti) cos(t(i + 1))

2 cos(2ti)(cos(2t(i + 1)) cos(ti) − cos(2ti) cos(t(i + 1)))
;

where t = 2�
n .

For vi+1 we clearly obtain similar values (the correspondence being is exactly
given by replacing i with i+1 everywhere). After some simple but quite tedious
algebra, the corresponding formula for the determinant simpli�es to

d(vi; vi+1; O) =
cos(t) cos(t(i + 1)) − cos(ti)

(2 cos(ti) cos(t(i + 1)) + 1)(2 cos(t(i + 1)) cos(t(i + 2)) + 1)
:

We now prove that d = d(vi; vi+1; O) < 0. Consider the numerator of d. Since
cos(ti) > cos(t(i+1)) (recall that 0 < ti < t(i+1) < t(i+2) < �), the numerator
is clearly negative when cos(ti) > 0. However, since cos(t) cos(t(i+1))−cos(ti) =
cos(t(i + 2)) − cos(t) cos(t(i + 1)) we can easily see that the numerator is also
negative when cos(ti) < 0. It remains to show that the denominator of d is
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positive. The denominator is the product of two terms, and the same argument
applies to each of them. Clearly 2 cos(ti) cos(t(i+1))+1 > 0 when cos(ti) cos(t(i+
1)) > 0. Hence the term might be negative only when ti < �

2 < t(i + 1). In this
case, however, both angles are close to �

2 and thus j2 cos(ti) cos(t(i+1))j is small
compared to 1 (as in the proof of Lemma 2, this fact is obvious for large n,
although it holds for any n � 7). ut
We are now able to complete the proof of Theorem 3. As in Lemma 3, let vi

denote the intersection point of li−1 and li, i = 1; :::; n−1
2 − 1. Also, let vn−1

2

denote the intersection point of ln−1
2

and l1. By lemmas 2 and 3, we know that
any three consecutive vertices of the closed polygon L = [v1; :::; vn−1

2
] make a

right turn (except, possibly, for the two triples which include vn−1
2

and v1). We
also know that the angle ’i, as a function of i, changes sign three times only,
starting from a negative value for i = 1. Hence the polygon L may possibly have
the three shapes depicted in Fig. 4: (1) L is convex, (2) L is simple but not
convex, (3) L is not simple.

Fig. 4. Three possible forms for the polygon L of Theorem 3

Case 2 would clearly correspond to Qz0 being unbounded, while case 3 would
imply that the number of vertices of Qz0 is less than n−1

2 and that not all of them
are formed by the intersection of consecutive lines. Hence, to prove the result,
we have to prove that only Case 1 indeed occurs. But this is easy. In fact, cases
2 and 3 can be ruled out simply by observing that that the three points vn−1

2
,

v1, and O make a left turn, while in case 1 they make a right turn. Computing
the appropriate determinant d we get

d =
−(2� − 1)(� + 1)(4�2 − 2� − 1)

2(4�3 − 2� − 1)(32�6 − 48�4 + 20�2 − 1)
;

where � = cos �
n . Now, the numerator is negative for x > :8090169945 (the

largest root of 4x2 − 2x − 1 = 0) while the denominator is positive for x >
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:8846461772 (the unique real root of 4x3 −2x−1 = 0). But for n = 7 we already
have � = :9009688678; hence d < 0 for any n � 7 and the three points make a
right turn, as required.
As the last observation, we recall that the proof holds for odd n � 11 (because
of Lemma 2). However, the result is true for any odd n � 7, as can be seen by
directly checking the cases n = 7 and n = 9 (see Fig. 5). ut

Fig. 5. Projection Qz0 for n = 7 (left) and n = 9

Proof of Theorem 1. Consider the linear system (3) with j = 2. By Theorem
3, we know that � = 2�i

n and � = 2�(i+1)
n , for some i 2 �1; :::; n−1

2 − 1
}
. The

solution to (3) is given by x = n
2

cos �+cos �
(cos �−1)(cos �−1) , y = −n

4
1

(cos �−1)(cos �−1) , and

z = n + 2x + 2y = n
�
1 − 1

2 −cos �−cos �

(cos �−1)(cos �−1)

�
. Our goal is now to determine the

value of i which minimizes z. More precisely, we will compute the minimum,
over the set

�
1; 2; :::; n−1

2 − 1
}
, of the following function

gn(x) =
cos 2�x

n + cos 2�(x+1)
n − 1

2

(cos 2�x
n − 1)(cos 2�(x+1)

n − 1)
:

gn(x) is a continuous function in the open interval (0; 2�), with limx!0+ =
limx!2�− = +1. Computing the derivative we obtain

g0
n(x) = −

�
�
csc �x

n csc �(1+x)
n

�3

8n
hn(x);

where hn(x) = sin (2x−1)�
n + sin (2x+3)�

n + sin (4x+1)�
n + sin (4x+3)�

n . Clearly,
g0

n(x) = 0 if and only if hn(x) = 0. As a �rst rough argument (which is useful
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just to locate the zero x̂ of hn), we note that hn(x) > 0 if (4x+3)�
n � �. This

implies that x̂ must be greater than n−3
4 . But then, for n large enough, we may

\approximate" hn(x) with �hn(x) = 2 sin 2x�
n +2 sin 4x�

n which vanishes at x = n
3 .

So x̂ � n
3 and we see that �

2 < 2x̂−1 < 2x̂+3 < � and � < 4x̂+1 < 4x̂+3 < 3�
2 .

We now use this result to obtain tight bounds for x̂. We observe that hn(x) is
positive if

sin
�

2� − (4x + 3)�
n

�
= max

�����sin (4x + 3)�
n

���� ;
����sin (4x + 1)�

n

����
�

< min
�

sin
(2x − 1)�

n
; sin

(2x + 3)�
n

�

= sin
(2x + 3)�

n
;

which amounts to saying that x̂ cannot be less than n
3 − 1. Analogously, hn(x)

is negative if

sin
�

2� − (4x + 1)�
n

�
= min

�����sin (4x + 3)�
n

���� ;
����sin (4x + 1)�

n

����
�

> max
�

sin
(2x − 1)�

n
; sin

(2x + 3)�
n

�

= sin
(2x − 1)�

n
;

which implies that x̂ cannot be larger than n
3 . This fact allows us to conclude

that the integer value which minimizes gn(x) (and hence z) is one among bn
3 c −

1, bn
3 c and dn

3 e. We now prove that the value sought is bn
3 c by showing that

gn(bn
3 c − 1) − gn(bn

3 c) and gn(dn
3 e) − gn(bn

3 c) are both positive. For simplicity,
we shall use the following notation: fb c−1 = cos 2�(bn=3c−1)

n , fb c = cos 2�(bn=3c)
n ,

fd e = cos 2�(dn=3e)
n , and fd e+1 = cos 2�(dn=3e+1)

n . We have

gn(dn

3
e) − gn(bn

3
c) =

fd e + fd e+1 − 1=2
(fd e − 1)(fd e+1 − 1)

− fb c + fd e − 1=2
(fb c − 1)(fd e − 1)

=
fd efb c − fd e + fd e+1fb c − fd e+1 − 1

2fb c + 1
2

(fb c − 1)(fd e − 1)(fd e+1 − 1)
−

fb cfd e+1 − fb c + fd efd e+1 − fd e − 1
2fd e+1 + 1

2

(fb c − 1)(fd e − 1)(fd e+1 − 1)

=
(fb c − fd e+1)(1

2 + fd e)
(fb c − 1)(fd e − 1)(fd e+1 − 1)

:

The last expression is positive since the denominator is negative, fb c−fd e+1 > 0,
and fd e < − 1

2 . Similarly,

gn(bn

3
c − 1) − gn(bn

3
c) =

fb c−1 + fb c − 1=2
(fb c−1 − 1)(fb c − 1)

− fb c + fd e − 1=2
(fb c − 1)(fd e − 1)
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=
fb c−1fd e − fb c−1 + fb cfd e − fb c − 1

2fd e + 1
2

(fb c−1 − 1)(fb c − 1)(fd e − 1)
−

fb cfb c−1 − fb c + fd efb c−1 − fd e − 1
2fb c−1 + 1

2

(fb c−1 − 1)(fb c − 1)(fd e − 1)

=
(fd e − fb c−1)(1

2 + fb c)
(fb c−1 − 1)(fb c − 1)(fd e − 1))

;

and again the numerator is negative since fd e − fb c−1 < 0 and fb c > − 1
2 . ut
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Abstract. Byte pair encoding (BPE) is a simple universal text com-
pression scheme. Decompression is very fast and requires small work
space. Moreover, it is easy to decompress an arbitrary part of the orig-
inal text. However, it has not been so popular since the compression is
rather slow and the compression ratio is not as good as other methods
such as Lempel-Ziv type compression.
In this paper, we bring out a potential advantage of BPE compression.
We show that it is very suitable from a practical view point of com-
pressed pattern matching, where the goal is to �nd a pattern directly in
compressed text without decompressing it explicitly. We compare run-
ning times to �nd a pattern in (1) BPE compressed �les, (2) Lempel-Ziv-
Welch compressed �les, and (3) original text �les, in various situations.
Experimental results show that pattern matching in BPE compressed
text is even faster than matching in the original text. Thus the BPE
compression reduces not only the disk space but also the searching time.

1 Introduction

Pattern matching is one of the most fundamental operations in string processing.
The problem is to �nd all occurrences of a given pattern in a given text. A lot of
classical or advanced pattern matching algorithms have been proposed (see [8,1]).
The time complexity of pattern matching algorithm is measured by the number
of symbol comparisons between pattern and text symbols. The Knuth-Morris-
Pratt (KMP) algorithm [19] is the �rst one which runs in linear time proportional
to the sum of the pattern length m and the text length n. The algorithm re-
quires additional memory proportional to the pattern length m. One interesting
research direction is to develop an algorithm which uses only constant amount
of memory, preserving the linear time complexity (see [11,7,5,13,12]). Another
important direction is to develop an algorithm which makes a sublinear number
of comparisons on the average, as in the Boyer-Moore (BM) algorithm [4] and
its variants (see [24]). The lower bound of the average case time complexity is
known to be O(n log m=m) [27], and this bound is achieved by the algorithm
presented in [6].
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From a practical viewpoint, the constant hidden behind O-notation plays
an important role. Horspool’s variant [14] and Sunday’s variant [22] of the BM
algorithm are widely known to be very fast in practice. In fact, the former is
incorporated into a software package Agrep, which is understood as the fastest
pattern matching tool developed by Wu and Manber [25].

Recently, a new trend for accelerating pattern matching has emerged: speed-
ing up pattern matching by text compression. It was �rst introduced by Manber
[20]. Contrary to the traditional aim of text compression | to reduce space re-
quirement of text �les on secondary disk storage devices |, text is compressed
in order to speed up the pattern matching process.

It should be mentioned that the problem of pattern matching in compressed
text without decoding, which is often referred to as compressed pattern match-
ing, has been studied extensively in this decade. The motivation is to investigate
the complexity of this problem for various compression methods from the view-
point of combinatorial pattern matching. It is theoretically interesting, and in
practice some algorithms proposed are indeed faster than a regular decompres-
sion followed by a simple search. In fact, Kida et al. [18,17] and Navarro et al.
[21] independently presented compressed pattern matching algorithms for the
Lempel-Ziv-Welch (LZW) compression which run faster than a decompression
followed by a search. However, the algorithms are slow in comparison with pat-
tern matching in uncompressed text if we compare the CPU time. In other words,
the LZW compression did not speed up the pattern matching.

When searching text �les stored in secondary disk storage, the running time
is the sum of �le I/O time and CPU time. Obviously, text compression yields a
reduction in the �le I/O time at nearly the same rate as the compression ratio.
However, in the case of an adaptive compression method, such as Lempel-Ziv
family (LZ77, LZSS, LZ78, LZW), a considerable amount of CPU time is devoted
to an extra e�ort to keep track of the compression mechanism. In order to reduce
both of �le I/O time and CPU time, we have to �nd out a compression scheme
that requires no such extra e�ort. Thus we must re-estimate the performance of
existing compression methods or develop a new compression method in the light
of the new criterion: the time for �nding a pattern in compressed text directly.

As an e�ective tool for such re-estimation, we introduced in [16] a unify-
ing framework, named collage system, which abstracts various dictionary-based
compression methods, such as Lempel-Ziv family, and the static dictionary meth-
ods. We developed a general compressed pattern matching algorithm for strings
described in terms of collage system. Therefore, any of the compression meth-
ods that can be described in the framework has a compressed pattern matching
algorithm as an instance.

Byte pair encoding (BPE, in short) [10], included in the framework of col-
lage systems, is a simple universal text compression scheme based on the pattern-
substitution [15]. The basic operation of the compression is to substitute a single
character which did not appear in the text for a pair of consecutive two char-
acters which frequently appears in the text. This operation will be repeated
until either all characters are used up or no pair of consecutive two characters
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appears frequently. Thus the compressed text consists of two parts: the substi-
tution table, and the substituted text. Decompression is very fast and requires
small work space. Moreover, partial decompression is possible, since the com-
pression depends only on the substitution. This is a big advantage of BPE in
comparison with adaptive dictionary based methods. Despite such advantages,
the BPE method has received little attention, until now. The reason for this is
mainly the following two disadvantages: the compression is terribly slow, and
the compression ratio is not as good as other methods such as Lempel-Ziv type
compression.

In this paper, we pull out a potential advantage of BPE compression, that
is, we show that BPE is very suitable for speeding up pattern matching. Man-
ber [20] also introduced a little simpler compression method. However since its
compression ratio is not so good and is about 70% for typical English texts, the
improvement of the searching time cannot be better than this rate. The com-
pression ratio of BPE is about 60% for typical English texts, and is near 30%
for biological sequences. We propose a compressed pattern matching algorithm
which is basically an instance of the general one mentioned above. Experimental
results show that, in CPU time comparison, the performance of the proposed
algorithm running on BPE compressed �les of biological sequences is better than
that of Agrep running on uncompressed �le of the same sequences. This is not
the case for English text �les. Moreover, the results show that, in elapsed time
comparison, the algorithm drastically defeats Agrep even for English text �les.

It should be stated that Moura et al. [9] proposed a compression scheme that
uses a word-based Hu�man encoding with a byte-oriented code. The compres-
sion ratio for typical English texts is about 30%. They presented a compressed
pattern matching algorithm and showed that it is twice faster than Agrep on
uncompressed text in the case of exact match. However, the compression method
is not applicable to biological sequences because they cannot be segmented into
words. For the same reason, it cannot be used for natural language texts written
in Japanese in which we have no blank symbols between words.

Recall that the key idea of the Boyer-Moore type algorithms is to skip sym-
bols of text, so that they do not read all the text symbols on the average. The
algorithms are intended to avoid ‘redundunt’ symbol comparisons. Analogously,
our algorithm also skips symbols of text in the sense that more than one symbol
is encoded as one character code. In other words, our algorithm avoids processing
of redundant information about text. Note that the redundancy varies depend-
ing on the pattern in the case of the Boyer-Moore type algorithms, whereas it
depends only on the text in the case of speeding up by compression.

The rest of the paper is organized as follows. In Section 2, we introduce
the byte pair encoding scheme, discuss its implementation, and estimate its
performance in comparison with Compress and Gzip. Section 3 is devoted to
compressed pattern matching in BPE compressed �les, where we have two im-
plementations using the automata and the bit-parallel approaches. In Section 4,
we report our experimental results to compare practical behaviors of these al-
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gorithms performed. Section 5 concludes the discussion and explains some of
future works.

2 Byte Pair Encoding

In this section we describe the byte pair encoding scheme, discuss its imple-
mentation, and then estimate the performance of this compression scheme in
comparison with widely-known compression tools Compress and Gzip.

2.1 Compression Algorithm

The BPE compression is a simple version of pattern-substitution method [10].
It utilizes the character codes which did not appear in the text to represent
frequently occurring strings, namely, strings of which frequencies are greater
than some threshold. The compression algorithm repeats the following task until
all character codes are used up or no frequent pairs appear in the text:

Find the most frequent pair of consecutive two character codes in the
text, and then substitute an unused code for the occurrences of the pair.

For example, suppose that the text to be compressed is

T0 = ABABCDEBDEFABDEABC:

Since the most frequent pair is AB, we substitute a code G for AB, and obtain the
new text

T1 = GGCDEBDEFGDEGC:

Then the most frequent pair is DE, and we substitute a code H for it to obtain

T2 = GGCHBHFGHGC:

By substituting a code I for GC, we obtain

T3 = GIHBHFGHI:

The text length is shorten from jT0j = 18 to jT3j = 9. Instead we have to encode
the substitution pairs AB ! G, DE ! H, and GC ! I.

More precisely, we encode a table which stores for every character code what
it represents. Note that a character code can represent either (1) the character
itself, (2) a code-pair, or (3) nothing. Let us call such table substitution table. In
practical implementations, an original text �le is split into a number of �xed-size
blocks, and the compression algorithm is then applied to each block. Therefore
a substitution table is encoded for each block.
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2.2 Speeding Up of Compression

In [10] an implementation of BPE compression is presented, which seems quite
simple. It requires O(‘N) time, where N is the original text length and ‘ is the
number of character codes. The time complexity can be improved into O(‘+N)
by using a relatively simple technique, but this improvement did not reduce the
compression time in practice. Thus, we decided to reduce the compression time
with sacri�ces in the compression ratio.

The idea is to use a substitution table obtained from a small part of the text
(e.g. the �rst block) for encoding the whole text. The disadvantage is that the
compression ratio decreases when the frequency distribution of character pairs
varies depending on parts of the text. The advantage is that a substitution table
is encoded only once. This is a desirable property from a practical viewpoint of
compressed pattern matching in the sense that we have to perform only once any
task which depends on the substitution table as a preprocessing since it never
changes.

Fast execution of the substitutions according to the table is achieved by an
e�cient multiple key replacement technique [2,23], in which a one-way sequential
transducer is built from a given collection of replacement pairs which performs
the task in only one pass through a text. When the keys have overlaps, it replaces
the longest possible �rst occurring key. The running time is linear in the total
length of the original and the substituted text.

2.3 Comparison with Compress and Gzip

We compared the performance of BPE compression with those of Compress and
Gzip. We implemented the BPE compression algorithm both in the standard way
described in [10] and in the modi�ed way stated in Section 2.2. The Compress
program has an option to specify in bits the upper bound to the number of
strings in a dictionary, and we used Compress with speci�cation of 12 bits and
16 bits. Thus we tested �ve compression programs.

We estimated the compression ratios of the �ve compression programs for
the four texts shown in Table 1. The results are shown in Table 2. We can see
that the compression ratios of BPE are worse than those of Compress and Gzip,

Table 1. Four Text Files.

�le annotation

Brown corpus
(6.4 Mbyte)

A well-known collection of English sentences, which was com-
piled in the early 1960s at Brown University, USA.

Medline
(60.3 Mbyte)

A clinically-oriented subset of Medline, consisting of 348,566 ref-
erences.

Genbank1
(43.3 Mbyte)

A subset of the GenBank database, an annotated collection of
all publicly available DNA sequences.

Genbank2
(17.1 Mbyte)

The �le obtained by removing all �elds other than accession
number and nucleotide sequence from the above one.



Speeding Up Pattern Matching by Text Compression 311

especially for English texts. We also estimated the CPU times for compression
and decompression. Although we omit here the results because of lack of space,
we observed that the BPE compression was originally very slow, and it is dras-
tically accelerated by the modi�cation stated in Section 2.2. In fact, the original
BPE compression is 4 � 5 times slower than Gzip, whereas the modi�ed one
is 4 � 5 times faster than Gzip and is competitive with Compress with 12 bit
option.

Thus, BPE is not so good from the traditional criteria. This is the reason
why it has received little attentions, until now. However, it has the following
properties which are quite attractive from the practical viewpoint of compressed
pattern matching: (1) No bit-wise operations are required since all the codes
are of 8 bits; (2) Decompression requires very small amount of memory; and
(3) Partial decompression is possible, that is, we can decompress any portion of
compressed text.

In the next section, we will show how we can perform compressed pattern
matching e�ciently in the case of BPE compression.

Table 2. Compression Ratios (%).

BPE Compress Gzip
standard modi�ed 12bit 16bit

Brown corpus (6.8Mb) 51.08 59.02 51.67 43.75 39.04

Medline (60.3Mb) 56.20 59.07 54.32 42.34 33.35

Genbank1 (43.3Mb) 46.79 51.36 43.73 32.55 24.84

Genbank2 (17.1Mb) 30.80 32.50 29.63 26.80 23.15

3 Pattern Matching in BPE Compressed Texts

For searching a compressed text, the most naive approach would be the one
which applies any string matching routine with expanding the original text on
the fly. Another approach is to encode a given pattern and apply any string
matching routine in order to �nd the encoded pattern directly in the compressed
text. The problem in this approach is that the encoded pattern is not unique.
A solution due to Manber [20] was to devise a way to restrict the number of
possible encodings for any string.

The approach we take here is basically an instance of the general compressed
pattern matching algorithm for strings described in terms of collage system [16].
As stated in Introduction, collage system is a unifying framework that abstracts
most of existing dictionary-based compression methods. In the framework, a
string is described by a pair of a dictionary D and a sequence S of tokens
representing phrases in D. A dictionary D is a sequence of assignments where
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the basic operations are concatenation, repetition, and pre�x (su�x) truncation.
A text compressed by BPE is described by a collage system with no truncation
operations. For a collage system with no truncation, the general compressed
pattern matching algorithm runs in O(kDk+jSj+m2+r) time using O(kDk+m2)
space, where kDk denotes the size of the dictionary D and jSj is the length of
the sequence S.

The basic idea of the general algorithm is to simulate the move of the KMP
automaton for input D and S. Note that one token of sequence S may represent
a string of length more than one, which causes a series of state transitions. The
idea is to substitute just one state transition for each such consecutive state
transitions. More formally, let � : Q � � ! Q be the state transition function of
the KMP automaton, where � is the alphabet and Q is the set of states. Extend
� into the function �̂ : Q � �� ! Q by

�̂(q; ") = q and �̂(q; ua) = �(�̂(q; u); a);

where q 2 Q, u 2 ��, and a 2 �. Let D be the set of phrases in dictionary. Let
Jump be the limitation of �̂ to the domain Q � D.

By identifying a token with the phrase it represents, we can de�ne the new
automaton which takes as input a sequence of tokens and makes state transition
by using Jump. The state transition of the new machine caused by a token corre-
sponds to the consecutive state transitions of the KMP automaton caused by the
phrase represented by the token. Thus, we can simulate the state transitions of
the KMP automaton by using the new machine. However, the KMP automaton
may pass through the �nal state during the consecutive transitions. Hence the
new machine should be a Mealy type sequential machine with output function
Output : Q � D ! 2N de�ned by

Output(q; u) = fi 2 N j1 � i � juj and �̂(q; u[1::i]) is the �nal stateg;

where N denotes the set of natural numbers, and u[1::i] denotes the length i
pre�x of string u.

In [16] e�cient realizations of the functions Jump and Output were discussed
for general case. In the case of BPE compression, a simpler implementation is
possible. We take two implementations. One is to realize the state transition
function Jump de�ned on Q � D as a two-dimensional array of size jQj � jDj.
The array size is not critical since the number of phrases in D is at most 256
in BPE compression. This is not the case with LZW, in which jDj can be the
compressed text size.

Another implementation is the one utilizing the bit parallel paradigm in a
similar way that we did for LZW compression [17]. Technical details are omitted
because of lack of space.

4 Experimental Results

We estimated the running time of the proposed algorithms running on BPE
compressed �les. We tested the two implementations mentioned in the previ-
ous section. For comparisons, we tested the algorithm [17] in searching LZW
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compressed �les. We also tested the KMP algorithm, the Shift-Or algorithm
[26,3], and Agrep (the Boyer-Moore-Horpspool algorithm) in searching uncom-
pressed �les. The performance of the BM type algorithm strongly depends upon
the pattern length m, and therefore the running time of Agrep was tested for
m = 4; 8; 16. The performance of each algorithm other than Agrep is indepen-
dent of the pattern length. The text �les we used are the same as the four text
�les mentioned in Section 2. The machine used is a PC with a Pentium III pro-
cessor at 500MHz running TurboLinux 4.0 operating system. The data transfer
speed was about 7.7 Mbyte/sec.

The results are shown in Table 3, where we included the preprocessing time.
In this table, (a) and (b) stand for the automata and the bit-parallel implemen-
tations stated in the previous section, respectively.

Table 3. Performance Comparisons.

BPE LZW uncompressed

(a) (b) [17] KMP Shift-Or
Agrep

m = 4 m = 8 m = 16

Brown Corpus 0.09 0.16 0.94 0.13 0.11 0.09 0.07 0.07
CPU time Medline 1.03 1.43 6.98 1.48 1.28 0.85 0.69 0.63

(sec) Genbank1 0.52 0.89 4.17 0.81 0.76 0.72 0.58 0.53
Genbank2 0.13 0.22 1.33 0.32 0.29 0.27 0.32 0.32

Brown Corpus 0.59 0.54 1.17 0.91 1.01 0.91 0.90 0.90
elapsed time Medline 4.98 4.95 7.53 8.38 8.26 8.01 7.89 7.99

(sec) Genbank1 3.04 2.95 4.48 6.26 6.32 6.08 5.67 5.64
Genbank2 0.76 0.73 1.46 2.28 2.33 2.19 2.18 2.14

First of all, it is observed that, in CPU time comparison, the automata-based
implementation of the proposed algorithm in searching BPE compressed �le is
faster than each of the routines except Agrep. Comparing with Agrep, it is good
for Genbank1 and Genbank2, but not so for other two �les. The reason for this is
that the performance of the proposed algorithm depends on compression ratio.
Recall that the compression ratios for Genbank1 and Genbank2 are relatively
high in comparison with those of Brown corpus and Medline.

From a practical viewpoint, the running speed in elapsed time is also impor-
tant, although it is not easy to measure accurate values of elapsed time. Table 3
implies that the proposed algorithm is the fastest in the elapsed time comparison.

5 Conclusion

We have shown potential advantages of BPE compression from a viewpoint of
compressed pattern matching.
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The number of tokens in BPE is limited to 256 so that all the tokens are en-
coded in 8 bits. The compression ratio can be improved if we raise the limitation
to the number of tokens. A further improvement is possible by using variable-
length codewords. However, it is preferable to use �xed-length codewords with 8
bits from the viewpoint of compressed pattern matching since we want to keep
the search on a byte level for e�ciency.

One future direction of this study will be to develop approximate pattern
matching algorithms for BPE compressed text.
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